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von Neumann has proved a quantum-mechanical ergodic theorem which deals with a closed macroscopic 
system and macroscopic observables. Certain unsatisfactory features of this theorem are probably due to the 
overly-strong idealization of a completely closed system. 

Since the claims of statistical mechanics go beyond macroscopic systems, there is a need for a more general 
theorem. The present paper deals with a system of any number of degrees of freedom and with any ob 
servable, during interaction with a temperature bath. In order to avoid an assumption of randomness, the 
bath must be described explicitly and precisely by a time-independent Hamiltonian. The model of the bath 
is obtained by taking the Gibbs ensemble seriously, i.e., as a set of N identical systems interacting through 


a potential AV. 


The following theorem is proved. The time average of the quantum-mechanical expectation value of any 
observable with respect to any initia] state is equal to its statistical average, in the double limit V-+  , \—»0, 


for the overwhelming majority of all interaction potentials V. 


1, INTRODUCTION AND STATEMENT 


T is well known that the ergodic theorem in quantum 

mechanics cannot be proved for all observables in 

a completely closed system. An ergodic theorem for 

macroscopic observables in a closed macroscopic system 
has been proved by von Neumann! 

However, the claims of statistical mechanics go 
beyond macroscopic systems and macroscopic observ- 
ables.2 The macrocanonical statistical theory claims 
that the average properties of a system with a Hamil- 
tonian K(p,q) in loose interaction with a temperature 
bath of temperature 7 are given by the density operator 


p=exp(—K/kT)[tr exp(—K/kT)}", (1.1) 


so that the statistical mean value (A). of any observ- 
able A associated with an operator A(p,q) is given by 


(A )gp=tr(Ap). (1.2) 

To legitimize this claim, an ergodic theorem would 
have to prove that the time average of the quantum- 
mechanical expectation value of the Heisenberg 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 J. von Neumann, Z. Physik 57, 30 (1929). 

2 E. Schrédinger, Statistical Thermodynamics (Cambridge Uni- 
versity Press, Cambridge, 1948). 
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is equal to (A )« for any initial state ¥(0) of the system. 

Another motivation for seeking a more general 
ergodic theorem is the doubtful idealization of a com 
pletely closed system. Fierz’ has pointed out that 
certain unsatisfactory assumptions on which von 
Neumann’s theorem is based, probably arise from the 
undue idealization of the totally isolated system. Fierz 
conjectures that the introduction of random pertur 
bations would remedy these defects. If these pertur 
bations are not to be mathematical fictions, they must 
represent a temperature bath. They will, then, do more 
than merely establish equilibrium in a system of given 
energy; they will bring the system to the temperature 
of the bath. They will also cancel any conservation law, 
such as conservation of angular momentum, for the 
system. 

It seems difficult and also arbitrary, to invent a 
system of perturbations which replaces the temperature 
bath ; and it appears unavoidable that a full and precise 
description of the temperature bath must represent it 


3M. Fierz, Helv. Phys. Acta 28, 705 (1955). 
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as a system described by a Hamiltonian. Naturally, 
one has to choose a definite model for the temperature 
bath. 

It is natural to adapt, for this purpose, Gibbs’ 
canonical ensemble. Instead of merely thinking of 
juxtaposed systems, we take the model literally: The 
temperature bath consists of a” large number N of 
identical systems with Hamiltonians K(p,,g,) for the 
ith system and an interaction AV (piqi:+-pwgw). The 
Hamiltonian of the total bath is 


N 


H=Hot\V=¥ K(pg)+dV (pig pwgn), (14) 
1 


where p,, q, stand for the dynamical variables of the ith 
system. The spatial separation of the systems is 
expressed by boundary conditions which require the 
wave function to vanish in those parts of configuration 
space where particles belonging to the ith system are 
outside the boundaries of this system. 

Measurements are thought of as being made only in 
one system (for example, i=1) which will be referred 
to as “the system.” The totality of all systems, de- 
scribed by the Hamiltonian H/, will be called the bath 
(although it contains the system). Since we are inter- 
ested only in the physical properties of the system, we 
shall consider only observables A which are defined 
with respect to the system. The corresponding operators 
A act only on the dynamical variables of the system, 
and are unit operators with respect to other dynamical 
variables. 

The close analogy between the mental picture of the 
ensemble and our physical bath makes it convenient to 
express Eqs. (1.1) and (1.2) in the simpler form from 
which these equations are usually derived.’ If ¢,(q;) 
are the eigenfunctions of the ith system considered 
alone, i.e¢., 

K (pigi) ¢e(qa) = €694(9i), (1.5) 


then a system of eigenfunctions of the unperturbed 
Hamiltonian Ho is given by 


(1.6) 


N 
®,(gi-- qn) =I] (¢,) (qs). 
t—1 


Because of the spatial separation of the systems, no 
symmetrization of ®, is necessary. Let 


A nn= (©n,A®,). (1.7) 


Then the fundamental hypothesis of statistical me- 
chanics is that the average value of an observable A is 
obtained by assigning equal weights to all values An» 
which belong to the same energy E of the ensemble, so 
that 


R 
(A)ou= 2 Ann(1/R), 


(1.8) 


where R is the number of independent eigenfunctions 
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(1.6) belonging to an energy E of the ensemble energy 
E, i.e., R is the degree of degeneracy of this eigenvalue. 
The summation in Eq. (1.8) extends over this degen- 
erate subspace I’. The Eqs. (1.1) and (1.2) are derived 
from the assumption (1.8) by counting the number of 
terms in (1.8) which have the particular value A,, and 
going to the limit VN = 2 

In this argument, the interaction between the 
systems is used only verbally, to make an exchange of 
energy between systems plausible, but it is not included 
in the Hamiltonian. Clearly, an ergodic theorem must 
make explicit use of the interaction, but it alse is clear 
that the interaction must not appear explicitiy in the 
final result, if it is to agree with Eq. (1.8). Hence, the 
ergodic theorem must deal with a bath described by a 
Hamiltonian H/ in the double limit \-0, N->~. For the 
validity of the ergodic theorem, two further conditions 
must be satisfied : 

(a) The bath should not have any essential de- 
generacy, for if it did, an initial state of a given sym- 
metry would always maintain this property and no 
equal distribution can be expected. In fact, we shall 
have to assume that the full Hamiltonian (1.4) is 
completely nondegenerate. In the absence of an essential 
degeneracy this is a plausible assumption. Since poten- 
tial interactions are symmetric with respect to particle 
exchange, the removal of essential degeneracy requires 
that the interaction V contain also terms which act in 
different ways on particles of different systems: e.g., 
different electric fields within each system. 

(b) Certain exceptional types of potential V must be 
excluded. For, if an eigenfunction WV, of H should coin- 
cide with an eigenfunction ®, of 1, the bath would not 
be changed by the “switching on” of the interaction, 
i.e., in other words, the Hamiltonian would not properly 
represent a temperature bath. Fortunately, it will not be 
necessary to specify the properties of V explicitly. It 
will be possible to prove the ergodic theorem for the 
overwhelming majority of all interaction potentials, 
i.e., with the exception only of singular cases, and it 
will not be necessary to exclude them specifically. 

We are now prepared to state the ergodic theorem: 
Given any initial state (0) of the bath, and that the 
“unperturbed” energy of ¥(0) is E (i.e., ¥(0) is in the 
subspace I"), the time average (A), differs from its 
statistical average by an arbitrarily small number, as 
the number of systems N increases and the “strength” 
of the interaction \ decreases, for almost all interaction 
operators V. 


2. PROOF OF THE THEOREM 


The mathematical methods to be used are those 
developed by von Neumann! and by Pauli and Fierz‘ 
in connection with the microcanonical ergodic theorem. 
The following is an adaptation of their calculation to 
the present statement. 


‘W. Pauli and M. Fierz, Z. Physik 106, 572 (1937). 
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If VW, are the eigenfunctions of H/, the initia] state 
WV (0) is expanded as 
VO)=D CaVn. 


The time average of the observable A is 


(2.1) 


(A). =((¥0),A ()¥(0)))h= ZL Cn*Cm (Wn AV m) 


X(expli(En—Em)t])4, (2.2) 
where the operator A on the right-hand side is a 
Schrédinger operator. Because all energy eigenvalues 
belonging to different states are different by assump- 
tion, the nondiagonal elements are cancelled by the 
time integration, so that 


(A).=¥|¢n|2(Wn,AVa). 


Transformation to the system ®, of Eq. (1.6) gives 


(2.3) 


(A)i= ¥ |en|?(Wn,Pm) (2i,¥n) (Pm, AP). 


nim 


(2.4) 


One might think that it would be sufficient to con- 
sider, from here on, only the properties of the matrix 
Dd | cn|?(Vn,Pm)(Pi.¥,), since the operator A is not 
restricted to be macroscopic. Actually, the fact that A 
acts only on the variables of the system makes it 
highly degenerate in the Ho representation, and this is 
an essential part of the proof. 

Consider now the transformation matrix 


T am= (Pn,Vm). (2.5) 


It is known from the perturbation theory of degenerate 
Hermitian operators that the expansion of 7 in powers 
of the coupling constant A has a zeroth term: 


Tam™ Taw +AT ant. (2.6) 
This operator 7° maps the degenerate subspaces I’ of 
Ho into themselves, i.e., it forms the “correct linear 
combinations” of the ®, belonging to a given eigen- 
value £. Since we are ultimately interested in the limit 
\=0 and since, by assumption, ¥(0) belongs to I’, we 
may limit the summations in Eqs. (2.1), (2.2), (2.3), 
and (2.4) to the subspace I’, i.e., to functions ©, which 
belong to FE and functions VY, which are linear com- 
binations of these. In the following, we may replace 
Vn by dr Lair bic 

The operator A acts, by assumption, as a unit 
operator on all factor functions (¢,) ; of Eq. (1.6) except 
when 1=1. Therefore all matrix elements (®,,,A®,) 
vanish, unless all functions g,; (i#1) are the same for 
both the products ®,, and #,. Furthermore, the two 
functions (¢,):°(q:) and (¢,):“(q:) belonging to the 
product functions ®, and ®,, respectively, must have 
the same energy eigenvalues ¢,, because otherwise the 
energies >. i.:" (€,);=£ could not be equal. If K(p1,q1) 
is nondegenerate, this shows that nondiagonal matrix 
elements (#,,,A®,) are not contained in the sum (2.4). 
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If K(pi,q:) is degenerate, it is possible to choose the 
degenerate eigenfunctions ¢,, 4 so that the nondiagonal 
elements (¢,, aA 4,8) Vanish. With this choice, the only 
surviving matrix elements are diagonal with respect 
to all subscripts, and Eq. (2.4) reduces to 


R 
(A). => | en|?Au| (,,¥,)|?, (2.7) 


nel 
bel 
where R is the number of functions ®, in I’. 

Every numerical value A,;= A, occurs many times 
in the sum (2.7) because A, depends only on the 
functions (¢g,):(qi), whereas numerous possible choices 
of the functions (¢,);(i#1) are compatible with 
& (¢.):=£. If d, is the number of different functions 
®, which lead to one value A,,;=A,, and M the num- 
ber of different values A, in I’, 


M 


oo d=R. 


vel 


(2.8) 


It is convenient to introduce double subscripts for 
’,~,, so that the first subscript denotes the corre- 
sponding value of Ayj=A,. Then Eq. (2.7) can be 
written 


dy 


= M R 
(A it :), A, >, |¢a|* >| (#,,¥.) |?. 


(2.9) 


| n=l 


With the new notation, Eq. (1.8) reads 


M 
(A)a= >. A,(d,/R). (2.10) 


vel 
To compare (A). with (A),, we form the expression 
((A) ae —(A )? 
M R dy 
=(F ALS |enl? | (@n,%n)|?—(d,/R)]). (2.11) 
vel n A= 
Since the normalization of ¥(0) requires >> |c,|*?=1, 


M 
((A),=(A)at)? = (% A,(d,/R)4(R/d,)4 


yeod 


R 
XE enl*{(P¥n,%n)—(d,/R)VY, (2.12) 


n=] 
in which, for any function F, 


by 
(P,F,F) => | (4,,F)|?. 


Al 


(2.13) 


Here, P, is the operator of the projection into the 
subspace spanned by the d, functions #,, which belong 
to (&,,,A®,,) = A,. We now use Schwarz’s inequality to 
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estimate the difference. 


M M 
((A)s—(A) us)? < ¥ AP(d,/R)X(R/d,) 


ye] v~l 


hn 
(S| cn |?*L( PV nV) — (d,/R)})*. (2.14) 


n=! 


According to Eq. (2.10) the first sum is the statistical 
average (A*), of the operator A*. In order to simplify 
the expression further, we use Schwarz’s inequality 
again on the second sum in Eq. (2.14), noting that 


vIc,|?=1: 
= M R 
((A)s—{A)at)® S (A*) ot 2 (R/d,)d | cn |? 
vel ~1 


n 


KC (PWn,¥.)—(d,/R) P. (2.15) 


We cannot expect that this quantity is arbitrarily 
small, in general, since we have not eliminated the 
exceptional interactions V which would certainly make 
an ergodic theorem invalid. The averaging over poten- 
tials V will be done in the same manner in which von 
Neumann! averaged over systems of observed quan- 
tities. We average Eq. (2.15) over all possible inter- 
actions V in the following sense: A given V leads to a 
unitary transformation matrix 7° in R-dimensional 
space which rotates the system V, with respect to that 
of the ,. The averaging consists in assigning suc- 
cessively all possible values to 7%, the unitary matrix 
in R-dimensional space. The quantity of interest is, 
then, the geometric average of 


M Rk 
a= > (R/d,)> | en \? (PW n,Wn)— (d,/R) (2.16) 
ed | nel 


Von Neumann! and Pauli and Fierz‘ have shown that 
this average is bounded by the inequality 


(nc f W (u)udu+-expl—xa(R/M)'+-«+-2 InR }. 


(2.17) 
Here, a is a positive number 


a>2M(R—2)"", (2.18) 
x is defined by 


x=1—In2, (2.19) 


and W(u) is the geometric probability that x is between 
uand u+du. 

In order to estimate M, the number of different 
values A,, we note that it certainly cannot be larger 
than the number of different system eigenstates ¢, 
compatible with ¢, < £. 
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In the course of the limiting process where the 
number of systems, NV, increases indefinitely, the mean 
energy, U/=(E/N) remains fixed. At the same time, 
the number of accessible system states increases. The 
asymptotic value will depend only on the number of 
system states whose energies approach the total energy 
NU. We consider a system of n particles at very high 
energies e~NU. At sufficiently high energies, all 
physical systems behave like ideal gases, i.e., the poten- 
tial energy becomes unimportant. For ideal gases, the 
number @ of states of energy «¢ is given by’ 


InQh= $n Ine+---, (2.20) 


in which the omitted terms do not contribute to the 
asymptotic dependence on NV. The total number M’ 
of states of a perfect gas for energies from 0 to e= E is 


E 
u'< f nde= §nN Uti, (2.21) 


0 


constants independent of V again being omitted. Since 
our idealization of the system as a perfect gas is valid 
only for very high energies, the actual number of acces- 
sible states M will be 


M=M'+<, (2.22) 


where c is independent of £, if £ is only sufficiently 
large. On the other hand, the total number R of states 
®, is, according to well-known results of statistical 
mechanics,’ given by 


kInR=NS, (2.23) 


where S is the (statistical) entropy of the system which 
is, like U/, independent of N. 

Since M increases like a finite power of V, the expo- 
nential increase of R with N dominates, and the ex- 
ponent in the second term of Eq. (2.17) becomes 
negatively infinite for any positive number a. But, for 
the same reason, the number a in the inequality (2.18) 
may be chosen arbitrarily small, so that the first term 
in Eq. (2.17) can also be made to vanish as JV increases. 

We have shown that the average over all potentials 
vanishes in the limit: 


lim {((A):—(A)o)?}.v=0. (2.24) 
N-+@ ,—-0 

Since the averaged quantity is positive, we may say 
that it is zero for the overwhelming majority of all 
potentials V. This concludes the proof of the theorem. 
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Quantum Recurrence Theorem 


P. Boccurert AND A. LOINGER 
Istituto di Fisica dell’ Universita, Pavia, Italy, and Istituto Nasionale di Fisica Nucleare, Ses. di Milano, Italy 
(Received October 9, 1956) 


A recurrence theorem is proved, which is the quantum analog of the recurrence theorem of Poincaré 
Some statistical consequences of the theorem are stressed. 


T is well known that in classical mechanics the 

following recurrence theorem holds, due to Poincaré 
(1890)': “Any phase-space configuration (q,p) of a 
system enclosed in a finite volume will be repeated as 
accurately as one wishes after a finite (be it possibly 
very long) interval of time.” 

In this paper we shall show that a similar recurrence 
theorem holds in quantum theory; it can be formulated 
as follows: “Let us consider a system with discrete 
energy eigenvalues E,,; if W(to) is its state vector in the 
Schrédinger picture at the time ¢) and ¢ is any positive 
number, at least one time 7° will exist such that the 
norm ||\¥(7)—W(t)|! of the vector V(T)—W(to) is 
smaller than e.’” 

The proof of this theorem is simple and can be 
sketched in the following way: The equation of motion 
is 

i(OW(t)/dt)= HV (t); (1) 


the formal solution is 


V(t)= Sr, exp(ign—iE,l)ul(E,), 
(the r,’s being real positive numbers). From (2), 
I(T) —W (to)|| = 2 3 r.(1—cosE,r); (r=T—to), (3) 


Tod) 


and, if V is suitably chosen, 


> r2(1—cosE aT) <e. (4) 
new N 


Consequently, it is sufficient to prove that there is a 
value of 7 such that 


N-1 
> (1—cosEar) <e. (5) 


n=l) 


But this is actually the case according to a standard 
result of the theory of the almost-periodic functions.’ 


1 For a modern formulation of this theorem see A. Wintner, 
The Analytical Foundations of Celestial Mechanics (Princeton 
University Press, Princeton, 1947), p. 90. 

2 Besides this recurrence theorem, a quasi-ergodic theorem for 
W(t) exists [J. von Neumann, Z. Physik 57, 30 (1929), Sec. 4, 
p. 35]. However, it holds under very restrictive hypotheses, 
which most probably cannot be satisfied by any system having 
physical interest. 

*See, e.g., Harald Bohr, Fastperiodische Funktionen (Verlag 
Julius Springer, Berlin, 1932), p. 31. 


Furthermore it is easy to prove that this quantum 
recurrence theorem does not hold in general if the 
system has a continuous energy spectrum. The situation 
here is quite similar to the classical one: the quantum 
systems having a continuous energy spectrum corre 
spond to classical systems not bounded to a finite 
volume. The analogy with the classical case is even 
deeper, since it is easy to prove (see Appendix) that 
also for the expectation values of the g’s and p’s a 
recurrence theorem holds, which in the classical limit 
goes over into the theorem of Poincaré. 

The quantum recurrence 
consequences rather similar to those of the Poincaré’s 
theorem in the classical case. 

Using Poincaré’s theorem, Zermelo (1896) was able 
to invalidate the unrestricted (nonstatistical) formu 
lation of the Boltzmann //-theorem and to conclude 
that the “Stosszahlansatz” is, strictly speaking, in 
contradiction with the dynamical laws, the effect of the 
“Stosszahlansatz”’ being that of averaging out the 
fluctuations. 

The quantum analog to the “Stosszahlansatz”’ is the 
assumption about the number of transitions,® which is 
obtained by using the quantum-dynamical equations 
of motion and the conventional statistical postulate of 
equal a priori probabilities and random a priori phases 

Analogously to the classical case, the quantum 
recurrence theorem shows that we cannot hope to 
obtain the assumption about the number of transitions 
without postulates of statistical nature. 

Our theorem shows furthermore that a similar con 
clusion is valid also for the probability transport 
equation. 

Finally we would like to emphasize that (contrary to 
a wide-spread belief) the expectation values of the 
macroscopic observables will not maintain indefinitely 
their equilibrium values, once they have attained them. 


theorem has statistical 


APPENDIX. PROOF OF THE SIMULTANEOUS 
RECURRENCE OF THE EXPECTATION 
VALUES OF THE f’s AND THE q’s 


The state vector is 


V(t) = dom Im EXP (igm— tL mt)u( Em). 

* See, e.g., W. Pauli, “Gekuerzte Vorlesung ueber statistische 
Mechanik,” lecture notes, Zurich, 1951 (unpublished), p. 5; and 
also L. Rosenfeld, Acta Phys. Polonica, {4 3 (1955); D. ter 
Haar, Revs. Modern Phys. 27, 289 (1955). 

* Formula (D1.30) of the review article by ter Haar quoted in 
reference 3. 
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The expectation values are 


(Y(t), f¥(t)) = Sim. n Tnt'n EXP (ign —iggm)(U(Em), f(En)) 


Xexp(i£,t—1E,t), 


where f is any one of the p’s or of the q’s. 
We must prove that there exists a 7 such that (for 
any to) the following inequalities are verified : 
| (W(t), V(t) )— (W(T), f¥(T))| <e; 
(f= Pi, pr, °° 


Now there will exist a number JV, such that for every f: 


1, Ja, °°"). 


n 


DX wn Cxp(ign—igm)(u( Em), ful E,)) 


mn=N 


exp (iE —iEW)| © DY retn| (Ul En), fulEn))| <e. 


m,n N 


Therefore it is sufficient to prove that 


AND A. 


LOINGER 


N 
2 Todn exp(ign—tom)(u( Em), fu(En)) 


nn 


< [Lexp(—iE tot+tEmto) —exp(—iE,T+1E wT) || 


N 
Lert n| (ul(Em), ful(En))| 


m, n=l 
X |exp(—iEplot+tEmlo) —exp(—iE,T+1Em7)| 
N 
£2M > |sin{(E.—En)(T—t)/2]| <e; 


m,n=| 
here M is the greatest of the numbers 
| (u( Em), fu(En))| 
(m, a 1, 2, ade N; f=b, p2, 

But these inequalities can be satisfied.* 

Of course, the above proof can be repeated formally 
taking in lieu of f any observable, in particular any 
macro-observable. 


roc ie Om *** 
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Imprisonment of Resonance Radiation in a Gaseous Discharge 


P. J. WALsH 
Westinghouse Electric Corporation, Research Department, Lamp Division, Bloomfield, New Jersey 


(Received February 15, 1957) 


Following the theory of Holstein, the density, N,, and the imprisonment lifetime of resonance radiation, 
T, has been investigated for a gaseous discharge between parallel plates. A general solution is given. Two 
approximate solutions occur according as the number of electronic de-excitations of the resonance state 
during the imprisonment time of a photon is much less than or much greater than unity. When this number 
is much less than unity, V, can be given by a simple relation which compares well with computations based 
on the exact solution in the case of Doppler broadening. T is then essentially equal to the decay time as 
calculated by Holstein for the decay of resonance radiation following optical excitation. For large numbers 
of de-excitations T falls somewhat below the decay value and, as expected, N, is given by its thermodynamic 
equilibrium value at the temperature of the electrons 


1. INTRODUCTION 


HE imprisonment of resonance radiation in a gas 
was originally treated in an approximate manner 
by considering the imprisonment as a diffusion prob- 
lem.'~* Recently Holstein** and, independently, Bieber- 
man® have presented a rigorous method for handling 
the imprisonment by the use of an integral equation. 
These two authors examined the imprisonment in the 
case of optical excitation. Bieberman studied the steady 
state conditions while Holstein studied the decay follow- 
ing the optical excitation. Experimental verification 
1K. T. Compton, Phys. Rev. 20, 288 (1922). 
2. A. Milne, J. London Math. Soc. 1, 1 (1926). 
*C. Kenty, Phys. Rev. 42, 823 (1932). 


‘T. Holstein, Phys. Rev. 72, 1212 (1947) 
* T. Holstein, Phys. Rev. 83, 1159 (1951) 


*L. M. Bieberman, J. Exptl. Theoret. Phys. (U.S.S.R.) 17, 


416 (1946). 


of the integral method has been found under both con- 
ditions.”"* The present paper applies this integral 
method to the case of the imprisonment of resonance 
radiation in a gas discharge where the excitation occurs 
by electron impact within the discharge. 


2. PARTICLE BALANCE EQUATION FOR THE 
DENSITY OF RESONANCE ATOMS 
Two parameters are of special importance in discuss- 
ing the resonance imprisonment in a discharge: The 
density of resonance atoms, N,, and the imprisonment 
lifetime, 7, of a resonance photon within the discharge. 
The equation for the density of resonance atoms in 
7™L. M. Bieberman and I. M. Gourevitch, J. Exptl. Theoret. 


Phys. (U.S.S.R.) 19, 507 (1949). 
* Alpert, McCoubrey, and Holstein, Phys. Rev. 76, 1257 (1949). 





IMPRISONMENT OF RESONANCE 


the discharge is similar to one discussed by Holstein‘: 
N,(r) 
——+vN,(r)N,(r) 
: 
N,(r’) 
=v'N .(r)N,(r) +f G(r,r’)- dr’. (2.1) 


vol 


7 


This equation is a particle balance equation in which the 
creation of resonance states per second per unit volume 
at some point, r, is equated to the loss at that point. 
The loss is twofold. First, there is the de-excitation of 
resonance atoms by spontaneous radiation with a 
radiating lifetime, 7. Second, there is the de-excitation 
by collisions of electrons of density NV, with resonance 
atoms with a rate coefficient v. These two terms are 
given on the left-hand side of Eq. (2.1). The first term 
on the right-hand side gives the excitation by collisions 
of electrons with gas atoms of density N, with a rate 
coefficient v’. The integral term on the right represents 
the number of resonance atoms created because of the 
imprisonment effect. 

The physical interpretation of the integral term is as 
follows. At some point r’ within the discharge N,(r’)/r 
photons are radiated. These photons have a probability 
G(r,r’) of being captured at r. The product of the 
number of photons radiated and their probability of 
being captured, when integrated over the discharge 
volume, yields the number of photons emitted any 
place within the tube and captured at r to form reso- 
nance atoms. 

The main assumption in the particle balance equa- 
tion is the neglect of the diffusion of resonance atoms 
directly to the tube walls. When metastable atoms are 
present the equation again holds if the diffusion of 
metastable atoms is also negligible. Here, however, v 
and y’ are effective excitation and de-excitation rates 
and are algebraic functions of the rates of transfer 
between the metastable, resonance, and ground states. 
The derivation of the particle balance equation when 
metastable atoms are present is given in the Appendix. 
This equation applies quite well to many types of dis- 
charges and, in particular, to the mercury-rare gas 
discharges as found in fluorescent lamps.*° 

The density of electrons used in Eq. (2.1) is taken as 
the solution of the Schottky diffusion equation for the 
corresponding geometry, i.¢c., a cosine function for a 
parallel plane geometry and a zero order Bessel function 
for a cylindrical geometry. The geometry also enters 
into the volume integration. 

The electron energy enters into the collision rates 
v’, v. With a Maxwellian energy distribution, detailed 
balancing must occur and then 

VN, .='N,g. (2.2) 


Here N,, is the thermal equilibrium density of resonance 


9C. Kenty, J. Appl. Phys. 21, 1309 (1950). 
0 J. F. Waymouth and F. Bitter, J. Appl. Phys. 27, 122 (1956). 
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atoms at the temperature of the electrons. The density 
of gas atoms, N,, will be taken as constant across the 
tube. However, we point out that, at high currents, NV, 
will vary because of gas heating. 

The probability of capture, G, depends on the type 
of broadening occurring in the discharge. Holstein® gives 
the form for G as follows: 


G(r,0') = may,/4rp™**, (2.3) 


where p=/r'—r|. For various types of broadening m 
falls in the range 0<m <1. In the particular cases of 
Doppler and pressure broadening, m is 1 and 4, re- 
spectively, and 


1/a,=ko(m Inkox)', 1/aj2= (rkpx), (2.4) 
where x represents the radius, R, for a cylindrical en- 
closure and one-half the width, L, of a parallel plate 
enclosure. In addition, 


NG gs 1 | 
ai) = (2.5) 


’ 
Sa! gy vorn 


MN, g2TP 1 
P : ’ 
dr gi Tn 


(2.6) 


vo = (2k6)}, (2.7) 
where \ is the wavelength of the resonance radiation, 
g2 and g, are the statistical weights of the resonance 
and ground states, respectively, m is the multiplicity 
of the hyperfine structure under the assumption of equal 
intensity and no overlapping, 7p is the reciprocal of the 
width of the pressure broadened resonance line, & is 
Boltzmann’s constant, and @ is the gas temperature. 

Equation (2.3) applies when the center of the reso 
nance line is thoroughly absorbed, Equations (2.5) and 
(2.6) hold if there is no overlapping of the hyperfine 
structure. ‘Thorough discussions covering both the effect 
of the type of broadening upon the probability of cap 
ture and the range of validity of the theory, as will be 
applied here, are given in references 4 and 5. 

The particle balance Eq. (2.1) is a nonhomogeneous 
integral equation. The exact solution" can be given by 
an eigenfunction expansion in terms of the normalized 
eigenfunctions, N,,, and the eigenvalues, A, of the 
corresponding homogeneous equation. This solution is 


N,(1)=v'N or 


An 
x{ ¥.(0 + >> Neat) fN(e) (ede | (2.8) 
1—A 


n 


where the homogeneous equation is 


MVrlt)= f Gre Noa()de VN .(r)Nen(e)r. (2.9) 


" H. Margenau and G. M. Murphy, The Mathematics of Physics 
and Chemistry (D. Van Nostrand Company, Inc., New York, 
1943), Sec. 14.4. Note difference in nomenclature. 
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The eigenfunction expansion (2.8) converges quite 
rapidly because the electron density and the lowest 
mode eigenfunction have a similar shape. Both are 
large near the center and fall monotonically to a small 
value near the walls, The integral of the product of the 
electron density with any higher eigenfunction will then 
be small because of the orthogonality of the eigen- 
functions, 

The equation for the decay following optical excita- 
tion which was treated by Holstein has the following 
form: 


(2.10) 


AWN rn®(r) = [G0,rN (ear, 


where 
1—A,"=7/T a, (2.11) 

and 7, is the decay time for the mth decay mode. 
Except for the term vN Nar, Eqs. (2.9) and (2.10) are 
the same. This gives a hint as to the method of com- 
putation to be used, The decay equation was solved 
by the variational method used by Holstein to furnish 
the two lowest mode solutions. The homogeneous equa- 
tion was then solved by perturbation technique using 
the term vN,.N,»r as the perturbation. Finally, the 
eigenfunction expansion was used to obtain the solution 
of the balance equation. Because of the rapid conver- 
gence of (2.8) two modes were sufficient for the com- 
putation range sought. 

The actual computation was carried out for a dis- 
charge between parallel plates with Doppler broadening 
present. The details are given in Sec. 5. 


3. IMPRISONMENT TIME OF THE 
RESONANCE RADIATION 


The density of resonance atoms discussed in the 
previous section is the first parameter of special im- 
portance. The average length of time a photon is 
imprisoned within the discharge furnishes the second 
important parameter. We call this time the imprison- 
ment lifetime, 7, and define it by requiring the total 
number of photons escaping the discharge per unit 
volume to equal the average density of resonance atoms 
divided by the imprisonment time. Thus 


(Photons escaping) /volume= N,/T. (3.1) 


The bar here indicates an average over the discharge 
volume. 

Since the number of photons escaping per unit 
volume equals the difference between averages of those 
radiated within the discharge and those imprisoned, 
we have 


" N, N,(r’) 
r=8,/¢ ~ [aur ir’) , Ba 
T T Av 


T=N,/(vN N.—»NN?), (3.3) 


using (2.1). 
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There are two points of interest concerning this 
definition for the imprisonment lifetime. First, if we 
average the particle balance Eq. (2.1), we note that 
the two radiation terms appear in the same manner as 
the denominator of (3.2). Thus, this definition of the 
imprisonment lifetime allows us to replace the radiating 
terms of an averaged balance equation by a simple 
term in 7 and, in essence, changes the equation from 
an integral equation into an algebraic one. The second 
point of interest is this. The value of 7, for a given 
type of broadening, depends only on the form of N,. 
This is obvious from (3.2). In particular, if N, has the 
same form as the zero decay mode, (3.2) and (2.10) 
then yield T= 7 where Ty is the zero mode decay time 
computed by Holstein. If, on the other hand, N, is a 
constant, the denominator of (3.2) occurs in a form 
already treated by Holstein for several types of broaden- 
ing and a cylindrical as well as parallel plane geometry. 
The imprisonment time can then be computed im- 
mediately and is found to fall below 7» to an extent 
which depends on the type of broadening. These 
points arise again in the two approximate solutions to 
the imprisonment problem given in the next section. 


4. APPROXIMATE SOLUTIONS 


The approximate solutions mentioned can best be 
discussed in terms of the dimensionless parameter 
N.vT» which represents the number of electron de- 
excitations of a resonance atom during the time a 
photon is imprisoned within the tube. N.v7> is a 
measure of the interaction of the electron energy with 
the resonance radiation and will be termed the inter- 
action parameter. 


Large Interaction 


For N,vT) large compared to unity, many de- 
excitations occur while the photon is imprisoned and 
the resonance radiation approaches thermal equilibrium 
with the electrons because of the strong interaction. To 
see this result mathematically, we need simply neglect 
the radiation terms in the balance Eq. (2.1). Then the 
density of resonance atoms for large interaction, Ny, 
is given by 

N.(v'N,— Ni) =9, (4.1) 


Na= v'N,/v. 


(4.2) 
For a Maxwellian distribution of energies, using (2.2), 
Na=Nvu. (4.3) 


The imprisonment time for large interaction, 7), is 
then obtained from (3.2), taking N, to be constant 
across the discharge. Thus 


timr [ (1 f G(r) j 


(4.4) 
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The denominator is proportional to the go used by 
Holstein and has been tabulated by him.” Table I 
compiles the results for various values of m [see Eq. 
(2.3) ] in terms of the ratio T,/T». 7) here indicates the 
decay time for the particular type of broadening and 
geometry considered. Note that the difference between 
T; and To will generally be largest for the case of 
Doppler broadening. The treatment of the Doppler 
case then represents the extreme case to be found in a 
gas discharge. 

It is quite instructive to compare the resonance 
radiation output from a Doppler-broadened discharge 
under the present conditions with that of a blackbody 
at the temperature of the electrons. We expect them to 
be equal if we properly specify the width of the reso- 
nance line. This is indeed true as elementary calcula- 
tions show, if we take the resonance line to have a 
frequency width Aw approximately equal to the fre- 
quency band between the peaks of the Doppler- 
broadened line,” i.e., 


Aw= 2w(v0/c)[ In (koL/2) |}, (4.5) 


where c is the velocity of light. The origin of the de- 
pendence of 7/7 > on In(koL/2) is then seen to arise 
because of the changing band width of the resonance 
line with In(koL/2). 


Small Interaction 


When the interaction parameter N,v7) is much 
smaller than unity, the electrons play little part in 
causing the loss of resonance atoms. The density of 
resonance atoms falls appreciably below the thermal 
equilibrium value and the product term, vNV,.N,, in the 
balance equation (2.1) becomes relatively unimportant. 
If N, is similar to N,, as indicated in the discussion 
after (2.9), we can set 


N.(v'Ng—vNv) = Nea const. (4.6) 


Substituting (4.6) into (2.1), neglecting vN.N,, and 
comparing the result with (2.10), we see immediately 
that const= 7 y~!. The lowest-mode decay time is 
chosen, because the other modes have shorter decay 
times and hence die out when the lowest mode occurs 
in the steady state. 

Averaging (4.6) over the discharge volume and com- 
paring with (3.3), we find the imprisonment lifetime 
at small interaction, 7,, is given by 


T,=To. (4.7) 


Using (4.7) in the averaged (4.6) and solving alge- 
braically yields 


N,,=v'N.T.N,/(1+ (WN N,T/N,)], 


(4.8) 


12 See Tables I and II and the equation immediately preceding 
Eq. (5.19) of reference 5. 

4 The frequency spectrum of the Doppler-broadened line as it 
leaves the tube is described by /(x)~exp(—2*) exp[—4$hol 
X exp (—2*) ], where x= (w—wo)c/wovo. See reference 4, Eq. (2.19). 
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TABLE I. Values of the zero-mode decay time, 79, and the 
ratio of imprisonment time for large interaction, 7), to 7». See 


Eqs. (2.4) and (4.4). 


m ‘ ‘ 


Parallel planes admTo/rL™ 0.93 0.87 

Ty To 0.96 0.86  1.80/In(koL/2) 
0.94 
0.91 


0.90 
0.81 


Cylinder Om 7 9/7 R™ 0.625 


T/T 
or, for a Maxwellian distribution: 
Planar geometry: 


Rew 


vN.To 


Nye 141.210N.T, 


Cylindrical geometry : 
N,, vN.T 


= (4.10) 
Nie 14+1.38vN.75 


In computing (4.9) and (4.10), a parabolic function was 
used for N,, and the correct solution of the Schottky 
diffusion equation for N,. This is sufficiently accurate 
for small values of the interaction parameter. Sur- 
prisingly enough, (4.9), and presumably (4.10), are 
accurate even for large values of interaction as seen 
in Fig. 3. 


5. EXACT SOLUTION COMPUTED TO FIRST ORDER 


The exact solution proceeds in the manner indicated 
in Sec. 2 and will be carried out essentially to the first 
order: the decay Eq. (2.10) is first solved; this solution 
is then used in treating the homogeneous Eq. (2.9); 
finally N, is obtained from (2.8) and T from (3.2) 
or (9.3). 

The treatment of the decay equation follows Holstein 
with some modifications. The discharge is taken to 
occur between parallel planes of infinite extent and of 
thickness L. The density of resonance atoms is a func- 
tion of the coordinate, z, perpendicular to the walls 
placed at z=+L/2. Setting §=22/L, the following 
three-parameter function is used to represent the 
density of resonance atoms: 


Non”: = Ano t+ Ons (1— #) + dn2(1— $4) 


= Anono(E)+ dn: (£)+a,2(€). (5.1) 


The lowest-mode solution, n=0, is obtained by 
varying the a’s to satisfy the variational principle 
derived from (2.10). Using this variational principle 
together with the Ritz variational method, we have 


> (Ky—aoll ij)aoj;=0, 


fw 1,2 


(5.2) 


| K—aoH| =0, (5.3) 
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Fic. 1, Spatial variation of N,° between parallel planes 


where 
ag= (1—o") L/ay, (5.4) 
and a, is given by (2.4). 

K and H are matrices formed from the coefficients 
K,, and H,;. The integral formulas for these coefficients 
are given by Holstein® and Koo, Ku, Ki, Hoo, Ho, and 
H,, were calculated by him. Hos, Hi2, H22, and Ko2 are 
obtained easily. The evaluation of the first integral 
appearing in Ky, and Ky» is straightforward, the sub- 
stitution u=1—£ being used. The second integral 
appearing in Ky. and Ky presents some difficulty. The 
substitutions f=u—v and ¢’=u-+-», however, put the 
integral into the form of a Dirichlet multiple integral. 
The details are given in the Appendix. K and H are 
then found to be 


8/5 


20/9 |, 
8/3 


2 In(kol./2) 
K- 2 2 
8/5 20/9 


(5.5) 


8/5 
128/105 
32/21 


2 4/3 
H-= 4/3 16/15 
8/5 128/105 


(5.6) 


The determination of the Ao° and N,0° is as follows. 
Equation (5.3) was solved numerically for ao and then 
(5.4) was used to determine Ao. With ao known, (5.2) is 
solved to obtain the a’s, and from these and (5.1), 
N,v» is determined. The computation was carried out for 
In(kol./2)= 2, 3, 5, ©. From these values the following 
equations are deduced : 


(5.7) 


0.0329 


ay= 1.8451] 1 — — 
In(kol./2) — 1.5836 


aoo = 0.193/[In(koL/2) os 1.570], (5.8) 


0.940 
om 0.464 = “ | 
In(Rol./2)—1.572 


49; = 1 — doo — Go2. 


(5.9) 


(5.10) 
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The normalization here is such that N,°(0)=1. The 
equations are accurate for In(kol/2)>2. Below this 
value, the theory loses validity. Figure 1 depicts the 
shape of N° for several values of In(kol/2). 

The improvement in the value of \o° or ao over that 
determined by Holstein using a two-parameter func- 
tion is negligible. The importance of using the three- 
parameter function lies in the accurate determination 
of the ao’s, and consequently of the eigenfunction N,0°, 
and of the possibility of determining, variationally, 
Nw’ and ),°. 

The second eigenvalue and eigenfunction of the 
decay equation (2.10) are determined by choosing new 
a’s such that N,,° is orthogonal to N,o°. This deter- 
mines one a in terms of the other two. Since N,,° is 
indeterminate within a multiplier, one of the remaining 
a’s was chosen as unity and,the last a was used to 
minimize a, by trial and error. The method, though 
tedious, is straightforward. Table II summarizes the 
results. Note that a;3.8a for all values In(koL/2). 

Once the decay Eq. (2.10) is solved, the nonhomo- 
geneous Eq. (2.9) can be treated, in the range desired, 
by first-order perturbation theory. The eigenvalues 
and eigenfunctions of (2.9) are then 

An=An’—vtN Wan’, (5.11) 
bn ovt 
 - =p” +- } ———— aan’, 


nem Ax” — Te 


1 4 
stant /( f (Wat) 
=" 


is the normalized eigenfunction of the decay equation, 
and 


(5.12) 
where 


(5.13) 


Vom = J dn'bmiN dt/N,. (5.14) 


We note for future reference that 


vm f oN dt/N.. (5.15) 


N, is now determined by the eigenfunction expansion 
(2.8). In particular the average density of resonance 


TaBLe IT. Values of the eigenvalues a,, and eigenfunction 
multipliers Gam, for the first two decay modes (n=0,1) as a 
function of In(&oL/2). 


In(kol./2) ae « a00 ao 402 


0.414 —0.512 
0.113 0.132 
0.051 0.306 
0,000 0.402 


1.019 
0.673 
0.551 
0.487 


2 1,703 
3 1.806 
5 1,831 
« 1,849 


4“ L. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1955), pp. 151 ff. 
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atoms is of practical importance. Averaging (2.8), 
using (2.11) and (5.11), we have 


N, 
NwwN.To 


j E LA (Pe/Te)— (2/T)1— Fan Nea) 


To 1 —Tf Wan 


(5.16) 


re=N.T qv. (5.17) 
Wom and y, are similar to Pam’ and y,° being evaluated, 
however, with the eigenfunctions of the nonhomogene- 
ous equation. They can obviously be obtained directly 
from the Wam° and y,° by using (5.12). 

With a Maxwellian distribution of energies, (5.16) 
can be used to give the ratio of the average density of 
resonance states to the thermal equilibrium value: 
N./ Nv. The resultant curve is given in Fig. 2. For a 
non-Maxwellian distribution, the ordinate is interpreted 
as vN,/v'N,, i.e., the ratio of the number of de-excita- 
tions of resonance atoms to the number of excitations 
per second per unit volume. The agreement between 
the approximate expression (4.9) and the exact com- 
putations is within 10% over the range shown. Indeed, 
the exact value of the ratio must have an asymptotic 
value, for large interaction, of unity while the approxi- 
mate expression has an asymptote 20% lower. The 
two curves must consequently cross again at some value 
of N.vTo, beyond which the exact calculations are 
given. Thus, the exact and approximate expressions 
agree well even in the range in which agreement is not 
at first expected. 

The imprisonment time is given by Eq. (3.3) in the 


form: 
N rt UN .N, 
/ (8-55) 


(5.18) 





Fic. 2. Ratio of resonance atom density to its equilibrium 
density vs the interaction parameter. The approximate expression 
is derived from Eq. (4.9). 
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Fic. 3. Ratio of imprisonment time to decay time vs 
the interaction parameter 


where 


vN.N, 


/ 
v Q 


vN2T )X 


7)(1 
“TaWan 


r Y{(T./T)—(t rWanWnN on) 

t 

T» 1 
(5.19) 
and N,/v'N, is given by (5.16). 

Figure 3 gives the results of the computation of 
T/T) for a discharge between parallel plates with 
Doppler broadening as a function of the interaction 
parameter, WN.T», for several values of In(koL/2). The 
results are independent of the type of energy distribu- 
tion. For small interaction, the imprisonment lifetime 
approximately equals the decay time. The difference is 
due to the somewhat different forms of NV, and N,. The 
asymptotic values of 7 for large interaction are also 
indicated. 

The effect of the diffusion of resonance atoms to the 
tube walls under the equations given is easily seen. 
Diffusion causes the resonance density to resemble the 
lowest order decay mode for reasons already discussed. 
Thus, the diffusion will tend to improve the convergence 
of the series. The imprisonment time for the range of 
computation used can thus change but slightly. The 
density of resonance states will fall but in a manner 
which should be well represented by (4.9) or (4.10) 
with a term added in the denominator to represent the 
diffusion loss of resonance atoms. This term would be 
approximated to 7 D,/A*, where D, is the diffusion 
coefficient for resonance atoms and A? is the diffusion 
length for the geometry in question. 


6. CONCLUSION 


An exact computation has been carried out to first 
order for the density of resonance atoms and the im- 
prisonment lifetime of a photon within the discharge. 
The particular case of a discharge between parallel 
plates with Doppler broadening was investigated, and 
good agreement was found between the exact computa- 
tion and the approximate expressions given. Since 
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Doppler broadening represents an extreme type of 
broadening (see Sec. 4), the approximate expressions 
should yield valid results when applied to other ge- 
ometries and types of broadening. The inclusion of the 
diffusion of resonance atoms should offer no special 
problem, and the results to be expected in this case 
have been indicated, 


APPENDIX I 


The mercury atom is taken as the model for comput- 
ing the effect of metastable atoms on the particle balance 
equation for the resonance atoms. In mercury the two 
metastable states (64P»,6*P:) bracket the resonance 
states (6*P,). No other excited states are close enough 
to require consideration in determining transitions 
among the states. 

Let vam denote the transition rate by electron colli- 
sion from the mth to the mth level. Using the subscripts 
0, 2, r, g to denote the *Po, *P2, resonance, and ground 
states, respectively, we can equate transitions to and 
from each metastable level as follows: 


No(vor + voot V9) = vgoN y+ vo a+ voy, 
vg, + vor o+ vo -. 


(1.1) 
(1.2) 


Noal(var + V20 t V2) 


Diffusion of metastable atoms directly to the walls has 
been neglected. 
Solving (1.1) and (1.2) algebraically, we obtain 


No=vN,+rN,, 


N2=v"N,+v@N,, 


(1.3) 
(1.4) 


where 
vA s 


vA = voo(vart+ v20+ 2g) + V20V 92, 
vA = veq(Vort vort YVog) + Vor, 


yv@A= Vo2(Vort+ vort Voq) + vo2V 90, 


Vr0(Vart+ vot Vo) V20V r2, 


and 
A= (vor+ voot Vo) (vart+ voot V29) — V20V02.- 


The particle balance for resonance atoms, including 
metastable transitions, is 


NAN .(vr0t vrot Vrg) tT J 
- (vorV o+ vor ot vorNa)Ne+r f avvar. (1.6) 
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Upon using (I.3) and (1.4), (1.6) then has the form (2.1) 
if we set 
(1.7) 


(1.8) 


fo 
V = Vort Vor + v2,v, 


V= Vt V—at Veg — (Vorv”+ voev™). 


The statement of detailed balancing (2.2) is still valid. 
This can be verified in a straightforward, though 
lengthy, manner by using detailed balancing for the 
individual transitions and the definition of the v’s with 
superscripts given in (1.5). 


APPENDIX II 


Let J;; denote the second integral appearing in the 
definition of K,; as given by Eq. (5.11a) of reference 5. 
Then, with m=1, 


tao ff Cee 
: 7.1 |e—@/* . 


4dudv= dt'dé ; 


(11.1) 


Take 
f= (u—v), = (u+v), 
then 
uted utr! 422 (42+ 92) 


I= 16 dud. 


jo? 


(11.2) 


U— =e] u—veel 


The integration boundaries enclose a diamond-shaped 
area. Since the integrand is even in u and », the integral 
is four times the integration in the upper right quadrant 
of the diamond. Therefore 


1 Iu 2o? (u2+-1°) 
I= o4 f inf dv. 
0 0 v 


The integral is now in the form of a Dirichlet multiple 
integral’® ; 


1 l—»o l'(p+1)0(g+1) 
J iu f u?v%dy = ——— ! 
oon r(p+at3) 


(11.3) 


(11.4) 


We then obtain /,.= 112/45. In a completely analogous 
manner we find J2.= 96/35. 


1 P. Franklin, Methods of Advanced Calculus (McGraw-Hill 
Book Company, Inc., New York, 1944), Sec. 99. 
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High-voltage discharges (5-100 kilovolts) with peak currents in 0.3 to 5 microseconds have been used to 
produce shock waves in deuterium plasmas. The discharge is struck in a transverse magnetic field and the 
resultant Lorentz force drives the plasma out of the region of the discharge into a quartz side arm. Velocity 
measurements of the magnetically driven plasma are discussed in relation to the parameters of the dis 
charge. These measurements indicate that deuterium plasma with ion energies >100 ev/ion at densities 


>5X 10" ions/cm’ can be produced by this method. 


I, INTRODUCTION 


HE generation of high-velocity waves in hydrogen 
or deuterium affords a possible method for pro- 
ducing high transient temperatures. Because of the low 
ionization potential of these atoms, complete ionization 
occurs at temperatures above ~30000°K. At higher 
temperatures only the translational modes of excitation 
are affected by the addition of energy to the fully 
ionized plasma. 

Fowler e¢ al.'~* have studied shock waves produced 
by the ohmic heating of various gases in a 7-shaped 
tube. In these experiments a discharge was struck 
between a pair of electrodes in a quartz tube and shock 
waves were observed to propagate down a side arm 
perpendicular to the current path.‘ With this apparatus 
plasma temperatures of the order 30 000°K were ob- 
tained in hydrogen for discharge voltages in the 1-10 
kilovolt range. Because the electrical resistivity of a 
completely ionized gas depends inversely on the three- 
halves power of the temperature, the transfer of elec- 
trical energy to a plasma by resistive losses becomes 
inefficient with increasing temperature. 

These experiments were extended by the use of 
external magnetic fields to accelerate the plasma as 
well as by utilizing higher voltages and lower inductance 
in the discharge circuit. The direction of the external 
magnetic field was orientated perpendicular to both the 
discharge and the side arm of the shock tube. As a 
result, there is a Lorentz force in the direction of 
propagation of the shock front. With this technique for 
magnetically driving a plasma, shock waves in deu- 
terium with ion energies greater than 100 ev/ion have 
been produced. 


II. HYDRODYNAMIC CONSIDERATIONS 


A necessary condition for a hydrodynamic description 
of the gas flow in a shock tube at high temperatures is 


* This work was jointly supported by the U. S. Atomic Energy 
Commission and the Office of Naval Research. 

1 Fowler, Goldstein, and Clotfelder, Phys. Rev. 82, 879 (1951) 

2 Fowler, Atkinson, and Marks, Phys. Rev. 87, 966 (1952). 

3 Fowler, Atkinson, Clotfelder, and Lee, University of Oklahoma 
Research Institute, Project Report, 1952 (unpublished). 

‘In other experiments Fowler studied the production of shock 
waves with a coaxial discharge where the plasma is driven through 
a ring electrode into a quartz tube. 


that the ion and electron densities be sufficiently high so 
that (a) their translational mean free paths are small 
compared to the dimensions of the tube and (b) the 
translational relaxation times must be small compared 
to cooling times. These conditions must be satisfied in 
order to establish local equilibrium in a fully ionized 
plasma. The relaxation time, ra, for deuterium ions to 
reach translational equilibrium is given approximately 
by the conventional formula,° 


(1674/N, InA) sec; (1) 


Td 


ta iS approximately 210°" second when N,= 10!" 
ions/em® and 7=10° °K. The quantity InA has been 
tabulated by Spitzer® and is of the order 10 for tem- 
peratures 7~10°-10? °K and for electron densities in 
the neighborhood of 10" ions/cm’, The translational 
mean free path Ay, is found from the product of rg and 
the mean thermal velocity, v4: 


Na= TdVa 
(1.6% 10°7?/N,; InA) cm 
().2 cm for .V; 10° °K. 


10'7 ions/cm’ and 7 (2) 


As a consequence, for shock tubes a few centimeters in 
diameter, the ion density behind the shock front must 
exceed 10'7 ions/cm® in the million-degree range if the 
mean free path is to be an order of magnitude smaller 
than the tube diameter. 

The plasma temperatures and densities can be esti 
mated from measurements of the shock velocity by 
utilizing the Rankine-Hugoniot equations for mass, 
momentum and energy conservation across the front. 
In the strong-shock approximation the pressure and 
internal energy ahead of the shock wave can be neg 
lected in comparison to the pressure and internal energy 
in the high-temperature flow behind the shock front. 
By use of this approximation, the conservation equa 
tions for a completely ionized gas in thermal equilib 
rium can be written 


plV, 
pulV, 
piu? + E)( V, 


u)=poV,. 
uj=P, 


u)= Pu, 


®L. Spitzer, Jr., Physics of Fully Ionized Gases (Interscience 
Publishers, New York, 1956) 
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Fic, 1, Rankine-Hugoniot temperatures for deuterium in the 
strong-shock approximation, where 7; and 7, are the temperature 
behind the incident and reflected shock waves, respectively 


where V, is the shock velocity, u the flow velocity, 
p the density, po the ambient density, P the pressure, 
and £ the internal energy per gram behind the front. 
E is related to P, p, and the dissociation and ionization 
energy per gram, /, by the relation 


E=3(P/p)+1. (4) 


It follows from Eqs. (3) and (4) that & can be expressed 
in terms of V,, u, and J: 


9V,? 327 \4) I 
(4) Ll o 
32 9V,? 2 
Also the density, p, behind the front is related to £, /, 
and the ambient density, po, by 


p/po= (4E—1)/(E—T). (6) 


The translational temperature, 7;, behind the shock 
front is found from the relation 
BRT 4+ I'=E', (7) 
where E’ and J’ are the internal and dissociation 
energies per atom (/’=15.8 ev for a dissociated and 
ionized hydrogen or deuterium molecule). If the plasma 
behind the primary shock wave is brought to rest (by 
the collision of two strong shock waves for example) 
then the final temperature, 7, can be estimated if one 
assumes that all the hydrodynamic flow energy is 
converted into internal energy. Since the internal 
energy, E, and the flow energy, 4’, are equal, this 


KOLB 


leads to the expression 


2E’=3kT, +1’. (8) 


In Fig. 1 the temperatures 7; and 7, are plotted as a 
function of the shock velocity in deuterium using 
Eqs. (5), (7), and (8). 

A more detailed theoretical analysis of the hydro- 
dynamics has been made by Harris* and shows that 
behind the front the temperature increases and the 
density decreases relative to the conditions at the front. 
In this analysis it is assumed that the energy is de- 
posited instantaneously in a slab of gas near the elec- 
trodes. It also assumes a y-law gas and ignores wall 
effects and radiation losses. With these assumptions 
the position of the shock front, R, has the following 
dependence on the time, energy deposited in the slab 
of gas, W, and the ambient density 


R« (?W/po)!, (9) 


so that the shock velocity depends on W, po, t, and R 
y def 


TIME ( wSEC 


Fic. 2. Smear-camera photograph of magnetically driven shock 
waves. The successive shocks are due to current oscillations. The 
discharge is at the bottom of the photograph. Shocks reflected off 
the end of the tube are visible at the top of the photograph. (28 kv, 
0.8 uf, 500 kc/sec, 3.64 mm hydrogen; maximum velocity 6.5 
cm/sec.) 


according to the relation 
V.= = (W/pot)t (W/poR)}. (10) 
Ill. EFFECT OF EXTERNAL MAGNETIC FIELDS 


The simplest arrangement for accelerating a plasma 
in a T tube with magnetic fields is to place the lead to 
one of the electrodes at the base of the tube, parallel 
to the current path and perpendicular to the side arm. 
With this configuration the direction of the magnetic 
field produced by the strap behind the tube is such that 
there is a Lorentz force on the conducting plasma in the 
direction of the expansion chamber. A smear-camera 
photograph of shock waves generated in this fashion is 
presented in Fig. 2. The shock waves appearing after 
the primary shock are due to the ringing of the under- 
damped discharge. The high-temperature region behind 
the shock waves reflected from the end of the tube can 
be seen at the top of the photograph. The weakly 


* E. G. Harris, Naval Research Laboratory Report NRL-4858, 
1956 (unpublished). 
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luminous regions near the discharge, at the base of the 
shock tube, are caused by the magnetic field of the 
strap which expels the plasma from the vicinity of the 
electrodes. When the strap is removed, this effect is not 
observed on the photographs and the region near the 
discharge is filled with luminosity. 

The nature of the luminous fronts in hydrogen 
have been investigated to confirm the existence of 
hydrodynamic shock waves. Smear-camera photographs 
(Fig. 3) with a slit imaged perpendicular to the direction 
of gas flow for ambient pressures from 0.3-3.0 mm of 
deuterium and for discharge voltages up to 50 kv show 
that the fronts are reasonably plane even at one tube 
diameter from the discharge, from which it follows that 
the luminous front is probably a hydrodynamic shock 
wave. The successive shock waves which appear are 
again due to the ringing of the discharge circuit. ‘These 
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Fic. 3. Smear-camera photograph with the camera slit normal 
to the direction of shock propagation, showing the degree of 
planarity of the luminous fronts at one and two tube diameters 
from the discharge. 


observations are presently being extended to higher 
voltages. Spectroscopic observations of the luminous 
fronts with a time-resolution of 10~7 second have also 
been made, These spectra show that the luminosity is 
primarily due to a continuum as well as spectral lines 
of silicon and oxygen from the walls of the tube. For 
shocks in deuterium or hydrogen the Balmer lines may 
or may not be prominent depending on the number 
density of neutral atoms which, in turn, depends 
sensitively on the temperature. Impurity lines from the 
metallic electrode material are either absent or very 
weak a few centimeters up the tube and, in any event, 
occur late in time. The latter observations eliminate 
the possibility that the high-velocity fronts consist of 
a jet of material boiled off the electrodes. 

The influence on the shock velocity of the strap’s mag- 
netic field was demonstrated by the following method: 
the strap was rotated in such a manner that the 
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Fic, 4. Shock waves produced by (a) no external field coil, 
(b) external field coil aiding strap field, and (c) external field 
opposing strap field. The shock velocity for case b>a>c (i.e., 


T2<7T,<T;). The external field was generated with an 18-turn 
solenoid of one-centimeter radius. See also Table I. 


Lorentz force was perpendicular to the direction of the 
shock propagation, i.e., perpendicular to the side arm 
of the 7-tube. With this arrangement the velocity of 
the luminous front in deuterium was reduced by a 
factor of four at an ambient pressure of 2.1 mm Hg 
and by a factor of two at 10 mm Hg. The voltage, 
capacitance, and ring frequency were the same in both 
cases (V=20 kv, C=5 uf, f=115 kc/sec). The same 
experiment with P=0.7 mm, V=50 kv, C=0.52 uf, 
f=700 kec/sec showed that the strap field held the 
plasma in the discharge chamber for 0.3 usec which was 
also the rise time to maximum current. 

An obvious method for increasing the magnetic 
forces on the plasma is by the use of external field coils 
arranged so that there is a magnetic field perpendicular 
to both the discharge current and the expansion tube. 
In experiments with external fields the current in the 
coils is held essentially constant during the rise-time of 
the primary discharge. 

Figures 4(a), (b), (c), show the effects of (a) no 
external field coils, (b) external field aiding the strap 
field, and (c) external field opposing the strap field. 
If the net magnetic forces are not directed along the 
expansion chamber, then the hot plasma is held in the 
region of the discharge for approximately one micro- 
second as shown in Fig. 4(c). 

In Table I typical velocity data are given for a 50-kv 
discharge with and without an external field of 15 000 
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Tasie I. Shock velocity as a function of distance from elec 
trodes for a 50-kv, 0.52-uf, 700-kc/sec discharge in (A) 15 000 
gauss external field, and (B) zero field. Ambient pressure: 0.7 mm 
deuterium. 
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gauss. In this particular experiment the field was 
generated with a solenoid of one centimeter radius. 
The electrodes in the shock tube were at the center of 
the solenoid. 

The external field increases the over-all velocity of 
the shock wave [compare also Figs. 4(a) and 4(b) } so 
that the plasma energy some 8 centimeters from the 
electrodes is doubled, as measured from the ratio of the 
square of the shock velocities. In other experiments 
with slower discharges (40 kv, 3 uf, 115 kc/sec) in a 
20 000-gauss field, the plasma energy could be increased 
by a factor seven. However, not very reproducible 
results were obtained by attempting to strike a dis- 
charge with a slow rise time in a transverse field. There 
was a tendency for the external field to blow out the 
coronal current before an appreciable electron density 
could be produced in the electrode gap. 

The preferential driving of the plasma in the direction 
determined by [ Jinternat% Hexternai_] was also graphically 
demonstrated by placing the electrodes some four 
centimeters from the bottom of the tube and inside a 
solenoid. The transverse external field and the primary 
discharge were out of phase so that the Lorentz force 
changed direction some 16 ysec after the initiation of 
the primary discharge in the tube. As a result, the first 
two shock waves were directed up the tube and the 
next two waves were directed down the tube as shown 
in Fig. 5. These photographs (Figs. 4 and 5) demon- 
strate that the acceleration of the plasma is due prin- 
cipally to the existence of external magnetic fields 
rather than to the resistive heating of a cold gas with 
subsequent expansion of the hot plasma. 


Time (usec) 


Fic. 5. Smear-camera photograph showing the preferential 
driving of hydrogen plasma in the direction of the Lorentz force 
»roduced by the field of a solenoid normal to the current path. 
“he electrodes were 4 cm from the base of the tube. 


KOLB 


IV. DEPENDENCE OF THE SHOCK VELOCITY ON THE 
PARAMETERS OF THE DISCHARGE 


Measurements of the dependence of the shock velocity 
on ambient pressure, discharge voltage, inductance, 
capacitance, and the distance from the discharge have 
been made. Because of the large number of parameters 
which can be varied, the experimental results to be 
reported in this section have been selected to illustrate 
some of the main features of the high-temperature flow 
processes associated with the acceleration of ionized 
gases by the magnetic field of a strap at the base of a 
T-tube. 

The shock velocity depends sensitively on the dis- 
tance from the electrodes. This behavior is illustrated 
in Fig. 6 for a 15-kv discharge in deuterium. The error 
flags represent probable errors derived from eight 
experiments under the same conditions and indicate the 
degree of reproducibility of the velocity measurements. 











iz ‘ 
DISTANCE FROM ARC M4) 

FG. 6. Typical dependence of the shock velocity on the distance 
from the electrodes and comparison with a blast-wave theory as 
discussed in the text. 


The dashed curve is the theoretical® velocity dependence 
arbitrarily normalized at 9 cm from the discharge. The 
velocity dependence agrees fairly well with the theo- 
retical V,« R~4 for R>5.5 cm. Between 3.5 and 5.5 cm 
the velocity falls off much more rapidly with distance 
than the theory predicts. This is in line with the general 
observation that the higher the maximum velocity the 
faster the initial attenuation. This arises from the 
higher rate of energy loss at high temperatures by 
radiation and by heat conduction to the walls. The 
theoretically predicted variation of the ion density with 
position from the front has also been qualitatively 
verified by time-resolved spectroscopic observations of 
the continuum intensity and the broadening of spec- 
tral lines for temperatures in the range ~30 000°K- 
60 000°K. The continuum intensity and the line broad- 
ening are greatest at the front and decrease with 
distance from the front. This implies that the ion 
densities are highest just behind the shock discontinuity. 
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The shock velocities also increase with decreasing 
ambient pressure. The experimental curve in Fig. 7 is 
compared with a theoretical curve® in which the velocity 
depends inversely on the square root of the ambient 
density. The velocity is not a sensitive function of the 
pressure at high velocities and low densities. This 
behavior is also ascribed to the loss of energy by heat 
conduction to the tube walls during the initial ac- 
celeration. 

It has been found that an important parameter for 
producing high-velocity shock waves by the techniques 
described in Sec. III is the initial rate of rise of the 
current, d//dt=V/L amp/sec, where V and L are the 
discharge voltage and the total inductance of the circuit 
respectively. This is not an unexpected result since the 
magnetic driving is effective for only a few tenths of a 
microsecond for velocities of the order of 107 cm/sec. 
At later times the ejected plasma is too far from the 
discharge to couple efficiently to the driving field. In 
Fig. 8 the maximum velocity of the front (generally 
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Fic. 7. The shock velocity versus ambient pressure and 
comparison with a blast-wave theory 


2-5 cm from the electrodes) is plotted against d//dt 
=V/L. The inductance was measured from the ring 
frequency for the first full cycle of the discharge. From 
these observations it is seen that the shock velocity 
increases more rapidly with voltage at constant in- 
ductance than with L~! at constant voltage. Since the 
initial rate of rise of the magnetic energy density in an 
inductive load is proportional to V*/L, the greater 
sensitivity of the shock velocity on the voltage than 
on the inductance can probably be explained qualita- 
tively on this basis. 

From measurements of the shock velocity with a 
smear camera the kinetic energy in the ordered motion 
of the deuterium ions can be estimated with the aid of 
Eq. (5). For a 0.52-uf, quarter-damped discharge, with 
a rise-time of 0.3 usec to maximum current, the ion 
energy depends linearly on the discharge voltage as 
shown in Fig. 9. These data were obtained with deu- 
terium at an ambient pressure of 0.7 mm, 
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Fic, 8. Dependence of the shock velocity on the discharge 
voltage and inductance at various ambient pressures. The velocity 
increases more rapidly with increasing voltage than with de 
creasing inductance 


V. SUMMARY 


These experiments have shown that high-energy, 
shock-heated plasmas can be produced by magnetic 
acceleration in a shock tube. At high densities, where 
the collision rate is high, the flow processes can probably 
be described hydrodynamically. However, it still re- 
mains to be demonstrated that the plasma in the shock 
tube actually reaches the high temperatures indicated 


by the velocity measurements. Spectroscopic tempera 


ture measurements as well as experiments at higher V/L 
and higher densities, in an attempt to more nearly 
achieve quasi-equilibrium conditions, will be reported 
in a subsequent publication. It is not expected, how 
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Fic. 9. The kinetic energy in the ordered motion of deuterium 
ions as a function of the discharge voltage. (0.52 uf, 0.3 usec to 
maximum current, 0.7-mm deuterium.) 
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ever, that the shock velocity and temperature can be 
substantially increased by merely raising the discharge 
voltage since the effect of wall cooling becomes in- 
creasingly important as the plasma temperature is 
raised. However, it is not improbable that longitudinal 
magnetic fields along the expansion chamber can be 
used to inhibit the heat conduction to the tube walls. 
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Relaxation of a System of Particles with Coulomb Interactions* 
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The relaxation to a Maxwellian distribution of a system of particles interacting through inverse-square-law 
forces is investigated in the approximation of two-particle interactions resulting in small-angle deflections 
of particle trajectories, The time required for the relaxation of the distribution in the neighborhood of the 
average energy is found to agree with the self-collision time defined by Spitzer. The time required for the dis 
tribution to become Maxwellian throughout the range from zero energy to several times the average energy 
is found to be nearly ten times the self-collision time. Filling of the high-energy portion of the Maxwell 


distribution is also discussed. 


I. INTRODUCTION 


“THE relaxation of the electron or ion component of 

an ionized gas to a Maxwellian distribution has 
been of some astrophysical interest. Spitzer’ has ana- 
lyzed various aspects of the relaxation phenomenon such 
as (1) removal of angular anisotropy, (2) energy ex- 
change, and (3) loss of energy of a particle by “dy- 
namical friction.” Bohm and Aller? have presented a 
detailed analysis on the relative importance of electron- 
electron collisions in establishing the velocity distribu- 
tion of electrons in gaseous nebulae and stellar atmos- 
pheres. Although the general conclusions reached by 
these authors is almost certainly correct, the discussions 
were based on the rates of change of the distribution 
function and not on an explicit solution of the time- 
dependent problem. 

In this paper we present an equation for the effect 
of particle interactions on the one-particle distribution 
function and the results of a numerical integration of 
the equation on an electronic digital computer for a 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t At University of California Radiation Laboratory, Berkeley, 
when this work was begun; present address: Department of 
Physics, University of Maryland, College Park, Maryland, 

{On leave from Los Alamos Scientific Laboratory at time 
work was begun; present address: General Atomic, San Diego, 
California. 

§ Present address: 1809 Bonita Avenue, Berkeley, California. 

1L. Spitzer, Physics of Fully lonized Gases (Interscience Pub- 
lishers, Inc., New York, 1956). 

*.. Bohm and L. Aller, Astrophys. J. 105, 131 (1947). 
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distribution initially peaked about a particular energy. 
The filling of the high-energy portion of the Maxwell 
distribution is treated approximately. 


Il. TIME-DEPENDENT EQUATION 


In obtaining an equation which describes the effect 
of interactions between particles of charge e and mass m 
upon the velocity distribution, we assume that (1) all 
interactions are a superposition of two-body interactions 
resulting in (2) small-angle deflections of particle tra- 
jectories. Although the validity of these two approxima- 
tions is not rigorously established, the work of Spitzer, 
Cohen, and Routly* and of Gasiorowicz, Neuman, and 
Riddell* indicate their essential correctness for many 
phenomena. We shall use the Rutherford scattering law 
to determine the probability of deflections of a given 
magnitude. Restricting ourselves to isotropic angular 
distributions, we can obtain an equation for the time 
rate of change of the distribution function, either from 
an expansion of the integrand of the Boltzmann collision 
integral in powers of the angle of deflection,® or from 
the Fokker-Planck equation,® 


* Cohen, Spitzer, and Routly, Phys. Rev. 80, 230 (1950). 

( _gateroree, Neuman, and Riddell, Phys. Rev. 101, 922 
1956). 

5 The development by this procedure was considered too lengthy 
to be given here since the equation given in reference 6 yields the 
same result much more easily. 

® Rosenbluth, MacDonald, and Judd, Phys. Rev. (to be 
published). 
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cae “ ina A aneet— fees | 
4 off ¢” 
+1 f du f(u)u 


=f mn") (2) pr 


A= (3/2e*) (k®T?/xn)!. 
The quantity /(v) is a distribution function in magnitude 
of velocities and has the normalization 


n= ff du f(u)u’, (2) 
0 


where m is the number density of particles (per unit 
volume). The Maxwell distribution causes the right side 
of Eq. (1) to vanish, showing that this distribution is 
indeed a solution of the static problem. 

Equation (1) can be put into dimensionless form by 
observing that the distribution function can always be 
written 

S(v,t)= (A/ve)h(é,7), E=0/00, (3) 


where A is a normalization constant, v9 is a “‘character- 
istic” velocity, and r is a dimensionless time parameter : 


7 = (2mre*/m?) (A /v9*) (InA)t. (4) 


The equation satisfied by A(£,r) is then dimensionless: 


dh 2( eh i ¢' 
tf anh(n)nt+— f dado) 
ar “sg iad Ms $y : 
4 oh “id 
+— | f dnh(n)n 
3€ dtl, 
t n\? ww 
-f anh(nyn( 1-") (14 -) [+20 (5) 
0 E 2g 


We can relate A and %% to the number density of par- 
‘ticles and the average energy or kinetic temperature 
(kT) of the system by 


n=1,A, E=§kT=}mve(I,/1)), 

ad (6) 
= J dth(,r) £4. 

0 


The integrals J; and J, are constants [as one can verify 
directly from Eq. (5) |, determined by the initial distri- 
bution. The dimensionless time parameter in terms of 
n, RT, I2, and I, is 


2re'n InA /I4\!1 
‘so (-) —t, (7) 
m'(3kT)INIe7 Is 


he f dth(&,r)#, Ig 
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The usefulness of this formulation of the time- 
dependent problem is that all solutions of Eq. (1) which 
can be obtained by similarity transformations from a 
given solution are easily constructed by using the solu- 
tion of Eq. (5). The solutions of the time-dependent 


Eq. (1) are 
nfjm\'*flyny! 
( ; ) (“) h(é,7) 
Ta\ 3kT Ty 
m\'7I4 
(2) 
3kT Ty 


The variable r is related to the time by Eq. (7). The 
initial distribution is of course 


nfjmv\'/lyn! 
(3 y(n 
To\ 3kT I, 


The quantities 7, and J, are calculated from A(£,0). 


f(v,t) ot 


f(v,0) = 


III. NUMERICAL INTEGRATION 


The numerical integration was carried out by using 
the difference equation for Eq. (5): 


2 hii" — 2h;" { h; ” 
hin = hy a-|| ( sr] 
3 (A€)? 


Jos —Rj")+ 2m], (10) 


4 hyyi"— hy; "” 
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where 


1 i J J 
f anhen'+ f dnh"n, S" f dnh"n, 
3 


g j 0 j 0 


7 3 i 1 i 
-{ dnh"n—- -{ dnh"y? + f Anh" ny}. 
2 0 2¢ P 0 


0 j I 


(11) 


Subscripts refer to space points, and superscripts to 
time intervals. The condition for stability of the nu- 
merical integration of Eqs. (10) and (11) is 


Ar/(At)?< (45"). (12) 


This condition was used to determine the interval! in + 
for each successive time step. 

An initial distribution was chosen which represents 
the shape assumed by a delta function after a time 
sufficiently short to be neglected (r~10), and yet one 
which has sufficient breadth to be treated simply in a 
machine calculation. The initial distribution was chosen 
to be a Gaussian centered at §=0.3: 


h(€,0) =0.01 exp{—10[(€—0.3)/0.3 PJ}. (13) 


The distribution function h(£,r) was computed for 24 
values of £ at intervals of Af=0.03 from r=0 to 
7= 484.17. This initial distribution is a two-parameter 
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Tase I. A comparison of the latest distribution h(£, 484.17) 
with the Maxwellian distribution. 


hu (t) h(E, 484.17) 
1.86 10°? 
1.86 
1.79 
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1.54 
1.37 
1.20 

10.13K10 

8.38 
6.76 
5.32 
4.0% 

3.05 
2.29 
1.59 
1.10 
7.47K10 
4.93 
3.66 3.17 
2.34 1.99 
1.47 1,21 

9 98X10 & 7.1510 ° 
5.37 4.09 
3.13 2.26 
1.79 1.21 


1.76K 10% 
1,73 
1.67 
1,58 
1.45 
1.30 
1.14 
9.77104 
8.17 
6.67 
5.31 
4.13 
3.14 
2.33 
1.69 
1.19 
%.23K104 
5.52 


function since the center and width of such a Gaussian 
are variable. We did not consider variations of the 
initial distribution of Eq. (13), with the consequence 
that all initial velocity distributions obtained from 
h(t,r) by Eq. (9) have a half-width in energy at half- 
maximum of approximately five-eighths the average 
energy. 


IV. RELAXATION TO MAXWELLIAN DISTRIBUTION 


A plot of h(£,r) for a sequence of values of the dimen- 
sionless time parameter is given in Fig. 1. For compari- 
son the Maxwellian distribution hy (£) corresponding to 
the same average energy and number density is also 
plotted. The function Aw(&) is the final steady state 
which should be approached for sufficiently long times. 
In ‘Table I the numerical values of Ay () are given for 
each of the 24 space points along with the values of 
h(,r) for r= 484.17. Although the latter distribution 
is rather close to Maxwellian, the low-energy portion 
of the spectrum is overpopulated and the Maxwell 
“tail” at high energies is not yet full. An upward diffu- 
sion in energy must still occur before the Maxwell dis- 
tribution is achieved. 

These results are more easily interpreted after r is 
related to the time. First we shall give the distributions 
derived from h(£,0) and hy (é): 


{(v,0) = 62.93 (n/ v9") 
Xexp{—10[v/t—0.3)/0.3 P}, 


faa (v) = 110.51 (n/09*) exp{ —13.285(v/r)*}. (14) 


From fa(v) we find that % is related to the rms ve- 
locity by 


09= 2.976(v*)!= 2.976(3kT/m)!. (15) 
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The time is then given by 


t= 0.0021 2[ m!(3kT)!/xne InA |r. (16) 


We can also express ¢ in terms of 7 and the relaxation 
time /, called by Spitzer’ ‘“‘the self-collision time”’: 


t-=m'(3kT)'/8X0.714a4ne' InA. (17) 


We find ¢= (0.01217)t,. The relaxation time /, is really 
the average time required for a particle having an 
energy equal to the average energy to suffer a 90° 
deflection of trajectory and a 100% change in energy. 
We define a corresponding relaxation time from our 
calculation as the time required for the distribution 
function to achieve the Maxwell value in the neighbor- 
hood of the maximum at ¢=0.3. This occurs at r~60 
or t=0.73t,. The relaxation time defined in this way 
agrees quite well with the “self-collision time.” We see 
from the distribution obtained at r=484.17 or t=5.9t., 
however, that the concept of a relaxation time can be 
misleading. While the distribution in the neighborhood 
of the average energy is Maxwellian within a few per- 
cent, at an energy six times the average energy only 
75% of the Maxwell amplitude has been achieved. 
Certainly more time is required for the higher energy 
parts of the Maxwell distribution to be filled. This 
aspect of the problem was not treated in detail by the 
machine calculations although Eq. (5) is approximated 
by a much simpler equation for large values of &. 


V. DIFFUSION OF PARTICLES INTO 
THE MAXWELL TAIL 


For values of above the main portion of the distribu- 
tion, an approximate equation can be obtained from 
Eq. (5) by neglecting all integrals from £ to infinity and 
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Fic. 1, Relaxation to Maxwellian distribution in a gas 
with inverse-square-law forces. 
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extending the finite integrals to infinity. 
Oh/ Or = (21 4/3#) (0/0) (E“0h/dE+ 2ah), 


a= 312/21. (18) 


The only solution of the static equation which vanishes 
at infinity is hyw()=A exp(—aé’). [This is also the 
static solution of Eq. (5) if A =4al2(a/m)!. ] Introduce 
the function g(¢,r), defined from 


f(&,7) =g(&,7) exp(—aé?), 
into Eq. (18): 
Og/dr= (214 3#)[ dg ‘OF — (2aE+ EF") dg/dE |. 


The function g(é,r) becomes a constant as h(£,7) ap- 
proaches a Maxwell distribution. For a detailed analysis 
of the time-dependent behavior of A(é,r) at high 
energies, one would use for an initial g(¢,r) the function 
reached after the lower energy portion of the distribu- 
tion has reached nearly a Gaussian dependence. The 
approach of g(,r) to the final constant value at any 
energy then can be found from numerical integration 
of Eq. (20). 

We should expect g to have the behavior of a diffusion 
wave; i.e., g is constant for small values of £ and is zero 
for large values of £, with a transition region connecting 
the two asymptotic values of g. To examine the change 
in g(é,r) with time, we can look at the motion of the 
points on the curve g(&,7). 


(19) 


(20) 


(0&/ Al) y= (214/38) 
X (2ak+ E+ (0E/dg*),/(AE/Ag) 2). 


Now we let n= # and find 


(21) 


(On/Or)o 


= 21 4{2a— 9-14 3n'(dn/dg*),/(On/dg),7}. (22) 


The first two terms in Eq. (22) clearly represent an 
upward diffusion of particles to higher y. For large 
we can neglect the second term. The last term in Eq. 
(22) will tend to increase the width W of the transition 
region in 7. If # is the value of » which corresponds to the 
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midpoint of the transition region where (0*n/dg*), = 0, 
the last term is clearly of order 4!/W and is positive on 
the left and negative on the right. We can write 


#= 4] ar, (23) 


and by comparing 0n/dr at the left and right of 4, we 
also have 
OW /dr~1014(n'/W), 


W~ (2/a!) ql. (24) 


Although Eq. (24) is only qualitative, it does indicate 
that the width of the transition region in w increases 
more slowly than %, the upper edge of the Maxwell 
region in g(é,r). Consequently g(é,r) maintains its 
diffusion character. Equation (23) can be used to esti 
mate the time required to fill the Maxwell tail to 
velocity 2. 


t= m*v*/12re'n InA. (25) 


This time is independent of the average temperature of 
the gas and is approximately equal to the self-collision 
time for particles of velocity v given by Eq. (17). 

In discussing the filling of the high-energy portion of 
the Maxwell distribution, we have not considered the 
effect of collisions which result in large-angle deflections 
of particle trajectories. The quantity InA defined in 
Eq. (1) gives approximately 


frequency of small energy exchanges 
InA ~( ) 


frequency of large energy exchanges 


lor an electron gas InA~10—30', and therefore accord- 
ing to Eq. (25) the large-angle collisions resulting in 
large-energy exchanges are also unimportant for filling 


the Maxwell distribution at high energies. 
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Theory of the Specific Heat of Superconductors Based on an Energy-Gap Model* 
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A two-fluid model of a superconductor is proposed, based on an approximation in which one-electron 
states within a range of the order of kT, from the Fermi level are forbidden. It is assumed that the corre- 
sponding energy gap decreases with temperature and vanishes at the transition temperature; such an 
assumption is necessary in order to have a second-order transition. Assumptions are also made concerning 
the behavior of the electrons in a superconductor, and general formulas are developed involving two parame- 
ters which describe the approximate shape of the gap. Detailed calculations are presented for two different 
sets of values of these parameters, and our results for the electronic specific heat predict the general ex- 
ponential dependence on temperature which agrees with recent experimental data for Sn and V. 


1, INTRODUCTION 


ANY of the features of superconductivity can be 
approximately described by a phenomenological 
two-fluid model. For instance, the Gorter and Casimir 
model} is in fair agreement with much of the specific 
heat and critical magnetic-field data and has been 
extensively used because of its simplicity. However, 
strong deviations from its predictions (viz., T* specific 
heat and parabolic critical field) have been observed 
recently, and we propose here a two-fluid model based 
on an energy gap to account for these new data. 
Recent specific heat'* and thermal conductivity‘ 
measurements, as well as microwave and far infrared 
absorption experiments,® indicate that there is a finite 
energy difference between the ground state of a super- 
conductor and its first excited state. On the other hand, 
a recent microscopic theory put forward by Bardeen and 
his group® predicts that the electron-phonon interaction, 
when strong enough to overcome the Coulomb repul- 
sion, will provide a finite excitation energy of the right 
amount. Therefore we can say that there is both an 
experimental and a theoretical basis for such an energy 
difference. 


2. ONE-ELECTRON APPROXIMATION 


At the time the work to be described here was done, 
there was no satisfactory microscopic theory of super- 


* This work was made possible by the joint support of the 
International Cooperation Administration, Washington D. C., 
and a traveling grant from CAPES (Brazil). 

t On leave from Instituto Tecnologico de Aeronautica, Sao Jose 
dos Campos, Sao Paulo, Brazil. Now at the Physics Depart 
ment, Washington University, St. Louis, Missouri. 

} J. Bardeen, Encyclopedia of Physics (Springer-Verlag, Berlin, 
1956), Vol. 15, p. 274. 

' Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 102, 
656 (1956). 

*W. S. Corak and C. B. Satterthwaite, Phys. Rev. 102, 662 
(1956). 

4 J. L. Snider and J. Nicol, Phys. Rev. 105, 1242 (1957). 

*B. B. Goodman, Proc. Phys. Soc. (London) A66, 217 (1953). 

® Blevins, Gordy, and Fairbank, Phys. Rev. 100, 1215 (1955); 
Biondi, Garfunkel, and McCoubrey, Phys. Rev. 101, 1427 (1956); 
R. E. Glover and M. Tinkham, Phys. Rev. 104, 844 (1956); and 
M. Tinkham, Phys. Rev. 104, 845 (1956). 

* Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957). 
The author wishes to thank Dr. Bardeen for communicating their 
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conductivity, i.e., no solution of the many-body problem 
had been found in which the excited states of the system 
as a whole had the characteristic features of a super- 
conductor. Following a suggestion of Bardeen, we have 
worked out a phenomenological theory of the thermal 
properties of superconductors based on a one-electron 
approximation. 

In this approximation the excited states of a super- 
conductor as a whole are described in terms of in- 
dividual-particle excitations, According to this picture 
the excited electrons in a superconductor behave 
similarly to excited electrons in normal metals. Further, 
for TT, the bulk of the electrons is assumed to form 
a “condensed” -superconducting component with a 
condensation energy ¢(n), depending on the number of 
excited electrons per unit volume. The energy required 
to excite an electron-hole pair, A(7’), then plays the role 
of a gap in the one-electron energy spectrum (Eg in 
Bardeen’s Eq. 12): 


A(T) _ (0p/ON) nan(7). 


Furthermore we assume that only the excited electrons 
(and their corresponding holes) contribute to the 
entropy. Experiments by Daunt and Mendelssohn’ 
which show that the Thomson coefficient of super- 
conductors vanishes seem to justify this assumption. 
Under these assumptions we can write the free energy 
of a superconductor as a sum of two terms: (1) the 
temperature-dependent free energy of an electron ideal 
gas (the m excited electrons per unit volume), and (2) 
an additional term, ¢(m), corresponding to the con- 
densation energy of the superconducting electrons. The 
state of thermodynamic equilibrium will be found by 
minimizing the free energy with respect to n. From the 
minimum condition one can eliminate the number of 
excited electrons per unit volume from the expression 
for the free energy, which then becomes a function of 
the temperature alone, enabling the calculation of the 
specific heat by differentiation. Unfortunately the 
resulting equations cannot be solved analytically (as in 


7J. G. Daunt and K. Mendelssohn, Nature 141, 116 (1938); 
also Proc. Roy. Soc. (London) A185, 225 (1946). 
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the case of the Gorter and Casimir model), and we shall 
have to use numerical methods. 

In Sec. 3 we work out the expressions for the free 
energy and specific heat for a model of this sort, and in 
Sec. 4 we apply the method to a specific case in which it 
is assumed that ¢(m)=—constantX(n.—n)*. It is 
assumed further that the energy of the excited electrons 
and holes can be estimated from a temperature-depend- 
ent density of states, differing from that of the normal 


metal. 


3. FREE ENERGY AND SPECIFIC HEAT 


We base our discussion on a one-electron approxima- 
tion in which, as a consequence of the interactions 
leading to superconductivity, the energy of a particular 
one-electron level depends strongly on the occupation 
numbers of all the other one-electron levels. Above a 
characteristic temperature this effect is small because 
there are a relatively large number of electrons outside 
the Fermi surface. However, as the temperature 
decreases, more and more electrons occupy states inside 
the Fermi surface, and as a result the energy shifts 
become appreciable. We assume that the nature of the 
interactions is such that the levels close to the Fermi 
surface are pushed apart and that the effect is small for 
levels far from the Fermi surface. This situation is 
represented schematically in Fig. 1. Above the charac- 
teristic temperature, A would be zero, and both a and b 
would vanish too. As the temperature decreases and the 
interactions become important, the gap width 4 would 
increase, with a tendency to saturate at very low 
temperatures. In the same way, just below the charac- 
teristic temperature, only the states near the edge of the 
gap would be affected; as the temperature decreases, 
the interaction extends its effect to levels farther away. 
The whole picture can be described by saying that both 
parameters a and b as well as A decrease with tempera- 
ture and become negligible above the characteristic 
temperature. 

The existence of an energy gap is equivalent to 
assuming a nonvanishing condensation energy, ¢, for 
the superconducting electrons. We assume that the 
free energy of the superconducting state may be 
written as 


F,(n,T) = 247 |n im— f deN ,(€) In(1+Ae~*/*”) 


0 


+o(n), (1) 


where n=number of thermally excited electrons per 
unit volume, \=e*/*” («4 being the chemical potential), 
T=absolute temperature, k=Boltzmann constant, 
e=one-electron energy, N,(e)=volume density of 
states, and ¢(m) =condensation energy. 

In (1) the factor of 2 takes into account the free 
energy of the holes; also V,(€) may depend on a parame- 
ter and is not necessarily equal to the volume density of 
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Fic.1. Density of one-electron levels in a superconductor according 
to an individual-particle excitation approximation. 


states in the normal metal, V,(¢). The condensation 
energy cannot be simply proportional to m, because this 
would give a constant gap, and as a result we would not 
have a second-order transition at 7, without making 
rather artificial assumptions about N,(e). 

Imposing the minimal conditions on 
energy, i.e., 


the free 


0 
F P(n.0)| =(), (2) 
On T 

we can solve for n=n(T), which when substituted 
into F,(n,T) leads to 


FAn(T),T)=5,(T). 


Carrying out the operation indicated in (2), we 
obtain 


kT \nd(T) =p = —4(06/0n)r. (3) 


In thermodynamic equilibrium the total number of 
excited electrons per unit volume is given by 


D he e/kT 
n(T) f N,(e) de. 
1+Ae~e/ kT 


0 
If N,(e) has the form shown in Fig. 1, we have 


n(T)= (14-a)N,(0)RT In(1+A) 


—aN,(O)RT Inf 1+?) ], (4) 


where J is given by Eq. (3). 
At low temperatures, if df/dn>>kT, we can approxi 
mate (4) by 


Op 
n(T)=(1 ta) Q(O)AT exp( - / ur) 
On 


which corresponds to the classical statistics approxi- 
mation. 

It will be possible to express the free energy as a 
function of the temperature alone, once we have solved 
Eq. (4) for n as"a function of T. This"cannot be done 
analytically because the right hand side of that equation 
also involves n, through \. Nevertheless, the derivatives 
of §,(7) with respect to T can be formally expressed in 
terms of the derivatives of F,(n,7) and n with respect 
to T and n. We are particularly interested in the second 
derivative, since 


C,(T)=—T(@S,/dT?). 
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OF, PF, dn 
C,(T)= -1(— 7 ee =), 
OT? éndT dT 
since (OF ,/ON) equitibrium = 9. 
Combining Eqs. (1), (3), and (5) leads to 


OE dE dn 
C,(1) 2(- + -—)4 
OT dn dT 


Og dn 
- : (6) 

on dT 

where 


is the total energy of the excited electrons. We may 
write 
dFelectrons 


d Fboles dh 
4 


C,(T) + a 
dT dT dT 
which has an obvious interpretation, 

Our program is to calculate C,(T). In order to do this 
we will calculate EZ. If N,(e) has the form shown in 
Fig. 1, we have 


E=N,(0)kT?f(d), (7) 
where |A| <1, and f(A) is given by 


m+1 (2b6+1) (m+1) 
d A 


atte T (+16 F (=1)5——-—- 
/ mond) (m-+-1)? m=() (m+ 1)? 
ra ) (2b+1) (m1) 
—26— ¥ (-1)—— 
kT m— 


’ 


(m+-1) 
a and 6 having the meaning given in Fig. 1. 


All the variables will be expressed in terms of their 
values at 7°,, i.c., y=n n.Pt=1/x=T/T., c,(t)=C,(T)/ 


C,(T,), and 
Op 
g(n) =— / itr. 
on 


Combining (6) and (7) then leads to 


6 dy df 
c,(t) 2/0)! 
nr’ dt dr 


3 dy 
+-—bge(y)— In2=c,(t)+c2(t). (8) 
2 


sf al 


TaBLe I. Calculated specific heat for Model (1): a=0, b=0 
A=3.0. Here t#1/xe7/T,, yen/n., and c,(t)@C,(T)/C,(T-). 


y dy/dt 


0.397 1.48 
0.14 0.74 
0.057 0.34 
0.011 0.092 
0.0025 0.026 


ei(t) 


0.852 
0.270 
0.091 
0.015 
0.001 


ea(t) 


0.524 
0.405 
0.205 
0.058 
0.016 


ea(t) 


1.40 
0.68 
0.30 
0.073 
0,017 


3.0 
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Fic. 2, Calculated values for the reduced specific heat, in the 
case of an energy gap A(0°K) =3.0k7, at 0°K. C,=C,(T)/C,(T). 
t=: 7/T,. Curve (1) corresponds to the choice a=0 and b=0; curve 
(2) corresponds to a=0.50 and b=1.0. The experimental points 
are for Sn, and were taken from reference 2. 


Detailed calculations are described in the following 
section. 


4. RESULTS FOR THE SPECIFIC HEAT 


In order to make use of the preceding results we must 
assume a functional relation, g(m), between the con- 
densation energy ¢(m) and the number of excited 
electrons n per unit volume. Since there is no indication 
either from theory or experiment for the form of g(m), 
we assume the simplest interpolation formula that 
satisfies the boundary conditions on the gap; viz., 
g(n)=(1—n/n.). This choice corresponds to a con- 
densation energy 


(n) = — (6/2n.)kT.(n.—n)’. 


Based on this assumption, the equations become, in 
terms of the reduced variables, 


6 
y(t) = ee | (1+<a) nf +emp(- —(1 -»)] 
In2 2t 


6 
—a in| -+ex(— +1)» ]], (9) 
t 


(10) 


hae /20) wv) 
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t t 2ZinZ 


y (1—y) Ab Fl+a a(2b+1)r”” 
; —~? 1+ A244 | 
NB Ti+a a(2b+1)r2® 
= eer 


——e, (1) 


We are interested in solutions of (9), y<1; we see 
that when ¢=1, y=1 is a solution, while at low tem- 
peratures y(t) = (1+) exp(—6/2t)/In2. In other words, 
at the transition temperature n=n,, so that the con- 
densation energy vanishes while at low temperatures the 
number of excited electrons per unit volume decreases 
exponentially. 

We have calculated the specific heat under two differ- 
ent assumptions, viz., (1) a=0, b=0, A= 3.00kT.(1—y), 
and (2) a=0.5, b=1, A=3.00kT.(1—y); the total 
number of states is conserved in the second model, but 
not in the first one. Tables I and IT show the results of 
our calculations, and in Fig. 2 the specific heat is com- 
pared with the latest measurements on tin.’ 

Model (1): a=0, b=0, and A= 3.00.—The calculated 
specific heat is much too large for 1/1<1.10 (not shown 
in Fig. 3), and this is essentially due to (a) nonconserva- 
tion of the total number of states, and (b) the assump- 
tion g(y) = (1—y) which may not be valid for y close to 
unity. Nevertheless for 1//>1.10 our results, if multi- 
plied by 1.50, are in very good agreement with the 
experimental values for Sn and V. However we 
cannot justify this factor of 1.50 without assuming 
N,(e)AN,(e). Hence we assumed b= ~, and a suitable 
a(t) was found empirically (Fig. 3) in such a way that 
the over-all effect was to multiply our curve (1) by 1.50. 
This model is not too realistic since the low-lying levels 
are hardly affected even at low temperatures. Further- 
more the total number of states is not conserved. 

Model (2): a=0.5, b=1.0, and A=3.00.—For this 
model, which conserves the total number of states, the 
calculations are in very good agreement with experi- 
ments, except again for 1//<1.10, where the calculated 
values are too small. However, the calculated discon- 
tinuity in the specific heat at the transition temperature, 
¢,(1)—en(1), is 0.65 whereas the experimental values 
are close to 1.7. In fact, any values a=constant and 
b= 4a, predicts the same jump, 0.65, in the specific heat, 
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Fic. 3. Empirical values of the parameter a, 
as a function of temperature. 
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TABLE II. Calculated specific heat for Model (2): a=0.50, 
b=1.0, A=3.0. In this table t= 1/x@7/7T., y=n/n., and c,(t) = 
C.(T)/C, (7%). 


ea(t) 


0.00 1.65 
0.94 1.95 
0.56 1.11 
0.31 0.46 
0.086 O11 
0.023 0.024 


x y PY dy/dt és (t) 


1.00 1,00 1.00 1,00 
1.10 0.895 0.841 1.41 
1.50 0.230 0.177 1.15 
2.00 0.065 0.061 0.525 
3.00 0.0082 0.011 0.137 
4.00 0.0009 0.0025 0.036 


ent) 


1.65 
1.86 
0.55 
0.15 
0.022 
0.0014 


and the assumption g(y) = (1—) must be the source of 


this error. 
5. CONCLUSIONS 


From our calculations we can conclude that an 
energy-gap model of a superconductor can provide a 
specific heat in agreement with experiment. The gap at 
0°K should be of the order of 3k7',,8 decreasing with 
temperature, and vanishing at 7, where the transition 
to the normal state occurs. Furthermore, the density of 
one-electron levels near the Fermi level in the super 
conducting state should increase as compared with the 
density of one-electron levels in the normal state. This 
increase may be of the order of 50% at T=0.25T,. 
Below this temperature there need be no further in- 
crease in the density of one-electron levels in the 
superconductor, since most of the electrons (about 
99.8%) have already condensed at T7=0,.25T,. Pre- 
liminary measurements of the spin-lattice relaxation 
time in superconductors being carried out at the Univer 
sity of Illinois’ indicate an increase in the density of 
one-electron levels near the edge of the gap. We may 
hope that further developments of the microscopic 
theory of superconductivity will provide a quantum 
mechanical basis for such an energy-gap model."” 
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” The theory of Bardeen et al. gives an effective single-particle 
energy in the superconducting state, L,=[(/,—Eyr)*+iE? }, 
where E, is the energy of the corresponding state in the normal 
phase and £g is the energy gap, equal to about 3.5k7, at 7 =0°K 
and decreasing to zero at 7,. This gives an infinite (but integrable) 
density of states just above the gap. 
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Galvanomagnetic Theory for n-Type Germanium and Silicon: Hall Theory and 
General Behavior of Magnetoresistance* 
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A general expression for the resistivity tensor, appropriate to n-type germanium and silicon, is deduced 
from which the magnetoresistance Ap/p and Hall coefficient Ry relations are evaluated. The angular 
dependence of Ap/p in germanium shows precisely the qualitative features noted in the experiments of 
Pearson and Suhl. Additional] details emerge, however, for silicon that were not detected by Pearson and 
Herring—presumably because of the restricted range of wr they employed. The field dependence of Ap/p 
for both germanium and silicon is examined for a number of high-symmetry orientations of the current J 
and magnetic B vectors with the finding of a departure from the square law at high fields. A detailed study 
of the Ry field dependence is made for the combinations J 190, Boig and Ji:0, Bito. A minimum is observed in 
germanium for the latter case and in silicon for the former case. The minima occur between the limiting 
values for b-+%, Ry=1/ngc, and b-+0, Ry =(1/ngc)[3K(K+2)/(2K+1)*]; these limiting values are 


invariant for all alignments of J and B. 


HIS paper deals with the magnetoresistance of 
n-type germanium and n-type silicon in the 
approximation of a constant scattering time. In a 
previous paper,! we obtained an expression for the con- 
ductivity tensor for the appropriate combination of 
ellipsoidal energy surfaces. ‘The resistivity tensor was 
then evaluated in the simpler case of the saturation 
limit only. The magnetoresistance calculations are now 
extended to intermediate fields, and the Hall coefficient 
is determined. Some preliminary interesting aspects of 
the Hall coefficient have been pointed out elsewhere.’ 
The approximation of a constant scattering time 7 
is used here because of the extreme difficulty in making 
intermediate-field calculations of the magnetoresistance 
using an energy-dependent 7. Furthermore, we avoid 
the problems involved in a detailed treatment of the 
scattering processes, with which we are not concerned 
here. Because of this simplification, we shall not present 
quantitative comparison between our calculations and 
experimental results. It will be found, however, that 
there is qualitative agreement between the results 
presented here and the experimental data now available. 
THE RESISTIVITY TENSOR 
The conductivity tensor o for either n-germanium or 


n-silicon can be expressed in the form 


C3 +d; 
ae 


(—d 


Co— de 
citd, |, 
ay 


ay 
C3 ds 


Cotd, 


a/o* = 


where 


(2) 


The expression for the quantities in Eq. (1), derived in 
* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force, under contract with Massa- 
chusetts Institute of Technology. 

1 L. Gold and L. M. Roth, Phys. Rev. 103, 61 (1956) ; hereafter 
called “Part I.” 

*L. Gold, Phys. Rev. 99, 596 (1955). 


Part I (which should be consulted for meaning of all 
other symbols and general notation) are reproduced for 
reference in Appendix I. 

The resistivity tensor p, from which the magneto- 
resistance derives, is the inverse of Eq. (1). This may 
be written as follows: 

p 1 


=——_fAnl, (3) 
p* det(a/o*) 


where 
A= 4203—¢;°+d;’, 
A \2= (€,:—d)) (€2— dz) — a3(C3+-ds), 
Ai3= (y+) (cs +ds)—d2(c2—d,), 
Au= (4+) (C2+d2) — A3(C3— ds), 
A 92= 4\03—¢+d/’, 
A 23> (c2— dz) (C3 oe d3) ie ay(cy + d, ), 
Agi= (¢1—d,) (€3— ds) — d2(C2+d2), 
A 32> (¢2+d2) (C3 +ds) _ a3(c, _ d, iP 
A 43= ;02.—¢;’+d3’, 
and 
det (a /a*) = aA203+- 26 693+ 2 (€\d od 34+ Cod \d3+- Cyd \d2) 
= [ ay (ce— d\*) + a2(co?— dq") +43(c3?— d3") }. 
THE MAGNETORESISTANCE 
The double scalar product of the resistivity tensor 
with the unit current vector gives the resistance p; 
p/p*=1+-Ap/p*, where Ap/p* is the magnetoresistance. 
For selected orientations of the current J, we find 
J p/p* 
100 pir/p* = (a2a3—c;’+d,*)/det(a/o*) 
110 4 (pirt+p22+pi2t+p2)/p* 
=[as(a:+a2)—(ci—c2)? 
+f (d,\+d2)?— 2as¢3 |/det (a/a*) 
where pi1, pi2, etc., are the components 
pik= p*A j/det(a/o*). 


(4) 


(5) 
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Fic. 1. Directional behavior of the magnetoresistance Ap/p in n-germanium for some cardinal] current orientations and typical 
values of wr = qBr/mzc. (a) B rotated in (001) plane, J100 with wr = 1.0 and 2.0; (b) B rotated in (001) pane and Jiyo with wr=1.0 


and 2.0; (c) B rotated in (001) plane and Joo, with wr= 1.0 and 2.0 (transverse magnetoresistance) ; 


d) B rotated in (110) plane 


and Jo, wr = 1.0; (e) B rotated in (110) plane and Jito, wr=1.0 (transverse magnetoresistance) 


A. Angular Dependence of Ao/p in 
n-Germanium 


(The expressions for p/p* for particular directions of 
J and planes of rotation of B are given in Appendix II.) 
The angular dependence for intermediate values of 
b=wr is shown in Fig. 1 for comparison with the 
saturation case and with the experimental results of 


Pearson and Suhl.* For numerical evaluation we have 
used, as in Part I, the value of the mass ratio K = m,/mz 
16.9 from cyclotron resonance.“ 


4G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 

‘It has been pointed out that if one takes into account the 
anisotropy of 7, K should be replaced by K = (m,/mz) (12/71). 
[See Benedek, Paul, and Brooks, Phys. Rev. 100, 1129 (1955), 
and L. Gold, Phys. Rev. 104, 1580 (1956). ] 
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Fic. 2. Directional behavior of the magnetoresistance Ap/p in 
n-silicon for some cardinal current orientations and typical wr 
values. (a) B rotated in (001) plane and Jioo with wr=0.8; 
(b) B rotated in (001) plane and Ji\o, wr=0.8; (c) B rotated in 
(001) plane and Joo, wr=0.8 (saturation result constant, Ap/p 
=(,745; transverse magnetoresistance); (d) B rotated in (110) 
plane, Jiso, wr=0.8; (ce) B rotated in (110) plane, Jijo, or =0.8 
(transverse magnetoresistance). 


When B is rotated in the (001) plane, with J in the 
[100] direction [ Fig. 1(a) ] there is little change in the 
appearance of the curves as wr is varied. The magnitude 


AND 
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of the Ap/p is, of course, less than the saturation case, 
and the ratio of longitudinal to transverse magneto- 
resistance increases as wr is increased. Similarly, for the 
transverse magnetoresistance with Jo; [ Fig. 1(c) ], the 
only essential change is an increase in the anisotropy 
as wr is increased. 

However, the arrangement Jiyo, Bs=0 [Fig. 1(b) ] 
exhibits new features in the angular dependence as wr 
is varied. For wr=1, the w symmetry is distinguished 
from the saturation limit in that the maxima are 
decidedly flatter. If wr is increased somewhat, as Fig. 
1(b) shows for wr=2, intermediate minima appear as 
observed by Pearson and Suhl (open circles in their 
Fig. 8). ; 

The case of Ji; with B rotated in the (110) plane 
[ Fig. 1(d) |] also shows new features as wr is varied. For 
wr=1.0, the appearance is quite different from the 
saturation result, which showed peaks at 45° and 
equivalent minima at Boo: and Byyo. Here the minima 
have become unequal, while the peaks have shifted in 
position, This is in agreement with Pearson and Suhl 
results as shown by the X’s in their Fig. 8. 

Finally, the angular variation of transverse magneto- 
resistance, with Ji1 [ Fig. 1(e) | is relatively insensitive 
to changes in wr. This case corresponds to the closed 
circles of Fig. 8 in Pearson and Suhl. 

In the qualitative features of the angular dependence 
of the magnetoresistance in n-germanium, our results 
are, therefore, entirely consistent with experiment. 


B. Angular Dependence of Ap/p» in n-Silicon® 


The angular dependence of the magnetoresistance in 
silicon for wr=0.8 is shown in Fig. 2. Numerical evalu- 
ation is based upon K = 5.2.4 For J jo and Bs=0 [ Fig. 
2(a) |, the curve differs essentially only in magnitude 
from the saturation case. For Ji;o and B;=0 [Fig. 
2(b) |, the intermediate peaks found at saturation 
disappear as wr is lowered, having only maxima at By1o 
and minima at Boo. The transverse magnetoresistance 
with Bs=0 and Jo; shows no anisotropy at saturation. 
In the intermediate region, the anisotropy is small, 
with x/2 symmetry as shown in Fig. 2(c). 

The arrangement with Jj; with B rotated in the 
(110) plane [Fig. 2(d) |] shows intermediate minima not 
found at saturation. Finally, the transverse case with 
Jixo shows nothing essentially different from the 
saturation case. 

In the case of silicon there is insufficient experimental 
data to give an adequate test of the theoretical work. 
The work of Pearson and Herring’ indicates the features 
characteristic of the saturation limit, but fails to 
delineate the details found here in the intermediate 
region. It would be interesting to see further experi- 
mental results. 


* See Appendix II-B for elaboration of p/p*. 
*G. L. Pearson and C. Herring, Physica 20, 975 (1954). 
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FIELD DEPENDENCE OF MAGNETORESISTANCE 


In Fig. 3 the magnetoresistance for the 4- or 8-ellips- 
oid model for particular orientations of J and B is 
plotted as a function of magnetic field, showing the 
departure from the square law at high fields. The ex- 
pressions for the field dependence are, for the simplest 
cases with J in the (100) direction, 


p K+2 3 
f= (14— on) [4 —(wr)? 
p* 3K 2K+1 


(longitudinal, Byoo), (6) 
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Fic. 3. Field dependence of magnetoresistance Ap/p for n-ger 
manium. The cardinal combinations of current and magnetic 
field are (1) J 100, Bioo; (2) Jiro, Bix; (3) Joo, Bio; (4) Ji, Bin; 
(5) Jiro, Bin; (6) J i10, Bio; (7) J 100, Boro=J 110, Boo. 


—T me tt) 
~ 


























wre 


Fic. 4. Field dependence of magnetoresistance Ap/p for n-silicon 
The cardinal combinations of current and magnetic field are 
(1) Joo1, Biro; (2) J100, Boio™Jiso, Boor; (3) Jiro, Biss; (4) Jiro, 
Bio; (5) Ito, Birr; (6) Jti0, Biro. 
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Fic. 5. Field dependence of Hall coefficient Ry (in reduced units) 
for n-germanium for Joo, Boro and Ji10, Bito. 


p K+2 K+2 \? 
(+0) /[+ Gon) 
p* 3K 2K+1 


(transverse, Boo), (7) 


where again A is the mass ratio m,/my».4 

Similarly for the 3- or 6-ellipsoid model, the field 
dependence is shown in Fig. 4. In the longitudinal case 
with Jjo9, the magnetoresistance vanishes identically 
in our approximation; the transverse case cannot be 
simply expressed as for germanium and it is given in 


Appendix IT-B. 


THE HALL COEFFICIENT 


Our considerations are restricted to a single-carrier 
system, i.e., we suppose that only electrons contribute 
significantly to the Hall fields. We define the Hall coef- 
ficient in the following way: 


1 
Ru 


] 
[E(B)-Bx J—E(—B)- Bx J} 
2\BxJ)’ 


(8) 
1 (BX a): (p—p)-a 


’ 


2 = |BXa|? 


where @ is a unit vector in the J direction. 

This definition holds even if B and J are not per 
pendicular. Also since it includes only the antisym 
metric part of p, it corresponds to the experimental 
situation in which the transverse voltaye is measured 
before and after reversing the magnetic field, and the 
magnitude of the two results averaged. For symmetrical 
current directions we have 


J Ru 

100 | (p21— p12) Ba— (psi ~ pis) Bo (Bo+ B;)* 

110 4[2B3(p21—pi2) + (Bi— Ba) (ps1 — pis (9) 
+ p32— p23) } [ 2B*— (B,+B2)* |. 


The detailed expressions are given in Appendix III for 
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Fic, 6. Field dependence of Hall coefficient Ry for n-silicon for 
Jin, Bio and J 100, Bou. 


the same planes of rotation of the magnetic field as were 
considered for the magnetoresistance. 

The field dependence of the Hall coefficient for ger- 
manium is displayed in Fig. 5 for Joo, Boro and J 110, 
Byyo. The former coefficient can be written explicitly 


1 3K(K+2) 2+K 
Ry=— — (14 ——w#) / 
ngc (2K +1)? 3K 


K+2\? 
fis (X2)o), ao 
2K+1 
and clearly has the limits: 


Ru=1/nqc; 


| (——") 
ngc \ (2K+1)* 
It does not exhibit a minimum as does J;;0, Biro. 
The parallel situation for silicon appears in Fig. 6, 
but now the minimum occurs for Joo, Boio, for which 
the Hall coefficient is given explicitly : 


b *D ’ 


b+0, Ruy 


3K 
Ra=— 
ngc 


(14-0) (14+-8/K)LK + 2+ 307] 

x——_-— — —____—_.. 

[ (2K +1)+(K+2)0 P+0LK +2430 
Here b-+~ leads to Ry=1/ngc as required, and for 
b-»0 we find precisely the same result as for germa- 
nium. Indeed, it is seen that for 6-0, i.e., the low-field 
limit, the Hall coefficient becomes independent of 
orientation. The factor 3K(K+2)/(2K+1)? properly 
has a value of unity for K = 1 and in the limits of K-0 

and K—+ approaches zero and j, respectively. 
Finally, the symmetry properties for Ry are observed 
with such typical equivalences as J},0, Booi=/100, 

Boro™ J 001, Bioo, etc. 


L. M. ROTH 
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APPENDIX I. CONDUCTIVITY TENSOR 
A. Germanium 

For the quantities in Eq. (1), we have from Part I: 
ri 17 3 
= ame (1+——4), 
14 4 Aj! 2K+1 
ae K-171_ Sj‘ 

2K+1l4 7 At 


la “TAK +1 
i 11K+2 K-—1ifl So'bgt+Sa'be 
Fr ee el 
14 4 A,I2K+1 2K+114 i A; 


a= 


d\= 








with the remaining quantities given by cyclic permu- 
tations. Here 


, 


1 ~j qBr 
Ai= 1+- 4 --—— (Sibi +S2'be+S3'b;)’, b=—, 
K 3K MC 


K = m,/mz, and the S‘ are, for the four sets of ellipsoids, 


Il WI Iv 
S,! 1-1 -1 
So! —1 —1 1 
Ss! —1 1 —1 
. Silicon 
The conductivity tensor is again given by Eq. (1), 
where now 


1 1 


a= 
2K+1\A, 
bobs 


q=-—— 


OK +14 


we & § 
d, -—_(—+-+_), etc., 
2K+1 Ay Ae A; 


, 


1 
Ay=1+—¥-4+—?. 
 « 


K K 1 
+-+-+5 41), 
Ae Ay; it A; . 


1 
A; 


APPENDIX II. SPECIALIZATION OF THE MAGNETO- 
RESISTANCE (EQS. (5)] FOR PARTICULAR 
PLANES OF ROTATION OF THE 
MAGNETIC VECTOR 


A. n-Germanium 
1. Bin a (100) plane (B;=0) 
(a) For Jioo (longitudinal), 
p/p* = A" 1+-yb? sin’@+ b? cos*6(z— xb? sin*#) ], 
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K-—1 
2(K—1)? K+ “v), S,=——xP’ sin26(A — xb* sin*#), 
1 


x= ae -2K+1 
3K(2K+1) 3K r-1 
3 S_=———-xP? sin*6 (A — 4.xb?+- 5xb* sin*@), 
y= - s2———, 2K+1 
2K+1 2K+1 


A= {(1+-yb?) (1+2°b*) — 44 sin?26x[_(42+-x) (1+-yb*) 
—2(2—1)*]+-4b* sin'20(2y+2)a°) 


K+2 x ’ 
x 1+— —}? — —— sin?20 . (a) For Ji00, 
3K = -.WK p AAA, 
—=——(FF,+F¥), 


° det’ 


6 is angle between B and 2’ axis. 
B. n-Silicon 
1. Bin a (100) plane (Bs=0) 


and @ is the angle between B and the [100 | axis. Pp 
(b) For Joo: (transverse), (b) For Joo, 


p/p*= A [1+ yb?— 304 sin?20- (x+2y)x ], 
c) For Jiio, 
4 . 110 (c) For Jao, 
= a 2 2 sj 
p/p*=44— [2+ yb?— (y+x)b* sin20 p 1 Ardsds_ 


+b? (z—4ab? sin26)*(1+-sin26) |. — =~ ———[(F,+F 2) F3— 2F Fit (Fs+Fo)*), 
p* 2 det’ 


p Add; , 
a -(FiF,—F?), 
p* det’ 


2. Bin a (110) plane (B,= Bz, Bs ¥0) 
where 


The calculation is facilitated by rotation of the coor- 1 
dinate axes to x’—110, y’—110, 2/001. Ai=1 an + (K—1)b;? J, 
(a) For Jiio (longitudinal), ; - 
2 
p/p*= P (det’) "(FF s+F), A:=1 ar +(K—1)bi#], As=1 
(b) For Jiyo (transverse), 
det! = FF oF y+ 2F Ph shot Fh Fe t+F ok é—F Fe, 
p/p*= P(det’)" (F.F;—F’), 


where P\=A+4K-xb‘ sin?20+-2 cos*6 E+-4xb* sin?20 ], 
P=(A—xb sin’6)[ (A +b? sin’)? — 2x*b* sin*26 |, Fy=A+}Kxb‘ sin?20+P sin’6| E+ 4b‘ sin?20 ], 
a=i+(——)p K~1 F,=A+4ab* sin?26, 


a, 
3K F4= 408? sin20(C+- 4b‘ sin?26), 
det’ = FF oF 3+2F Fh sh o— FP Fh e+F Fe t+h Fé, 


P, = So- S2, 


F.=b cos6(D+}xb* sin?20+- yb’ sin’#), 
3 F,4=6 sind(D+ } bt sin?20+4 yb? cos’6), 
Peo Si( + wg sn) ite 1 /K-1\? A, (K~1) 
2K-+1 Sine ( *) -~ 
2K+1\ K 2K+1 K 
v cost), , ie 
+1 


A=——| A?(1+2K)+— as 
2K+1L K 


3 
Fin 5o( 1 + ~—" 
2K 


eT hb? sin20+5, K-1 
2K+1 a sai+2a,(— ye} 
K+2 it K 

F,=So—— sind — S$ \b cosd— Syb sind, K~1 
2K+1 | a+) +244(— e} 


K+2 
F, = So——b cosé — Sib sind, 
2K+1 





K-1 (K—1)? 
—| 347-+24,—b’+ As | 
So=A(A+<b? sin*#) — x*b* sin*26, iL K 
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2. Bina (110) plane (B,= Bz, By ¥0) 


The calculation is facilitated by the same rotation of 
axes as for n-germanium. 


(a) For Ji10, 
AA; 
(Pifs+F?), 


det’ 


(b) For Jiro, 

p Ad; 
. (FoF 3- F%), 
p* det’ 


where 


b’ sin’6, 


A,=14+8- b’ sin’é, 


det! = F FoF y4-2F FF o— FF e+ FF fb +F Fe, 
F,=1+-2h’—zxb* sin’6, 
Fy=14-2h'+P sin’0(y+-b?/K —zx) 
Fy= (148) (14-0?/K) —B sin’0Ly+-b?/K +2(0+- yb’) | 
+xayb‘ sin, 


ayb‘ sin, 


F = 40 sin20(y+-b’/K — xy’? sin’#), 
Fy=b sin0(2+-ub’ — xb’ sin’#), 
F’¢=b cos0(2+- yb’ — xwb* sin’@), 
3 K+2 
r= : 
2K-+1 
4—K 
“2K+1 


2K+1 
14+K-+K? 4K—1 
KQK+1)  2K+1' [ 
3. Field dependence of p/p* for Jio0 and Boy 


The field dependence of p/p* for J joo and Boy is given 
by 
p A(A+E8*) 
= _, 
p* A*+D*h? 
where A, D, and E are the expressions in Sec. 1. 


APPENDIX III. SPECIALIZATION OF EQS. (9) FOR 


PARTICULAR PLANES OF ROTATION OF 
THE MAGNETIC VECTOR B 


We use here the same notation as in Appendix II. 


A. n-Germanium 
1. Bin a (100) plane (Bs=0) 
(a) For Ji00, 


b 
Ru= Pa “Lb: (y +2) (2— xb?) + (1+ yds") (2—xb,") J, 


2 
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L. M. ROTH 


(b) For Joo, 
- 


p 
Ru -— 1{ 2b? (1-+- yb?) — bb 2[ «(y+ 2x) bh? — 2x(2— 1) }}, 


(c) For Jas, 
b * 


/p 
Ry =—A"[2(1+ yb?) — bybex(z— 1) — bb? x(2y+2) J. 
B 


2. Bina (110) plane (B= Bz, Bs ¥0) 
(a) For Ji,0, 
b P(det’) 


Ru=—p* (FF s+ Fa), 
B b cos@ 


(b) For J, 10, 
* 


p 
Ry =—P (det) "((P 6+ F2l's) sind 
B 
+ (F4Fs + FoF’s) cosé |, 


B. n-Silicon 
1. B in a (100) plane (B;=0) 
(a) For Joo, 


p* A; A.A; Fuk st+Fik’s 
whe) 
BX det’ sin 

(b) For Joo, 


p* AiAcA; 
Ru= en, 


ec FF s+ FoF) sin 


det’ 
+ (FF ot+F Fs) cosé l, 


(c) For J 1105 


p* A,AoA; 1 
et teeny) 
BX det’ cosé — sin# 


K (Fal ot Fh il's— Fal's— Falk's). 


2. Bina (110) plane (B,= Bz, Bs #0) 
(a) For Jio, 


p* sAA; Fuk s+Fil’s 
ea 
B \det’ 


(b) For Ji, 


* 


p 
Ru= a (FoF'o+F k's) sind+ (FP al’s+F sl’6) cosd]. 
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Excited States in Co°’ and Fe°*t 


M. Mazart,* A. SperpUTO, AND W. W. BuECHNER 
Physics Department and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received April 8, 1957) 


The energy-level scheme of Co™ has been investigated through studies of inelastic proton scattering. An 
electrostatic accelerator and a high-resolution magnetic spectrograph were used. The region of excitation 
studied ranged from the ground state to 3.6 Mev, and in this region forty excited states were found. A 
number of alpha-particle groups were observed to result from the proton bombardment of cobalt targets, 
and these were identified as arising from the Co™(p,a)Fe reaction. The ground-state Q value for this 


reaction was measured as 3.242+-0.008 Mev. 


I, INTRODUCTION 


SIDE from the results of extensive investigations 
on the beta- and gamma-rays from Fe®, there is 

little information regarding the excited states of Co™. 
The beta- and gamma-ray studies are in good agree- 
ment, and these results have established excited states 
at 1.100 and 1.290 Mev.! 

For several years, this laboratory has been conducting 
a series of experiments on the excited states of nuclei in 
this region of the periodic table. Most of these studies 
have been carried out with (d,p) or (p,p’) reactions. 
From the experimental point of view, Co” is particu- 
larly well suited for a study using inelastic proton 
scattering. The natural element is monoisotopic and 
evaporates easily to form rugged and stable targets. 

The primary purpose of the present investigation was 
to determine the energy-level scheme of Co*’ over a 
considerable range of excitation. During the experi- 
ment, a number of alpha-particle groups were observed 
to result from proton bombardment of the cobalt 
targets, and various tests showed that these were 
associated with the Co*’(p,a) Fe®® reaction. 


II. EXPERIMENTAL PROCEDURE 


The targets used in the present work were prepared 
by the evaporation in vacuum of high-purity cobalt 
metal onto Formvar films supported on wire frames. 
A tungsten boat was used in the evaporation procedure. 
The incident proton beam was provided by the MIT- 
ONR accelerator, and the charged-particle groups 
emitted from the target were analyzed in the broad- 
range magnetic spectrograph. In order to obtain a 
mass analysis of the target, as well as to establish the 
origin of the inelastically scattered groups, observations 
were made at several different angles and bombarding 


t This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* On leave from the National University of Mexico. 

1 Nuclear Level Schemes, A=40—A =92 compiled by Way, King, 
McGinnis, and van Lieshout, Atomic Energy Commission Report 
TID 5300 (U. S. Government Printing Office, Washington, D. C., 
1955). 

? Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956); 
and C. P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 
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energies. Several exposures were made at 90 degrees to 
the incident beam, using proton energies of 6.52 and 
6.77 Mev. An additional set of exposures was made at 
an angle of 50 degrees with 6.51-Mev bombarding 
energy. For all these, the magnetic field in the spectro- 
graph was such that the elastically scattered protons 
were recorded near the high-energy end of the exposed 
plates. 

A number of alpha-particle groups were observed 
when the plates were analyzed. Since these presumably 
arose from the Co(p,a)Fe®® reaction, an additional 
exposure of 2000 microcoulombs was made with the 
spectrograph field adjusted so that the ground-state 
group from this reaction would be recorded, For this 
exposure, the spectrograph was oriented at 90 degrees 
to the incident beam, and a bombarding energy of 6.51 
Mev was used. For this case, as well as for the 90 
degree observations on the inelastically scattered pro- 
ton groups, the target was placed so that the cobalt 
layer faced both the beam and the spectrograph. In 
the case of the proton groups observed at 50 degrees to 
the beam, the orientation of the target was such that 
the proton groups passed through the Formvar layer 
before entering the spectrograph. 


Taste I. Co® energy levels from the Co(p,p’) reaction 


Excitation 
energy (Mev) 


1.097+-0.005 
1.189+-0.005 
1.289-+4-0.005 
1.432+0.005 
1.458 +4-0.005 
1.479+4-0.008 
1.743 +0.005 
2.061 4-0.005 
2.086 +-0.005 
2.152+4-0.005 
2.183 4+-0,005 
2.205 +-0.005 
2.397 +-0.006 
2.477 4-0.006 
2.540 -+-0.006 
2.585 4-0.006 
2.71140.006 
2.770 4.0,006 
2.781 4-0.006 
2.822 4-0.006 


Excitation 
energy (Mev) 


2.911 4.0.006 
2.955 +0.006 
2.964 +-0.009 
3.015 +-0.006 
3.058 +-0.006 
3.081 4-0.009 
(3.1204-0.010) 
(3.148 4-0,010) 
3.1594-0.008 
3.192 +-0.008 
3.222 4-0.008 
3.233 4-0.008 
3.273 4-0.008 
3.323 40.008 
3.379 4+-0.008 
3.412 4-0.008 
3.490 +-0.008 
(3.5604-0.010) 
3.602 4-0.008 
(3.654 4-0.010) 
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a ~ III. RESULTS 
_~ a ae mer | 

—-—"7 —F— ‘ A typical spectrum of the proton groups observed 
dIBLS UY SIVH H3d SNOLONd JO UIBWNN fy from a cobalt target is shown in Fig. 1. For this expo- 
sure, the incident proton energy was 6.51 Mev, and the 
scattered protons were observed at an angle of 50 de- 
grees with respect to the beam. In this figure, the 
groups associated with the materials in the Formvar 
backing and with other impurities in the target are 
identified by their chemical symbols. These peaks were 
identified by their characteristic shift in energy with the 
angle of observation and with the incident proton en- 
ergy. It was determined from observations at other 
angles that there were no groups from cobalt between 
the elastically scattered one, identified on the figure as 
Co™(0), and the group marked (1) which is associated 
with an excited state in Co™ at 1.097 Mev. The other 
peaks in the figure, identified with numbers running 
from (1) through (40), are associated with excited 
states in Co™, It will be noted that groups (18) and 
(19) and groups (22) and (23) were not completely re- 
solved. However, the structure of these peaks was 
clearly evident in all the observations. In every ex- 
posure, groups (21), (26), and (36) had widths which 
were considerably greater than those of their neighbors, 
and it is probable that these peaks contain unresolved 
components. The intense group, whose high-energy 
edge appears at the left edge of the figure, arose from 
elastic scattering from the hydrogen in the target. 

The positions of the excited states in Co™, as deter- 
mined from these measurements, are given in Table I. 
Four of the excitation energies listed in the table are 
inclosed by parentheses, since only at a single angle 
were the corresponding proton peaks observed with 
intensities sufficient for accurate (-value measurements. 
The levels numbered 27, 28, and 38 were determined 
from the 50-degree data, while level number 40 was 
calculated from the data taken at 90 degrees. It is 
probable, however, that these four groups arise from 
Co™, since other observations have shown that none of 
the contaminant elements give rise to peaks in this 
region of the spectrum. Aside from these four values, 
the other excitation energies listed in Table I are an 
average of the results of all the observations, and in no 
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1. Spectrum of protons scattered from a thin cobalt target. 
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TABLE IT. Q values and excited states in Fe®. 


Present work Earlier work 
Co (p,a)Fe* Fe*(p,p’)Fet#s 
Q (Mev) E, (Mev) E, (Mev) 
3.242 40.008 0 0 
2.398 +-0.008 0.844 0.845 
1.1574-0.010 2.085 2.085 
0.581+4-0.012 2.661 2.658 
eee eee 2.940 

0.2784-0.012 2.964 2.958 
0.115+0.012 3.127 3.119 
0.1374-0.012 3.379 3.369 


* See reference 3. 











EXCITED STATES 
case do the values listed differ by more than 4 kev 
from the results of any individual measurement. An 
energy-level diagram for Co, which includes these 
values, is given in Fig. 2. 

The values obtained here for the energies of the first 
and third excited states are in excellent agreement with 
the beta-decay data from Fe™.' It is interesting to 
note that no evidence was found in the beta-decay 
studies for the second excited state at 1.189 Mev. In 
the present work, the proton group associated with this 
state was considerably more intense than the other in- 
elastically scattered groups. This discrepancy is pre- 
sumably associated with the fact that the second excited 
state has a spin equal to or greater than the value (7/2) 
for the ground state. 

The results obtained from measurements on the 
alpha-particle groups are presented in Table II. The 
good agreement between the values for the excited 
states in Fe®® derived on the assumption that the alpha- 
particle groups arise from the Co™(p,a)Fe®® reaction 
and the values obtained from inelastic proton scattering 
measurements on iron’ shows that the alpha-particle 
groups were correctly identified and that the one of the 
highest energy was that corresponding to the ground- 
state transition. The fact that no peaks were observed 
for the 2.940 and the 3.388 levels is perhaps not sur- 
prising, since these levels were only weakly excited in 
the inelastic scattering studies. It is gratifying that the 
Co®— Fe®® mass difference, calculated from the ground- 
state Q value, is in good agreement with the value ob- 
tained from recent mass-spectrometric measurements.‘ 

The authors are indebted to Mr. Wilton Tripp and 


3 W. W. Buechner and A. Sperduto, Bull. Am. Phys. Soc. Ser. 
IT, 1, 39 (1956); and recent additional measurements. 
‘ Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 
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Fic. 2. Energy-level diagram for Co”. Energies in Mev. 


Mrs. Mary Fotis at M. I. T. and to Gilberto Lépez at 
the National University of Mexico for their careful 
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Irradiation of thick samples of borosilicate glass with high-energy electrons introduces space charges into 
the dielectric, the decay of which is extremely slow at room temperature. The charged dielectric shows a 
behavior similar to that of an electret; charges are induced on adjacent conductors and short-circuit dis- 
charge currents are observed during heating. The nature of the charges of the dielectric, annealing effects, 
and discharge mechanism were investigated. It is shown that the dielectric contains charges of two types: 
a negative charge constituted by arrested irradiation electrons and a positive compensation charge. 


1. INTRODUCTION 


RRADIATION of solid dielectrics with high-energy 

electrons produces changes of electrical, mechanical, 
and optical properties. In addition, if the maximum 
range of the electron beam is smaller than the thickness 
of the sample, a negative space charge is introduced. 
The charge may become so high and produce so strong 
a field that touching of the sample with a pointed piece 
of metal causes breakdown. This is accompanied by a 
flash of light. Afterwards a characteristic discharge 
pattern is found in the dielectric situated in a well- 


(b) 


Fic. 1. (a) Top view of discharge figure in borosilicate sample. 
(b) Lateral view of discharge figure in borosilicate glass (for this 
photograph a lateral section of the sample was cut away, to avoid 
distortion of the picture by the curved lateral surfaces). 


defined plane parallel to its surfaces. The discharge 
pattern has the form of a Lichtenberg figure with a 
channel leading to the point where the dielectric was 
touched by the conductor. With some dielectrics break- 
down occurs only during or immediately after irradia- 
tion, but with borosilicate glass it can be produced 
many months after irradiation. Figure 1 shows top 
and lateral views of a breakdown pattern in boro- 
silicate glass. 

These effects are observed with many dielectrics. 
The behavior of plexiglass has been studied by the 
author in a separate paper.’ Direct charge measure- 
ments during breakdown and an analysis of the break- 
down pattern and process gave strong evidence for the 
existence of a layer of arrested electrons at a depth 


corresponding to the plane of the discharge figure. 
Additional evidence in favor of this point of view is 
presented in this paper. 


2. EXPERIMENTAL 


The samples were disks of a commercial borosilicate 
glass manufactured by Corning Glass Works (glass 7070 
of Corning catalog B-83, 1949). Dimensions were: 
height 1.75 cm, diameter 4.4 cm. Density is 2.1 g/cm’, 
dielectric constant 4. 

The samples were irradiated with 2-Mev electrons in 
a Van de Graaff accelerator.’ Discharge measurements 
began 1 month or more after irradiation. The total 
charge intercepted during irradiation was 1.1610~ 
coulomb, or 7.6 10~* coulomb/cm’?. 

The part of the dielectric penetrated by the electron 
beam acquires a deep yellow color, owing to the produc- 
tion of color centers. The study of this coloration and its 
use for dosimetry has been reported by several authors.‘ 
The coloration extends to a depth of 0.4 cm into the 


! This effect apparently has not been reported in the literature. 
tlowever, it has frequently been demonstrated as a lecture experi- 
ment by Dr. D. M. Robinson of High Voltage Engineering Cor- 
poration, Cambridge, Massachusetts. In this way the author 
became acquainted with it and later repeated it several times. 

2B. Gross, J. Polymer Sci. (to be published). 

* The author expresses his gratitude to Dr. D. M. Robinson, 
President of High Voltage Engineering Corporation, Cambridge, 
Massachusetts, who kindly arranged for the irradiation of the 
samples. 

‘ ciate Klick, and Rabin, Nucleonics 13, No. 2, 30 (1955); 
Davison, Goldblith, and Proctor, Nucleonics 14, No. 1, 34 (1956) . 
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dielectric. We consider this value to be the effective 
range of penetration of the beam. The discharge pattern 
develops at the end of the colored volume, i.e., again 
at the depth of 0.4 cm. According to the theory de- 
veloped in the previous paper,’ a considerable part of 
the arrested electrons must be localized at that depth. 
The Feather formula® gives for 2-Mev electrons a 
maximum penetration of 0.93 g/cm? or 0.44 cm for 
borosilicate glass. The difference between the theoretical 
and observed values may be due to the fact that the 
number of electrons penetrating beyond 0.4 cm is too 
small to produce a visible coloration of the glass. 

The specific resistance of the glass is extremely high. 
Its value at room temperature is very difficult to meas- 
ure directly. An approximate lower limit for it can be 
obtained by the following consideration: Since disrup- 
tive discharges of charged samples can be produced 
many months after irradiation, the relaxation time for 
the decay of the stored irradiation charge by conduc- 
tion must be at least of the order of one month. With 
a dielectric constant of 4, this gives for the specific 
resistance of the sample at room temperature a value 
of 10° ohm cm. This is higher than previously reported 
values® and nearly reaches the value of 10” ohm cm of 
amorphous quartz.’ It is well known that the electrical 
conductivity of amorphous® and crystalline’ dielectrics 
is considerably increased during and shortly after 
photon and particle irradiation. Recently, however, 
some authors" have found in alkali halides a decrease 
of conductance after irradiation, as compared to the 
value before irradiation. To see whether such an effect 
exists in borosilicate glass, a sample of the glass was 
irradiated with a dose of 2 megarep of gamma rays 
from a Co-60 source." Irradiation by gamma rays was 
chosen in preference to electron irradiation because it 
excluded any possible modification of the results by 
arrested irradiation particles. However, no difference 
in resistance between irradiated and unirradiated sam- 
ples was found between 200°C and 300°C. 

The charged dielectric can be expected to show a 
behavior similar to that of an electret. Therefore the 
technique developed for the study of electrets'® was 
applied. Currents produced in the external circuit and 


5]. Katz and A. S. Penfold, Revs. Modern Phys. 24, 28 (1952). 

* J. T. Littleton and G. W. Morey, The Electrical Properties of 
Glass (John Wiley and Sons, Inc., New York, 1933), p. 72. 

7W. Gnann, Z. Physik 66, 436 (1930), 

§J. J. Thomson and McClelland, Proc. Cambridge Phil. Soc. 
9, 15 (1896); D. Nasledow and P. Scharawsky, Ann. Physik 5, 
63 (1929); R. A. Meyer, Office of Naval Research Symposium 
Report ACR-2, Washington, 1954 (unpublished), p. 93. 

*W. C. Roentgen, Ann. Physik 64, 1 (1921). 

10 EF. Pearlstein and H. Ingham, Office of Naval Research 
Symposium Report ACR-2, Washington, 1954 (unpublished), 
p. 31; K. Kobayashi, Phys. Rev. 102, 348 (1956). 

The samples were irradiated for us at the Naval Research 
Laboratory, Washington, D. C. The author is greatly indebted to 
Dr. I. Blifford from the Naval Research Laboratory and Dr. A. 
Schooley, presently attached to the U. S. Naval Mission to Brazil, 
who arranged for the irradiation 

2B. Gross, J. Chem. Phys. 17, 866 (1949); Brit. J. Appl. Phys. 
1, 259 (1950). 
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charges induced on adjacent electrodes were measured 
at room temperature and during heating. For measure- 
ments up to 95°C the dismountable capacitor described 
in earlier publications"? was used. The surface of the 
sample in contact with the grounded electrode was 
coated with Aquadag, the other surface was not coated. 
The capacitor, with sample and heater, was kept in a 
desiccator with relative humidity below 20%. No ex- 
ternal field was applied. Therefore all external current 
and charge effects were produced by space and surface 
charges in the sample. The system was short-circuited 
except during the brief instances in which measure- 
ments were taken. Current was measured by opening 
the short circuit and observing the rate of charge of an 
air capacitor connected in parallel with the sample. 
Induced charge was measured by opening the short 
circuit, lifting the measuring electrode, and determining 
the final charge of the same air capacitor. The readings 
were taken with an electrometer. For a more detailed 
discussion we refer to the earlier papers. Figure 2 
shows schematically the charges in the dielectric and 
in the plates, and the direction of the current pre- 
dominant in most of the measurements. For the sake of 
simplicity the electrode in contact with the irradiated 
surface is called electrode A; the electrode in contact 
with the unirradiated surface, electrode B, The charge- 
induction method implies breaking and making of 
contacts between a metal and a dielectric. Therefore 
contact electrification can occur, Considerable effects 
for silica and silica-metal contacts have been reported 
by Harper.’* With the present experimental arrange- 
ment a systematic effect was also observed. Breaking 
of the glass-steel contact at 90°C charged the unirradi- 
ated glass negatively with approximately 1X10-" 
coulomb/cm?. Successive operation of the capacitor 
led to an accumulation of the charge on the glass. This 
effect prevented very frequent charge measurements. 
For measurements at temperatures, the 
samples were heated in an oven. With this system, only 
currents could be measured. Thefdistribution of space 
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Fic. 2, Charges in sample and electrodes and polarity of currents 


4B. Gross, Report of the Conference on Electrical Insulation, 
1948 (unpublished). 

4“ W.R. Harper, Proc. Roy. Soc. (London) A231, 388 (1955); 
A218, 111 (1953). 
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Fic. 3. Charge induction without heating. Curve A: charge in 
electrode A. Curve B: charge in electrode B. 


charge inside the dielectric can be determined by a 
sectioning method associated with current measure- 
ments. After irradiation, some of the original samples 
were cut into two pieces each, the plane of cutting being 
parallel to the surfaces of the samples. Current measure- 
ments were then made with undivided samples and with 
sections of samples. The cutting operation was easily 
performed with a small machine using a metal disk as 
cutting tool and a special abrasive. A method of meas- 
urement employing grinding or cutting of dielectric 
samples has been used by Joffé'® for the determination 
of polarization charges in crystals and by other authors 
for the determination of surface charges of electrets.'® 
Creation of new surfaces generally changes existing 
surface charges and produces new ones, but it does not 
introduce new space charges or alter the distribution of 
existing ones. Therefore the sectioning procedure is 
objectionable for the application of the charge-induc- 
tion method, but it is appropriate for the study of 
space-charge distribution by means of discharge cur- 
rent measurements. 


3. RESULTS OF MEASUREMENTS 


(a) Charge Induction at Room Temperature 


Under normal conditions glass is covered by a con- 
ducting film of moisture condensed on its surface.!” The 
film acts as a shield for the field of the dielectric. Con- 
duction measurements"* have shown that in an atmos- 
phere of less than 25% humidity most of the film is 
removed. Therefore induction measurements are pos- 
sible only in a dry atmosphere. Figure 3 gives as a 
function of time the charge that developed in the 
measuring electrode after the capacitor containing a 
new sample was put into the desiccator. The two curves 
were made with different samples in reversed positions 
and corrected for contact electrification. Electrode A 
showed an increasing positive charge and electrode B a 
negative charge. Therefore the irradiated volume con- 


A. Jofié, The Physics of Crystals (McGraw-Hill Book Com 
pany, Inc., New York, 1928), p. 114. 

6 Thiessen, Winkel, and Herrmann, Physik. Z. 37, 511 (1936). 

1” Reference 6, p. 72. 

RF. Field, J. Appl. Phys. 17, 318 (1946), 
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tains a predominantly negative charge, and the un- 
irradiated volume contains a positive one (note that 
the charges of the dielectric are opposite to those of the 
electrodes). The negative charge must be that of 
trapped irradiation electrons; then the positive charge 
is a compensation charge. The presence of the latter is 
easily understood. During irradiation a strong field 
builds up between the negative space charge and the 
support on which the disk rests; eventually it becomes 
strong enough for the production of prebreakdown 
phenomena in which positive charge carriers are trans- 
ferred to the dielectric or negative carriers are ex- 
tracted from it. The measured charges are lower than 
the true charge of the dielectric because the field of the 
two charges of opposite polarity partially cancel each 
other. 


(b) Charge Induction and Discharge Currents 
above Room Temperature 


Heating increases conduction and releases trapped 
charge carriers; this may be expected to cause the ap- 
pearance of external discharge currents. Therefore a 
series of combined induction and current measure- 
ments were carried out at increased temperature, up to 
95°C, which is the maximum temperature at which the 
dismountable capacitor could be operated safely. Cur- 
rents are counted positive if the unirradiated surface be- 
comes the positive pole and the irradiated surface the 
negative pole. The position of the sample with regard 
to the measuring electrode is irrelevant for the current 
measurements. Results of measurements with two 
samples are shown in Fig. 4. 

In the experiment of Fig. 4(a) the irradiated surface 
of the sample was in contact with the measuring elec- 
trode. The temperature was increased rapidly from room 
temperature (30°C) to 94°C and was kept constant at 
that value. A discharge current is observed. It reaches 
a maximum of 3X10~-" amp and afterwards decreases. 
The integral over the current, taken over the entire 
measuring interval, gives 3.75X10~* coulomb. The 
charge induced in the measuring electrode (electrode A) 
is positive; it increases from 1X10~* coulomb to 
2.3 10~* coulomb. 

In the experiment of Fig. 4(b) the unirradiated sur- 
face of the sample was in contact with the measuring 
electrode. The temperature rose more slowly than dur- 
ing the former experiment; after 200 min it reached a 
constant maximum value of 85°C. In consequence of 
lower rate of heating and lower final temperature, the 
discharge current is smaller and reaches its maximum 
value of approximately 10~ amp much later than 
before. The current integral is 1.4 10~* coulomb. The 
charge induced in the measuring electrode (electrode 
B) is negative; it increases from 1.5 10~* coulomb to 
1.3 10-* coulomb. 

Externally these currents flow from the unirradiated 
to the irradiated surface (Fig. 2), which becomes the 
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negative pole. Therefore, inside the dielectric, negative 
carriers travel to the irradiated surface and/or positive 
carriers to the unirradiated surface. Results reported in 
Sec. 3(c) indicate that both processes occur. The values 
of the induced charges are much higher than without 
heating; their polarities are in agreement with the 
previous findings. 

At a dielectric-electrode interface several effects may 
occur.’® (a) The charge carriers, piling up at the inter- 
face, may be unable to discharge freely. Then the cur- 
rent integral over a given time interval will be equal to 
the total change of induced surface charge during the 
same interval. Such a behavior is found at electrode B, 
within the precision of the current measurements. (b) 
The carriers may discharge freely. Then, while an ex- 
ternal current is observed, the induced charge will not 
change. This behavior has not been found in our experi- 
ments. (c) Only a fraction of the carriers may discharge. 
Then the change of the induced charge will be smaller 
than the integral over the external current. This be- 
havior is found at electrode A, where the increase of 
the induced charge is only 60% of the integral over the 
current. These measurements give evidence for the 
existence of positive and negative space charges with 
different properties. 


(c) Complete Discharge at High Temperature 


Complete discharge within a reasonable time can be 
achieved only at temperatures much in excess of those 
of the previous experiments. So several samples were 
heated in an oven up to 220°C. Only currents were 
measured. In these measurements the previously dis- 
cussed sectioning method was used. Undivided and 
divided samples were investigated; in the latter case, 
the sections containing the irradiated volume as well as 
the sections which lay beyond the range of the 2-Mev 
electrons were measured. For the understanding of these 
measurements a short theoretical discussion is necessary. 

We consider a very thin layer of arrested charge 
carriers, of total charge q, situated at distance d, from 
electrode A and d, from electrode B. The charges set 
up electric fields Z, and EF», the relation of which is 
given by E,/E,=—d»/da. The higher field is directed 
toward the nearer electrode. Now suppose that these 
carriers are released in consequence of the increase in 
temperature. Being able to move, they will travel in 
the direction of the highest field, i.e., toward the 
nearest electrode. Concomitantly an external discharge 
current J is observed. If a charge g moves through a 
dielectric from one electrode to the other, externally 
the same charge is recorded; if it moves only over a 
distance d,, the externally measured charge is qd,/ 
(da+d,). Therefore the integral O= fJdt over the 
discharge current is not equal to, but is smaller than 
the released charge q, i.e., 0=qda/(da+d»). The ratio 


Such effects have been discussed by B. Gross, J. Chem. Phys. 


17, 866 (1949). 
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Fic. 4. Current J and induced charge Q during heating. (a) 
Measuring electrode in contact with irradiated surface of sample. 
(b) Measuring electrode in contact with unirradiated surface of 
sample. 


(dat+d,)/d, is a “conversion” factor. The released 
charge is obtained from the measured charge by multi- 
plication with this factor. If the distance of the charge 
layer from electrode A and the value of the released 
charge remain constant, but the thickness of the 
sample is changed, the values of current and measured 
charge change. A more detailed discussion and experi 
mental confirmation of these effects has been given 
previously.’ For “thick” layers the situation is more 
complex ; carriers located in the space of the weaker field 
may reach the farther electrode and cause current 
reversals, 

Experimental results of current measurements are 
given in Figs. 5 and 6. Figure 5 refers to samples which 
contained the entire irradiated volume. Figure 6 refers 
to samples where the irradiated volume was cut off, 

Figure 5, curve I, gives the discharge current for an 
undivided sample. ‘The current is much higher than 
before, reaching a maximum of more than 10° amp; 
complete discharge is achieved in less than 3 hours. A 
remarkable feature is the current reversal occurring 
after 115 minutes. To make sure that the reversal was 
not a trivial effect caused by a temperature gradient in 
the sample, the position of the sample was inverted and 
the experiment repeated, but the reversal persisted. 
The main current, before the reversal, flows in the same 
direction as before. We already assumed the existence 
of a layer of arrested electrons at a distance of ap- 
proximately 0.4 cm from the irradiated surface, ‘These 
electrons, when released by the increase in temperature, 
will travel predominantly toward the nearest electrode, 
i.e., electrode A, giving the positive current of the ex- 
periment. The correctness of this interpretation could 
be confirmed by a sectioning experiment. The un- 
irradiated part of a sample was cut off a short distance 
(0.15 cm) below the supposed site of the charge layer; 
the total thickness after the cut was 0.55 cm. Now 
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Fic. 5. Current J and temperature 7 during annealing of 


samples containing irradiated volume. Curve I-—undivided 
sample. Curve If—section of sample of 0.89 cm thickness. Curve 
III —section of sample of 0.55 cm thickness. Insets show thickness 
and position of measured sections; irradiated surface at top 


electrode B is the nearest electrode; the electrons 
should move predominantly toward electrode B and 
the current should be reversed. The result of the ex- 
periment, shown in curve III of Fig. 5, confirms this 
expectation. The current has reversed its direction; it 
is entirely negative and corresponds to the flow of 
electrons to electrode B. Finally, curve II of Fig. 5 
gives results obtained with a sample cut 0.89 cm below 
the irradiated surface. Now the charge layer is situated 
approximately halfway between both surfaces. The 
positive component of current has reappeared, but is 
still weaker than the negative component. This result 
indicates that negative space charge extends beyond the 
depth of 0.4 cm below the surface. Therefore the 
hypothesis of the very thin layer is not entirely satis- 
factory. 

Figure 6 shows that discharge currents can be drawn 
from the unirradiated sections too. Therefore these 
sections, which lie definitely beyond the range of pene- 
tration of the electron beam, also contain space charge. 
The intensities of the currents are smaller than in the 
experiments of Fig. 5, but the form of the current-time 
curves is similar to that of Fig 5, curve I. The highest 
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positive and smallest negative currents are obtained 
from the thinnest sample (thickness 0.3 cm). This 
sample was also farthest from the irradiated surface 
(Fig. 6, curve I). The positive current can be explained 
by transport of positive charge toward electrode B. The 
source of the carriers must be a high concentration of 
positive charge so close to electrode B that even with 
the thinnest samples most of the carriers of the layer 
migrate toward this electrode. The decrease of positive 
current with increasing thickness is a geometrical 
effect caused by a change of the conversion factor. The 
negative current poses a more difficult problem. It 
seems to indicate that, in addition to the electrode 
layer, positive space charge is spread out rather uni- 
formly throughout the volume and contributes carriers 
migrating toward the top electrode. 

Several samples were irradiated with higher radiation 
doses, up to four times that of the previous experiments. 
However, except for a slight increase of the reverse 
current with dose, no significant changes in the current- 
time curves of undivided samples were observed. 
Therefore a charge saturation effect exists. This was 
also found in plexiglass.? 


4. DISCUSSION 


(a) Space-Charge Distribution and 
Discharge Currents 


The experimental evidence pointed to the presence 
of two types of space charges in the dielectric: (a) a 
negative charge, consisting of irradiation electrons, 
for which the maximum concentration is found at a 





a ' 
EZKZA, 
0.7cm 








Fic. 6. Current J and temperature 7 during annealing of 
samples not containing irradiated volume. Curve I—section of 
sample of 0.3 cm thickness. Curve II—section of sample of 0.7 cm 
thickness, Curve III—section of sample of 1 cm thickness. Insets 
show thickness and position of measured sections; unirradiated 
surface at bottom. 
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depth of approximately 0.4 cm below the irradiated 
surface, but which extends beyond this point toward or 
even into the unirradiated volume; (b) a positive 
charge, the compensation charge, which is contained 
mainly in a space very close to the unirradiated surface. 
The net charge of the dielectric is small. The charges 
produce the electric field in the dielectric. The field is 
obtained by integration over space-charge density. 
Since the system is shorted, the integral over the field, 
taken from one electrode to the other, must be zero. 
Then, with the given charge distribution, the direction 
of the field in the center section must be contrary to 
that in the electrode sections. This situation, with field 
inversion points % and 2», is shown qualitatively in 
Fig. 7. The appearance of field curves of this type in 
polarized dielectrics is a classical effect and has been 
discussed by many authors.’® Schumann” has calcu- 
lated field curves and discharge current curves under a 
wide variety of conditions; he specifically considered 
migration of space-charge layers and electrode effects. 

At room temperature, the space-charge distribution 
behaves as if it was “frozen in.” Increase of tempera- 
ture releases trapped carriers. These begin to move in 
the field. Negative carriers, originally arrested between 
the irradiated surface and point x,, are drawn toward 
electrode A ; positive carriers, between the unirradiated 
surface and point x,, are drawn toward electrode B. 
This transport of charge results in the positive current 
that predominates in the experiments. However, car- 
riers between x, and x, are exposed to the reversed field, 
which moves negative charge in the direction of elec- 
trode B and positive charge in the direction of electrode 
A. This charge transport corresponds to a reversed, i.e., 
negative current. The net external current is the sum 
of the positive and the negative component. It can 
show one or more reversals, because the two com- 
ponents follow different time functions. The predomi- 
nance of a negative current at the end of the discharge 
period indicates that the reversed current component 
has the longer relaxation time. The fact that charge and 
field distributions and consequently inversion points 
may change during the discharge makes a quantitative 
treatment extremely difficult. 

* W. O. Schumann, Z. Physik 79, 532 (1932), Ann. Physik 15, 


843 (1932); Z. Tech. Physik 14, 23 (1933); Arch. Electrotech. 27, 
155, 241 (1933). 
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space charge 


Fic. 7. Qualitative view of space charges and field in 
the irradiated dielectric. 


(b) Released and Intercepted Charge 


Electrons from a monoenergetic beam show an ab- 
sorption in solids which is continuous up to the depth 
corresponding to the maximum range of such electrons. 
However, there is some increase in the concentration 
of arrested electrons toward the end of the range.* 
This is not the distribution inferred from our experi- 
ments. The more localized distribution centered at a 
depth of about 0.4 cm suggested by our experiments 
may reflect a serious loss of excess negative charge 
from the irradiated surface of the sample while this 
surface was exposed to the ionized and conducting air 
during the irradiation. Charge could be lost from 
shallow regions by migration to the surface during the 
irradiation. 

Support for this view can be found in a comparison 
of the discharge-current integral observed with the 
estimate of the negative charge intercepted by the 
sample during irradiation, The maximum released 
charge calculated from the positive and negative charge 
measurements is 1.2% 10~® coulomb. The intercepted 
charge estimated from the irradiation data is 1.6 10~™ 
coulomb. The 100-fold difference may be"the measure 
of the charge loss during and perhaps shortly after 
irradiation. 

The author expresses his gratitude to the Brazilian 
National Research Council for the travel and research 
grant that made this work possible. He is also much 
indebted to Mr. Manuel Sobral, Jr., for his assistance 
in the performance of the measurements and prepara- 
tion of data. 
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An experimental study of the photoelectromagnetic (PEM) 
effect in single crystals of n-type and p-type indium arsenide at 
room temperature is described. For n-type material it is found 
that the PEM short-circuit current is proportional to the magnetic 
induction for both high and low surface recombination velocities. 
In contrast, the PEM short-circuit current for p-type material is 
found to be nonlinear with respect to the magnetic induction; and 
the degree of nonlinearity depends markedly on the surface re- 
combination velocity. It is shown that these results are consistent 
with the theoretical relations proposed by Kurnick and Zitter. 


I. INTRODUCTION 


HEN light is strongly absorbed on the surface 

of a semiconductor placed in a magnetic field 
whose direction is perpendicular to the normal of the 
illuminated surface, an electric current is generated. 
This is called the photoelectromagnetic (PEM) or 
photomagnetoelectric (PME) effect. It results from the 
fact that the electrons and holes created at the surface 
by the incident light are deflected in opposite directions 
by the magnetic field as they diffuse into the body of 
the semiconductor. The effect was first observed in 
cuprous oxide.' Subsequently, it has been studied in 
germanium,?* lead sulfide,®* silicon,* and indium 
antimonide.’ 

The magnitude of the PEM current is dependent 
upon the photon flux, magnetic induction, lifetime and 
mobilities of the electrons and holes, temperature, and 
surface recombination velocity. Theoretical expressions 
relating these quantities have been proposed by several 
workers. Early theories** were based on the assumption 
that under open-circuit conditions the generated cur- 
rent is everywhere zero. Van Roosbroeck® has pointed 
out that this assumption is not tenable and that only 
the integrated current should be assumed zero, Recently, 
new theoretical models have been proposed for the 
case of small Hall angles by van Roosbroeck® and for 


1], K. Kikoin and M. M. Noskov, Physik. Z. Sowjetunion 5, 
586 (1934); I. K. Kikoin, Physik. Z. Sowjetunion 6, 478 (1934); 
G. Groetzinger, Physik. Z. 36, 169 (1935). 

?P. Aigrain and H. Bulliard, Compt. rend. 236, 595 and 672 
(1953); H. Bulliard, Ann. phys. 9, 52 (1954); P. Aigrain, Ann. 
radioélec. compagn. frang. assoc. T. S. F. 9, 219 (1954); J. J. 
Oberly, Phys. Rev. 93, 911 (1954); J. Grosvalet, Ann. radioélec. 
compagn. franc. assoc. T. S. F. 9, 360 (1954); T. M. Buck and 
W. i Brattain, J. Electrochem. Soc. 102, 636 (1955); A. P. 
de Carvalho, Compt. rend. 242, 745 (1956). 
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*T. S. Moss, Physica 20, 989 (1954). 
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Physik. Z. Sowjetunion 8, 185 (1935). 
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Values for the bulk lifetime of electrons and holes are calculated 
using the PEM effect and photoconductivity data and are found 
to be approximately 6X 10~* sec for n-type material and 5X10-™ 
sec for p-type material. Estimations based on experimental data 
indicate that the surface recombination velocity for n-type 
material is in the range from 0 to 10® cm/sec for an etched surface 
and equal to 10° cm/sec for a hand-ground surface. It is shown 
that large errors can be made in the measured values of the bulk 
lifetime when the spectral range of the exciting light includes the 
absorption-edge region. 


the case including large Hall angles by Kurnick and 
Zitter.? 

The present work involves the experimental study 
of the PEM effect in single crystals of n-type and p-type 
indium arsenide at room temperature. Indium arsenide 
was of particular interest because its large electron 
mobilities make it possible to obtain large Hall angles 
at moderate magnetic fields. This afforded an oppor- 
tunity to check the Kurnick and Zitter large Hall- 
angle theory which has been verified previously for 
only p-type and intrinsic indium antimonide.’ 


II. THEORY 


The Kurnick and Zitter treatment of the PEM effect 
applies to the small signal, steady state condition. The 
relations which are derived pertain to samples whose 
dimensions are large in comparison to a diffusion length. 
For the case of extrinsic material the PEM short- 
circuit current per unit sample width is given in terms 
of the mks system of units by 


eluBLp 1 


1 
1,= (1+-)- wore a gang ==). (1) 
b/ (14+ ¢°B*)§\ 14+ (7S/Lp) (1+ 7B")! 

The symbols used here and in other parts of this paper 
are defined in Table I. For the case of indium arsenide, 
the 1/b term is small in comparison to 1 and will be 
ignored. If the surface recombination velocity is large 
enough so that 75/Lp>>1, Eq. (1) becomes 


J, elyB (2) 
i,=———_[ — }. 
1+-?BAS 
If, on the other hand, the surface recombination ve- 
locity is such that (7rS/Lp)(1+f2B?)'<1, then 


i,=eluBL p/(1+f°B?)!. (3) 


A value for the bulk lifetime can be determined 
independently of the photon flux and surface re- 
combination velocity by comparing the photoconduc- 
tive (PC) and PEM signals obtained from a given 


(2) 
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TABLE I. Symbols. 


i,—PEM short-circuit current per unit sample width. 
ipc—photoconductive short-circuit current per unit sample width. 

b—ratio of electron to hole mobilities. 

e—magnitude of charge on an electron. 

7—photon flux. 

u—mobility of electrons. 

u—mobility of minority carriers. 
_D—difiusion constant for minority carriers. 
Lp—diffusion length for minority carriers. 

7—bulk lifetime of electrons and holes. 

S—surface recombination velocity. 

B—magnetic induction. 

E—electric field. 


sample under the same experimental conditions. The 
expression given by both van Roosbroeck and Kurnick 
and Zitter for the case of extrinsic material is 


_firec\*s BY? 
a IEY. a 
E 1, 
A condition on which the Kurnick and Zitter deriva- 
tions are based is that 


uBE<Lp/ (ir). 


For the indium arsenide used in this work, the right 
side of this inequality is in the range from 10? to 10% 
volts/m. Under the experimental conditions applied 
here the left side of the inequality is never greater than 
10 volt/m. Thus, the above condition is satisfied. 


Ill. EXPERIMENTAL 
Samples 


The samples studied were single crystals of n-type 
and p-type indium arsenide prepared by reacting con- 
stituents in an evacuated, sealed Vycor or silica con- 
tainer. At room temperature the n-type material had 
an electron Hall mobility of 25 000 cm*/volt-sec and a 
carrier concentration of approximately 3X 10!® cm“, 
and the p-type material had a hole Hall mobility of 
310 cm?/volt-sec and a carrier concentration of approxi- 
mately 2X10!" cm. The samples were formed as 
rectangular parallelepipeds with dimensions of approxi- 
mately (1X0.30.1) cm*. The length was made rela- 
tively long to reduce the significance of end effects. 
Wires were attached to the ends using standard solder 
and a zinc chloride flux. The electrodes were masked to 
eliminate possible photovoltaic effects and to improve 
the geometry of the illuminated section. Surfaces 
having high recombination velocities were produced by 
hand grinding with S$. S. White Abrasive Powder No. 1. 
Low-recombination-velocity surfaces were obtained by 


etching with CP. 4."° 


The CP-4 etch was as of 15 cc CH,COOH, 25 cc 


HNO,, 15 cc 48% HF, and 0.3 ce Br. 
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Fic. 1. Schematic diagram of the detecting circuit used to 
measure photoelectromagnetic and photoconductive signals from 
indium arsenide 


(b) Apparatus 


The alternating-current, narrow-band detecting cir 
cuit shown schematically in Fig. 1 was used to measure 
the low-level signals associated with the PEM and PC 
effects in indium arsenide. Light from a 100-watt in 
candescent projection bulb which was chopped at a 
frequency of 750 cycies per second was used to illumi- 
nate the samples, The resulting ac signal was passed 
through a magnetically shielded transformer to a bat- 
tery-operated ac amplifier, after which it was amplified 
by a narrow-band wave analyzer tuned to the light- 
chopping frequency. A known signal was injected into 
the primary circuit to calibrate the system. Signals as 
small as 10~* volt could be maximum 
over-all amplification of the circuit was approximately 
50 000, The resistances of the samples were in all cases 
much less than the impedance of the primary of the 
transformer. ‘Therefore, the 
essentially open-circuit voltages. Values for the short 
circuit currents were obtained by dividing the open 
circuit of the illuminated 
portion of the sample. 


measured. The 


measured signals were 


voltages by the resistance 


IV. RESULTS AND DISCUSSION 
(a) n-Type Indium Arsenide 


The dependence of the PEM short-circuit current on 
the magnetic 
velocity for n-type oer arsenide at room tempera 
ture is shown in Fig. 2. The data indicate 
proportional to B throughout the range of magneti« 


induction and surface recombination 


that l, is 


fields studied and for both surface conditions. It can be 
that the 
upon S, the etched sample giving signals more than ten 
These re 
For the n-type ma 


seen magnitude of i, is strongly dependent 
times larger than the hand-ground sample 
sults are consistent with Eq. (1) 
terial used here, pu is believed to be roughly 10°? times 
the mobility of the majority carrier. Thus, the largest 
value of 1B encountered is in the neighborhood of 
0.03 and the nonlinear terms appearing in the de 
nominator of Eq. (1) would not be expected to manifest 
themselves. 





JACK R. 


> 





rs 
x 
re) 


@ ETCHED SURFACE 
O GROUND SURFACE 


URRENT/ WIDTH (AMPYm) 


~ 
© 


PEM SHORT CIRCUIT 








oO} x | 1 B | i L 
0 02 O04 O6 Of Fe) 
MAGNETIC INDUCTION (WEBERS/m2) 





Fic. 2. 
on magnetic 
temperature. 


The dependence of the photoelectromagnetic signal 
induction for n-type indium arsenide at room 


Magnetoresistance is a possible complicating factor 
in the interpretation of PEM data.’ The resistivity of 
the samples used in these measurements was found to 
change less than 10% at the maximum value of the 
magnetic induction. Such a small magnetoresistance 
effect was not expected to alter the results significantly. 
For this reason, no effort was made to correct the data 
accordingly. 


(b) p-Type Indium Arsenide 


Data pertaining to the PEM effect in p-type indium 
arsenide at room temperature are given in Fig. 3. These 
data contrast sharply with those applying to the n-type 
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Fic. 3. The dependence of the photoelectromagnetic signal 
on magnetic induction for p-type indium arsenide at room 
temperature. 
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material. In this case both of the curves are nonlinear 
and the degree of nonlinearity depends markedly upon 
the’surface condition of the sample. The curve for the 
etched sample appears to be leveling off as B is in- 
creased whereas the one for the hand-ground sample 
passes through a maximum. The magnitude of the 
PEM current is strongly dependent upon the surface 
recombination velocity as was found for the case of 
n-type material. These results are also consistent with 
Eq. (1). The minority-carrier mobility for this p-type 
material is expected to be large enough so that the 
nonlinear terms of the equation will become significant 
at moderate values of the magnetic induction. The 
agreement between the experimental data for the two 
surface conditions and the two limiting theoretical 
relations given by Eqs. (2) and (3) can be studied con- 
veniently by plotting the data as shown in Figs. 4 and 
5. The linearity of the data in either case is a measure 
of the fit between the experimental data and the corre- 
sponding theoretical relation. It can be seen from Fig. 4 
that the data pertaining to the ground sample are in 
good agreement with Eq. (2) which describes the PEM 
effect in the limiting case of high surface-recombination 
velocity. Similarly, it can be seen from Fig. 5 that the 
behavior of the etched sample is well described in terms 
of Eq. (3) which applies to the limiting case of low 
surface-recombination velocity. 

A value for the minority-carrier mobility can be 
obtained easily from the data as plotted in Figs. 4 and 
5. In both cases y? is given by the ratio of the slope to 
the intercept of the straight line. In this way, a value 
of 11 000 cm*/volt-sec was obtained for the minority- 
carrier mobility from both graphs. Considering the 
large differences in the nature of the experimental re- 
sults associated with these sets of data, this agreement 
in the calculated value of ~ can be considered support 
for the theoretical model. This value of the minority 
mobility when compared with the majority mobility 
estimated from Hall data yields a value of b of 35. 
The magnitude of the electron mobility determined in 
this way is in reasonable agreement with Hall data 
pertaining to n-type indium arsenide. It has been found 
in this laboratory that the electron Hal! mobilities of 
n-type material having carrier concentrations approxi- 
mating that of the p-type sample used here fall in the 
range from 10 000 to 19 000 cm?/volt-sec. 


(c) Bulk Lifetime and Surface Recombination 
Velocity 


The determination of the bulk lifetime of the elec- 
trons and holes on the basis of the PEM effect alone 
requires a knowledge of the photon flux and the surface 
recombination velocity, both of which are sometimes 
difficult to determine accurately. The value of 7 can, 
however, be determined independently of these quanti- 
ties by measuring both the PEM and PC short-circuit 
currents for a given sample under identical experi- 
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mental conditions. The simplification results from the 
fact that the magnitudes of both the PEM and PC 
short-circuit currents depend in the same way upon 
the photon flux and surface recombination velocity but 
in different ways upon the bulk lifetimes. The resulting 
simple relation is given by Eq. (4). This is sometimes 
referred to as the PC-PEM ratio method of deter- 
mining 7. It is based on the assumption that the life- 
times associated with the PEM and PC effects are equal. 

Applied to the n-type material used here, the PC 
PEM ratio method yielded bulk-lifetime values of 
6.5X10~* sec for the case of the hand-ground sample 
and 5.8X10~* sec for the etched sample. These two 
values can be considered equal, since their difference is 
within the range of uncertainty in the experimental 
method. The equality of these values of 7 obtained from 
samples having different surface conditions is sub- 
stantiating evidence for the general validity of the 
ratio method. The evaluation of 7 by the ratio method 
required a knowledge of the minority-carrier mobility. 
It has been assumed for this n-type material that the 
minority-carrier mobility at room temperature is 
approximately 10~? times the majority-carrier mobility 
determined from Hail measurements. 

Values of the surface recombination velocity for 
n-type material can be approximated on the basis of 
the value of 7 given above and the ratio”of the PEM 
short-circuit currents of the ground and etched samples 
taken from the data of Fig. 2. Such a calculation indi- 
cates that the value of S§ is in the range from 0 to 10% 
cm/sec for the etched sample and is approximately 10° 
cm/sec for the hand-ground sample. In this calculation 
it is assumed that the behavior of the etched sample is 
described by Eq. (3). This has been shown to be the 
case for p-type material in Sec. IV(b). 

A value for the bulk lifetime of the carriers in p-type 
material could not be determined using the PC-PEM 
ratio method because the level of the photoconductive 
signal was too low for accurate measurement. However, 
the approximate value of 5 10~" sec was obtained for 
7 in etched p-type material by comparing the magni- 
tude of its PEM short-circuit current with that of the 
etched n-type material for which 7 is known. 


(d) Consistency Tests 


The values of + determined under varying experi- 
mental conditions by the PC-PEM ratio method serve 
as a basis for consistency tests pertaining to three of 
the assumptions on which the theory and experimental 
method are based, as described below. 

(1) It is assumed in deriving Eq. (4) that the small- 
signal condition is satisfied. Van Roosbroeck* has shown 
that the value of + measured by the ratio method 
is independent of photon flux for small signals but 
becomes dependent upon the photon flux when the 
small-signal condition is no longer satisfied. To be 
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Fic. 4. Photoelectromagnetic data obtained from p-type 
indium arsenide with a ground surface. The linearity of the data 
plotted in this way is a measure of the fit between the experi 
mental data and the theoretical relation given by Eq. (2) for the 
limiting case of high surface-recombination velocities 


consistent with the theory used here, the measured 
value of r must be independent of J. 

(2) It is assumed in applying the ac method of de 
tection that measured values of the signal amplitude 
are not distorted by transients. Bulliard* has shown that 
the transients associated with the PC and PEM signals 
are different functions of time. Consequently, if transi 
ents do contribute significantly to the pulses, the values 
of 7 measured by the ratio method would be expected 
to show a frequency dependence. A necessary condition 
for the use of an ac detecting system for these measure 
ments is that the measured value of r be independent 
of the light-chopping frequency. 

(3) It is assumed in the theory used here that all the 
incident photons are absorbed at the surface of the 
semiconductor. It is expected that the measured value 


of 7 will depend upon the absorption constant of the 











LO 


8° (WEBERS/m@) 


Fic. 5. Photoelectromagnetic data obtained from p-type indium 
arsenide with an etched surface. The linearity of the data plotted 
in this way is a measure of the fit between the experimental data 
and the theoretical relation given by Eq. (3) for the limiting case 
of low surface-recombination velocities. 
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Fic. 6. Bulk lifetimes of electrons and holes in etched “oe 
indium arsenide at room temperature measured by the PC-P 
ratio method under various experimental conditions. 


light in a spectral region where this boundary condition 
is not satisfied. This follows from the fact that the PEM 
signal depends strongly upon the density gradient of the 
electrons and holes whereas the PC signal depends on 
their integrated populations. Thus, to be consistent 
with the assumed boundary condition, values of + 
measured by the ratio method must be independent of 
the absorption constant of the exciting light. 

Figure 6 presents results of consistency tests (1) and 
(2) applied to etched n-type material. It can be seen 
that 7 is independent of the chopping frequency and 
light intensity. These results are consistent with the 
corresponding assumptions discussed above. 

Figure 7 illustrates the significance of the boundary 
condition on the measured value of r. In this figure the 
length of each horizontal line indicates the width of 
the spectral region of the exciting light used in the 
determination of the corresponding +r. Light which 
includes wavelengths in the neighborhood of the ab- 
sorption edge where the absorption constant changes 
rapidly and where the boundary condition is not ex- 
pected to be satisfied leads to values of r which are 
larger than those associated with light of shorter wave- 
lengths. ‘Thus, to be consistent with the assumed 
boundary condition, the long-wavelength light must 
not be used. The data indicate that large errors can be 
made in the value of 7 measured by the PC-PEM ratio 
method when the spectral range of the exciting light 
includes the absorption-edge region. 

It has been found that many samples of indium 
arsenide fail these consistency tests even though the 
experimental conditions and the characteristics of the 
material are such that the assumptions described above 
should be satisfied. These irregularities have not been 
studied systematically. It is possible that they are 


DIXON 





5 





§ 


@ 
T 





BULK LIFETIME (SEC) 
a 


= 











SPECTRAL WAVELENGTH (MICRONS) 


Fic. 7. The dependence of the measured value of the bulk 
lifetime of the electrons and holes in etched n-type indium ar- 
senide on the spectral composition of the exciting light. The length 
of each horizontal line indicates the width of the spectral region 
of the exciting light used in the determination of the corresponding 
bulk lifetime. 


related to inhomogeneity of the material. The con- 
sistency tests were of particular value in this work as a 
means of identifying and rejecting such irregular 
samples. 

Vv. SUMMARY 


The experimental results pertaining to the depend- 
ence of the PEM short-circuit current on the magnetic 
induction are consistent with the theoretical model 
proposed by Kurnick and Zitter. The value of the bulk 
lifetime of the electrons and holes determined by the 
PC-PEM ratio method was found to be independent of 
the surface recombination velocity, and the intensity 
and chopping frequency of the exciting light. These 
are necessary requirements for the application of the 
theory and method used here. Finally, the strong 
sensitivity of the measured value of the bulk lifetime 
to the spectral composition of the exciting light in the 
neighborhood of the absorption edge has been 
demonstrated. 
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Effective Gyromagnetic Ratio for Triangular Ferrimagnetic States* 
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It is shown from the semiclassical equations of motion and the molecular-field approximation that the 
triangular ferrimagnetic state can also be described by an effective gyromagnetic ratio. This effective ratio 
depends explicitly on the ratio of the inter- to intra-sublattice molecular field constants rather than on the 
static sublattice magnetizations as in the antiparallel state. It is estimated that the shift in g values for 
FeCr,0, should be observable if there is a transition from a triangular to an antiparallel state. 


N extension of the two-sublattice models of ferri- 

magnetism was made by Yafet and Kittel! to 
take account of large interactions within the sublattices. 
In so doing, they introduced the concept of triangular 
ferrimagnetic states in which the original sublattices 
are further subdivided and the resulting magnetization 
vectors are no longer completely parallel (or anti- 
parallel) to each other or to the net magnetization. 
This theory has been elaborated by Lotgering,? and he 
has found some experimental evidence for the existence 
of triangular states in the chromium spinels, MnCr.,0, 
and FeCr.O,, from the values of their low-temperature 
magnetizations. 

In this paper, we shall be concerned with the question 
as to whether the existence of triangular states will be 
reflected in the properties of these materials in mag- 
netic resonance experiments, as is the case with sub- 
lattices generally in the more usual ferrimagnetics. In 
particular, one would like to know whether they can 
also be usefully described by an effective gyromagnetic 
ratio’ in spite of the fact that there may exist large 
magnetization components transverse to the direction 
of the applied field. 

We shall consider the three-sublattice system illus- 
trated in Fig. 1. If we let Ai; be the molecular-field 
coefficient between the ith and jth sublattices, and H 
the applied field, then the total field on the ith sub- 


Fic. 1. Relative orienta 
tions of the sublattice mag- 
netizations for the case 
discussed in the text. 
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lattice is 


H,=H— A ,;M,. 


In this equation, we have used the minus sign for 
convenience in discussing the predominant cases of 
antiferromagnetic couplings. Using the general relation 
Ai=Aji, We Can write the fields explicitly as 
H,= H—),,M, 7 AyM + (Ai2— Ais)Ms, 
H, =H- (X22 -23)Ma—AiW 1—osM, 
H = H— (Ass—A2s)Ms—AisMi—A2aM, 
where M=M,+Ms. 

In the equilibrium case, when H=0, the sublattice 
magnetizations must be parallel to the total field on 
them. If we designate the static magnetizations by 
M,, we see from Eqs. (1) that 

(Ai2—A1s)My"=0, 
AWM,” +A2sM°= 0, 
Thus, we see that \;2=A13 
the static magnetizations is 


M,°+8M°=0, (2) 


(la) 
(1b) 
(1c) 


A, and that a condition on 


where 
B=)a3/X. (3) 
These results agree, of course, with those of Lotgering. 
If we choose the direction of the net magnetization 
(which is the same as that of M,°) to be the z direction 
and write M,,°= M,, then, in terms of the components, 
(2) yields 
M\+BM = M,+6(M;+M;)=0, 


M29+Ms9= Mu +M3,"=0. 
II 


If H¥0, and is in the z direction, the sublattice 
magnetizations will deviate slightly from their static 
values, so that, taking account of (5), we can write: 
M,, M, | Mie, 

(6a) 


M., = M, + Mr, 
(6b) 


Mi2=™12, My, = Miy, 


M2,.= Mi+m2., My = M, +My, 
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M;,.= —M +-mas, My,= —M,+m,z,, M;,= Ms+ma,, 
(6c) 
where M, and M, are large static components. 
The undamped equations of motion of this system are 


dM ,/dt=7M,x Hy, (7) 


where 7; is the gyromagnetic ratio of the ith sublattice 
and the H, are given by (1). 

If we substitute (6) into (7), use (3) and (4), and 
keep only first-order terms in the small deviations from 
the static values, we get 


m ~~), (8a) 


M2,/Y2 ne Ms./Vs 


= —\{M ,(my,+6m,)—M,(mi.+6m,) |, 


(8b) 
mi,/ty1 eo Hm, +\(Mm,,—Mym,), (8c) 


—H(ma, +M,) 
—AlMo(muy, +6m,) —M ,(mi.+ fm,) ) 
—ALM 3(my.4+-Bm,) +M, (mi,+6m,) |, 


tia, / V2 
(8d) 


(8e) 


where m,.=m,,+im,, etc., and we have defined 
m=m,+msg. From these equation and (4), one easily 
finds the general relation: 


[ (miy,/¥1) + (tie,/72) + (rhs,/7s) 
+i (my, +-mao,+-ms,) =0. 


If the y,; are all different, the determination of the 
normal frequencies of the system of essentially eight 
variables described by (8) is quite tedious and we will 
not discuss it further. However, we can discuss very 
easily a simpler case which should give us many of the 
essential features. 

» If we now assume that y2=7s=7, and add (8d) and 
(Se), we find that the system of equations becomes 


me~), 
my,/m= ~Hm,, +rA(Mm, —Mym,), 


m,/iy= —~Hm,—d\(Mm,—Mym,), 

with the use of (4). But these equations, together with 
(8a), are exactly those describing a system with two 
antiparallel sublattices and small components trans- 
verse to the applied field. Therefore, we can make use 
of previous results,’ and say at once that in the limit 
of strong molecular fields the normal frequency of the 
lower branch is given by 


w= (y*) orl, 


where (y*)or is the effective gyromagnetic ratio for 
this example of a triangular state. It is given by 


(y*)e= (Mit+M)/((Mi/y)+(M/y)], (9) 
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and depends only on the static components of the mag- 
netization which are parallel to the applied field, the 
large transverse components M, and M, having dropped 
out of the final result. 

The triangular case is, however, significantly different 
from the usual antiparallel case in that the static 
magnetization components must satisfy the constrain- 
ing Eq. (4). If we use (4), we can rid (9) of its apparent 
dependence on M, and M. The final expression for the 
effective gyromagnetic ratio of the triangular state is 
then given by 


(y*)ett= (B—1)/[ (8/1) — (1/7) ]. 
Ill 


(10) 


We can profitably compare (1) with vers for the usual 
antiparallel case which, in a corresponding notation 
and with p= |M,/M|, becomes 


vett= (o—1)/[ (0/71) — (1/7) J. 
It is easily shown that 


R= (¥*) ott/Yott= (B—1)/{B—14+A[ (verr/¥1)—1]} 
= (B—1)[ (y/v1)p—1]/{ (o— 1) (v/v) B—1]}, (11) 


where A=$—p. The case we are considering will gen- 
erally correspond to 8>p.? We see from (11) that in 
general (y*)or¢ can be expected to differ the most from 
the corresponding antiparallel value when # is much 
different from p and also when the two sublattice 
gyromagnetic ratios are quite unlike. 

Lotgering has found 6~1.3 for iron and manganese 
chromites. We can get an estimate of the value of R for 
these cases if we use the spin-only values of p. Using 
g values of 2.1, 2.0, 1.97 for the Fe, Mn, and Cr sub- 
lattices, respectively,‘ we find that, 


FeCr.0,, p=4%, R 
MnCr.Q,, p=}, R 


Thus, we see that if FeCr,O, has a transition from a 
triangular to an antiparallel state, the corresponding 
change in g value should be observable. 

By using methods similar to those used before for 
the limit of large molecular fields,’ one can easily show 
that the equation of motion for the total magnetization 
can be taken to be the usual macroscopic equation but 
with the effective gyromagnetic ratio being used. In 
other words, one can use 


dM /dt= (y*) «nM H 


for further analysis of the response of the system to 
applied fields rather than being forced to deal with the 
more unwieldy set of sublattice equations. 

‘Greenwald, Pickart, and Grannis, J. Chem. Phys. 22, 1597 


(1954); E. W. Gorter, Philips Research Repts. 9, 295, 321, 403 
(1954). 
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The optical absorption spectrum of KBr and KI crystals, 
which have been plastically deformed at low temperature, has 
been observed in the region of the a band in order to detect 
single-ion vacancies generated by moving dislocations. As a 
result of the present experiment no a band has been observed 
in KBr and KI crystals plastically deformed at several tempera- 
tures between — 180°C and —125°C. The number of a centers is 
estimated to be less than 10'* cm@* for KBr or KI crystals after 
5% of plastic strain. A general broadening of the fundamental 


I, INTRODUCTION 


HE principle that moving dislocations may act as a 

source of lattice defects was introduced by 
Seitz in 1950! in order to explain the influence of plastic 
flow on the electrical conductivity of metals and rock- 
salt. Gyulai and Hartly’ had discovered that the 
electrolytic conductivity of NaCl is increased by a 
factor of the order of hundreds after room-tempera- 
ture plastic deformation in the range of 10%. On the 
other hand, the conductivity of metals decreases 
during cold work? as if centers which scatter conduction 
electrons are generated. In both cases the change of 
conductivity is reduced by annealing at room tempera- 
ture; for example, in Gyulai and Hartly’s experiments 
the “extra conductivity” disappeared in a time of the 
order of ten minutes at room temperature. 

Vacancies can be generated by moving dislocations 
either in a purely geometrical way (forward movement 
of jogs in screw dislocations, annihilation of two edge 
dislocations of different sign moving in opposite 
directions and neighboring planes), or in regions of 
abnormally high temperature through ion diffusion 
at jogs of edge dislocations. Vacancies may be generated 
in single units or in pairs or larger aggregates probably 
depending on whether screw or edge dislocations move 
more easily under the applied stress.‘ The experiments 
of Gyulai and Hartly seem to suggest that single-ion 
vacancies are generated at room temperature, the 
diffusion and association of vacancies of different sign 
being responsible for the decay of the extra conductivity. 


*This work has been partially supported by the Office of 
Scientific Research of the U. S. Air Force. 

+ On leave from the University of Pavia, Pavia, Italy. 
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absorption band takes place after plastic deformation. On the 
other hand, a yellow photoluminescence can be excited in the 
spectral region of the broadened fundamental absorption. A 
rough proportionality exists between the amount of luminescence 
and the number of photons absorbed in the region of the crystal 
responsible for the extra absorption. Annealing at room tempera 
ture reduces both luminescence and extra absorption. A qualitative 
explanation is given, which is based on the present knowledge of 
defects in alkali halides. 


Other experiments appear to support the principle 
of generation of vacancies at dislocations in alkali 
halides: the increase of the quantum yield of the 
F—M transformation in additively colored NaCl 
which has been plastically deformed,® and the greater 
x-ray darkenability of strained crystals.* The latter 
experiments are less clear cut, however, since their 
interpretation relies upon the not yet completely 
understood mechanism of x-ray darkening,’ and neither 
of these experiments shows whether single-ion vacancies 
or clusters are generated by plastic flow. 

Recent work of Gordon and Nowick® seems, more 
over, to raise some doubt about the increased darken 
ability of strained crystals at least in the first steps of 
coloration. On the other hand, Fishback and Nowick* 
have shown that in NaCl inhomogeneous plastic strain 
produces a flow of charges. They suggest that deforma 
tion introduces an unbalance between positive- and 
negative-ion vacancies, the dislocations being positively 
charged. 

In the present work an attempt is made to detect the 
generation of single-ion vacancies in plastically de 
formed crystals of KBr and KI by observing the change 
of the optical absorption in the region of the @ band. 
The a@ band lies in the long-wavelength tail of the 
fundamental absorption band. Experimental!’ and 
theoretical" evidence agree in assuming the a center 
as an exciton created in the neighborhood of a negative 
ion vacancy. Therefore, the observation of the a band 
seems to be a powerful method for detecting single 
negative-ion vacancies in alkali halide crystals. The a 


°M. Ueta and W. Kinzig, Phys. Rev. 94, 1390 (1954); 97, 
1591 (1955). 
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 Delbecq, Pringsheim, and Yuster, J. Chem. Phys. 19, 574 
(1951); 20, 746 (1952); for a review see F. Seitz, Revs. Modern 
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Fic. 1. The cryostat used to deform and observe the crystals 
at liquid nitrogen temperature: 1, liquid nitrogen; 2, quartz 
windows; 3, the crystal; 4, moving piston; 5, O rings; 6, external 
knob. 


centers are not stable at room temperature in KBr and 
KI because vacancies of different sign diffuse and 
associate, forming pairs and clusters. In order to 
prevent such an association, the plastic deformation 
and the optical-absorption measurements were per- 
formed at several low temperatures between — 180°C 
and — 125°C. In KBr the yield for the generation of a 


(1) 


Fic. 2. Schematic experimental arrangement: (a) for the 
optical-absorption measurements; and (b,c) for the luminescence 
measurements. 1, monochromator; 2, crystal; 3, photomultiplier 
detector; 4, diaphragm; 5, Corning filter; 6, analyzing mono- 
chromator. 


centers by x-rays decreases in various steps with 
increasing temperature from — 269°C, while in KI it 
shows a maximum around — 125°C." 


Il, EXPERIMENTAL METHODS 


The KBr and KI crystals used in the present work 
were either supplied by Harshaw Chemical Company 
or grown in our laboratory by the Kyropoulos tech- 
nique. They were deformed at low temperature by 
applying a uniaxial compression between two (100) 
faces. Figure 1 shows the cryostat used to deform the 
crystals and to take absorption measurements at 
temperatures as low as that of liquid nitrogen. The 
sketch of the cryostat is self-explanatory; mechanical 
contact between the screw 7 and the external knob 6 
is established only during the process of squeezing. 
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Fic. 3. The optical absorption spectra of the tail of the funda- 
mental band of unstrained and strained KBr crystals. 


The strained crystals show a luminescence with the 
excitation band in the spectral region where the 
absorption measurements are taken (see Sec. III). In 
order to prevent the effect of luminescence light on the 
absorption measurements, the experimental arrange- 
ment of Fig. 2(a) was used. A series of diaphragms, at 
the exit slit of the monochromator, limits a parallel 
beam of light; the distance between the crystal and the 
detector can be made so large that the detector subtends 
a very small solid angle. With the arrangement of 
Fig. 2(a) the ratio between the signal introduced by the 
spurious luminescence light and the one due to Jo is 
never larger than 10~*. Optical densities of 3 can be 
determined with an accuracy better than 10%. 


1H. Richardt, Z. Physik 140, 547 (1955); Phys. Rev. 103, 
873 (1956). 

‘8 The cryostat was projected by W. Kinzig and M. Ueta and 
used by them in the work quoted in reference 5. 
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The total luminescence was measured with the 
arrangement of Fig. 2(b) using a 1P28 or 1P22 photo- 
multiplier and a series of Corning glass filters to cut off 
the exciting light. 

The luminescence emission spectrum was observed 
with a quartz monochromator [ Fig. 3(c) ]. The 1P28 
photomultiplier was calibrated in the range 195-650 mu 
with a thermocouple and a standard lamp to give the 
number of incident photons. The accuracy of quantum- 
yield measurements is not better than 20%. 


III]. RESULTS 


In Figs. 3 and 4 the optical absorption spectra of the 
tail of the fundamental band of KBr and KI are 
reported. The curves refer to undeformed crystals as 
well as to crystals with various amount of plastic strain. 
The crystals of KBr were deformed and observed at 
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Fic. 4. The optical absorption spectra of the tail of the funda- 
mental band of unstrained and strained KI crystals 


liquid nitrogen temperature. The crystals of KI were 
deformed and observed at —125°C, the temperature 
at which the yield for the production of a centers by 
x-rays shows a maximum.” Analogous spectra were 
obtained for KI at liquid nitrogen temperature. 
Figure 5 shows the differential absorption spectrum of 
KI measured with an undeformed crystal as a blank. 

No evidence of the a band in deformed crystals 
appears in Figs. 3, 4, and 5. We can very safely state 
that the absorption coefficient due to an @ band is less 
than 5 cm™ for both KBr and KI after 5% of plastic 
strain. 

The deformed crystals show only a general displace- 
ment of the tail of the fundamental band toward 
longer wavelength. The curves of Figs. 3, 4, and 5 are 
roughly corrected for changes in reflectivity and light 
scattering due to deformation, by equalizing the 
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Fic. 5. Absorption spectra of KI, measured using an 
unstrained crystal as a blank. 


absorption coefficients at 400 my where the crystals 
are transparent. 

After plastic deformation a luminescence can be 
excited by photons in the region of the tail where a shift 
in the fundamental absorption has occurred. In Figs. 6 
and 7 the luminescence excitation spectra for constant 
intensity of exciting light are plotted for KBr and KI 
with several amounts of strain, at — 180°C and — 125°C, 
respectively. The emission spectrum of the luminescence 
of deformed KI is shown in Fig. 8; the luminescence was 
excited with the Cd 229-my line. The spectral distri- 
bution of the emission does not depend upon the amount 
of plastic strain. 

The luminescence is temperature-dependent and is 
almost quenched at room temperature: Fig. 9 shows 
the total luminescence versus the amount of strain at 
different temperatures. Both the observed luminescence 
and the extra absorption are reduced by a few hours 
of annealing at room temperature. In Fig. 10 the decay 
of the luminescence is shown as a function of the 
annealing time at room temperature for a crystal of KI. 
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6. Luminescence excitation spectra of strained KBr crystals 
for constant intensity of exciting light 
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Fic. 7. Luminescence excitation spectra of strained KI crystals 
for constant intensity of exciting light. 


While the decay of the luminescence is almost complete 
after a time of the order of two-three days, total 
recovery of the extra absorption has never been 
observed. In a few hours of annealing at room tempera- 
ture about half of the extra absorption disappears. The 
remaining part seems to be almost insensitive to further 
annealing. In spite of this difference in annealing 
properties, there is a striking relation between the 
observed luminescence and extra absorption. Let us 
call k, the absorption coefficient of the unstrained 
crystal and 

k=kh, +k, (1) 


that of the plastically deformed crystal. The number of 
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Fic. 8. Luminescence emission spectrum of a KI crystal with 
8% of plastic strain. Excitation wavelength: Cd 229 my. The 
solid-line curve is the spectrum as obtained with an analyzer 
monochromator; the dashed line is extrapolated into the infrared. 
The block curve is obtained with the use of several Corning filters 
and a 1P28 (solid line) or a 1P22 (dashed line) photomultiplier 
detector. 


photons absorbed per second in the region of the crystal 
responsible for the extra absorption will be 


k2(d) 
N (A) =NoS——[1—exp{ —k(A) x0} ], (2) 
k(d) 


No being the number of incident photons per unit area 
and per second, S the area of the illuminated surface, 
and 2x9 the thickness of the crystal. Formula (2) is 
derived under the assumption that two kinds of 
independently absorbing centers are present in the 
crystal. 

Figure 11 shows the dependence of the total lumi- 
nescence on {k2/k[.1—exp(— kx) |} for \= 230 mu. The 
different marks refer to different KI crystals; the 
points marked with a solid circle are taken from the 
curves of Figs. 4 and 7. In Fig. 12 N(A) is plotted as a 
function of wavelength (dashed line) by taking the 
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Fic. 9. The total luminescence as a function of the amount of 
strain at various temperatures for a KI crystal. 


values of k, and k2 from the absorption curves of Fig. 4 
for unstrained and 4.3% deformed KI. The solid-line 
curve represents the total luminescence versus wave- 
length from the data of Fig. 7 and for a 4.8% strained 
KI crystal. 

Figures 11 and 12 show that a rough proportionality 
exists between the total luminescence and the number 
of photons absorbed in the region of the crystal re- 
sponsible for the broadening of the fundamental band. 

The quantum yield of the luminescence defined as 
the ratio between the number of emitted and absorbed 
photons depends upon the amount of strain, wave- 
length, and temperature (Fig. 9). If we define, however, 
the quantum yield 7 as 


n= (number of emitted photons)/N (A), (3) 


N(A) being given by (2), we obviously find that 7 is 
roughly independent of the amount of strain and the 
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wavelength and is equal to ~0.3 in KI crystals at 
— 125°C. 


IV. DISCUSSION OF THE RESULTS 


We shall divide the following discussion into three 
parts dealing with the main results of Sec. II: namely 
(a) the absence of the a band in deformed crystals, (b) 
the broadening of the fundamental band, and (c) the 
luminescence. 


(a) Absence of the a Band in Deformed Crystals 


In Sec. III we estimated that the upper limit of the 
absorption coefficient of an a@ band is 5 cm™ for a 
KBr or KI crystal with 5% of plastic strain. The 
oscillator strength of the a band has not yet been 
measured, but from data of Delbecq, Pringsheim, and 
Yuster” on the Fa+F’ transformation in additively 
colored KI, we deduce that it should be of the same 
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Fic. 10. The decay of the luminescence versus the time of an- 
nealing at room temperature for a crystal of KI. (Note: For 125° 
C read —125° C.) 


order of magnitude as that of the F band or perhaps 
somewhere larger. On the other hand, Dexter calcn- 
lated for NaCl a value for the oscillator strength of the 
a band equal to about unity." If we assume the latter 
value for the oscillator strength and the experimental 
upper limit for the absorption coefficient, we find 
(using Smakula’s formula) that the number of a@ 
centers should not exceed 10! cm~ for a crystal of KBr 
or KI with 5% of plastic strain. 

In order to explain the experiments of Gyulai and 
Hartly on the basis of generation of vacancies by 
moving dislocations, Seitz pointed out that at least 
10'7-10'8 single-ion vacancies per cubic centimeter 
must be produced.' These figures are based on a guess 
as to the impurity content of the crystals used by 
Gyulai and Hartly and do not take into account the 
association of vacancies and impurities, but it seems 
beyond any doubt that the upper limit of 10'* vacancies 


«[), L. Dexter, Phys. Rev. 83, 1044 (1951). 


PLASTIC 


DEFORMATION 


— 
| KI 


} 


2+ 


in orbitrary units 


luminescence 


ol 


o"a2, 04 06 08 10 
he 
hi, ral! exp (— (kithe) xo) ] 


The dependence of the total luminescence upon 
kxo) | for constant wavelength (230 my) in KI. 
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cm™~ is at least one order of magnitude too small to 
explain the increase in conductivity of strained crystals. 

The experiments of Fishback and Nowick* show that, 
in NaCl, dislocations carry positive charges; they 
suggest that the positive vacancies are formed at jogs 
more easily than the negative ones, and that moving 
dislocations leave behind an excess of positive-ion 
vacancies. However, this unbalance is but a small 
fraction of the total number of vacancies generated by 
plastic flow,'® and this effect could hardly account for 
the failure to observe the @ band. 

The most convincing explanation we can think of is 
that the process of generation of defects by moving 
dislocations depends upon the temperature, and that 
at low temperatures very few single vacancies are 
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Fic. 12. Dashed line: N(A) versus wavelength. The values of 
k, and k are taken from the curves of Fig. 4 for an unstrained and a 
4.3% strained KI crystal. Solid line: total luminescence versus 
wavelength from the date of Fig. 7 for a crystal of KI with 4.8% 
of plastic strain. 


46 Communicated by A. S. Nowick at the Color Center Sym 
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generated. A temperature-dependent mechanism of 
plastic strain was suggested by Seeger‘ to explain the 
sudden change in the flow stress of copper crystals 
observed by Adams and Cottrell at —90°C.!* The 
basic idea is that at any given temperature the strain 
is mainly produced by the type of dislocations which 
yield most easily to the applied stress. At high tem- 
perature the screw dislocations are more mobile and 
many isolated vacancies are produced. In screw dis- 
locations the jogs move conservatively along the 
dislocation line with a speed approaching that of 
sound ; from time to time the jogs jump in the forward 
direction (perpendicular to the Burgers vector) intro- 
ducing mainly isolated defects. At low temperature the 
edge dislocations are responsible for the plastic strain. 
Forward motion of jogs (parallel to the Burgers vector) 
does not produce vacancies in any athermal way. 

If this model held for alkali halide crystals, one 
should expect a sharp dependence of Gyulai and 
Hartly’s extra conductivity on the temperature in 
the range — 180°C, 20°C. Only further experiments will 
clarify this rather obscure point. 


(b) Broadening of the Fundamental 
Absorption Band 


It is well known that the low-energy edge of the 
fundamental absorption band of the alkali halides is 
sensitive to the state of perfection of the crystal.!’ 
Seitz pointed out that vacancies and dislocations 
broaden the absorption in the tail of the fundamental 
band.'* He showed that dislocations are especially 
efficient in relaxing the selection rule 


K,=0 (4) 


for the wave number K, of the exciton. The condition 
(4) (derived under the assumption that the wave 
number of the absorbed photon is small in comparison 
with K,) determines a very sharp transition. Condition 
(4), however, may be relaxed by the absorption or 
emission of phonons or by the absorption of the light 
in a distorted region of the crystal where the lattice 
periodicity is imperfect. The amount of broadening 
depends upon the extent of the relaxation of rule (4) and 
upon the shape of the curve of energy versus wave 
number of the exciton. 

On the other hand there are other reasons why 
dislocations can broaden the tail of the fundamental 
band"; namely, (i) the change of density in the 
neighborhood of a dislocation may vary the actual 
gap of the exciton band, and (ii) debris of charges 
associated with the dislocations (charged jogs, pinned 
vacancies, or impurities”) may introduce new levels 


16M. A. Adams and A. H. Cottrell, Phil. Mag. 46, 1187 (1955) 
17 EF. Rexer, Z. Physik 106, 70 (1937). 

18 F, Seitz, Revs. Moderr. Phys. 23, 328 (1951). 

RR. M. Blakney and D. L. Dexter, Phys. Rev. 96, 227 (1954) 
*” IF’, Bassani and R. Thomson, Phys. Rev. 102, 1264 (1956). 
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lowering the energy of the exciton transition in the 
neighboring ions. 

On the basis of the considerations just developed, it 
seems possible to conclude that excitons created in the 
neighborhood of a dislocation are responsible for the 
observed extra absorption in the tail of the funda- 
mental band of strained KBr or KI crystals. It is 
difficult to say, however, which one of the processes 
mentioned above determines the actual broadening of 
the fundamental band. Probably all of them contribute 
to some extent. In fact, the decrease of the extra 
absorption after annealing at room temperature shows 
that the broadening consists roughly of two parts: one 
that recovers at room temperature in a few hours and 
another which is almost independent of annealing at 
room temperature. When one considers the fact that 
the concentration of dislocations cannot be affected 
appreciably by annealing at room temperature, it 
seems reasonable to conclude that the portion of extra 
absorption which is sensitive to annealing is probably 
due to various kinds of charged debris associated with 
dislocation jogs. 


(c) Luminescence 


The energy absorbed in the tail of the fundamental 
band is partially reradiated as luminescence. Since in 
the last section we have concluded that excitons trapped 
at a dislocation are responsible for the observed extra 
absorption, it seems reasonable to assume that these 
trapped excitons also give rise to the visible lumi- 
nescence. 

A free exciton spends a time of the order of 107 sec 
in a definite lattice position, while the period of vibra- 
tion of the lattice ions is of the order of 10~* sec.” 
Thus, the lattice is rather immobile around the exciton, 
unless the exciton becomes trapped somewhere in the 
crystal. We do not expect any luminescence therefore 
from a free exciton. When the exciton becomes trapped 
or self-trapped, one of the two situations of Fig. 13 (a) 
and (b) may occur.” Figure 13(a) represents a radiation- 





| 


Configuration Coordinate Configuration Coordinate 

Fic. 13. Energy versus a configurational coordinate for the 
fundamental and excited state of the exciton: (a) in case of 
thermal dissipation of the absorbed energy; (b) in case of lumi- 
nescent decay. “ 

*! See, for instance, F. Seitz, Revs. Modern Phys. 26, 7 (1954), 
in particular p. 29. 

 F. Seitz, Trans. Faraday Soc. 35, 74 (1939) ; see also reference 
24. 
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less decay, while 13(b) gives rise to luminescence. The 
occurrence of the 13(a) or 13(b) condition depends upon 
the relaxation of the lattice around the exciton ion. The 
relaxation of the lattice could be greatly modified by the 
presence of a defect such as a dislocation. In particular, 
the change of density near a dislocation or the 
Coulombic action of debris of charges at jogs could 
decrease the relaxation of the lattice and thus favor the 
occurrence of the condition 13(b). 

It is often assumed that the configurational curves 
of Fig. 13 for the fundamental and excited state are 
parabolas, with the one representing the fundamental 
state more concave.™ Under this assumption Dexter, 


*% A. von Hippel, Z. Physik 101, 680 (1936). 
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Klick and Russell™ derived an upper limit for the 
wavelength Ajum of the emitted light: 

Alum g 2rabe, (S) 
where Aabs is the wavelength of the exciting light. The 
data of Fig. 8 show that the condition (5) is not satisfied 
for the luminescence of strained KI crystals. This means 
probably that the parabolic assumption which leads to 
(5) is not correct in regions of strained lattice. 
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Photoconductivity of Z Bands in KCl and an Associated New Band* 
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Photoconductivity measurements have been made on colored KCI crystals, both pure and strontium 
doped. Assuming the room-temperature quantum efficiency for photoconductivity of the F center to be 
unity, the room-temperature quantum efficiencies of the Z; and Z, bands are found to be 0.34-0.03 and 
1.0+0.2, respectively. The comparison of these results to the previously reported observations on optical 
bleaching is discussed. Estimates of quantum efficiencies for other bands in pure crystals are Rj, 0.9; Ro, 0.5; 
M, 0.15; N, 0.6, with an accuracy of about 25%. Low-temperature absorption measurements (100°K) 
accompanying this work show a small band at 860 millimicrons in the doped crystals. Its proximity to the 
M band prevents complete resolution, but its behavior is similar to that of the Z; band. The possibility of 
contamination by an unknown impurity exists, but it seems likely that the new band is genuinely due to the 
strontium additive. It has been named the Z, band, and probable models for the Z, center are considered. 


I. INTRODUCTION 


N 1939 Pick! reported the experimental facts and a 

tentative set of models for an interesting series of 
optical absorption bands (the Z bands) which were 
observed in colored KCl crystals with alkaline-earth 
additive. More recently Seitz? has summarized the 
available information on these bands and has proposed 
a new set of models for the color centers associated with 
them. The work of Camagni and Chiarotti® on the 
conversion of the F band into the Z; band provides 
support for Seitz’s models, which are shown in Fig. 1. 

The Z, band has been observed to bleach somewhat 
under light which it absorbs, while the Z, band has 
not, and it has therefore been suggested that the Z, 
center should be photoconductive and the Z, center 


* Based on part of a thesis presented to the Graduate School of 
the University of Kansas in partial fulfillment of the degree of 
Doctor of Philosophy by one of the authors (G.R.C.). 

t Present address: Savannah River Laboratory, E 
de Nemours Company, Aiken, South Carolina. 

1H, Pick, Ann. Physik 35, 73 (1939). 

2 F, Seitz, Phys. Rev. 83, 134 (1951). 

+P, Camagni and G. Chiarotti, Nuovo cimento II, 1 (1954). 
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should not be. We have studied the photoconductivity 
versus wavelength of incident light for colored KC 
crystals, both pure and strontium-doped, at room 
temperature. In the course of the investigation a new 
absorption band was seen which appears to be associ 
ated with the presence of the strontium additive. 
A tentative model is proposed on the basis of the 
available information. 


II. EXPERIMENTAL METHODS 


The KCl crystals were grown from J. T. Baker 
Chemical Company reagent-grade chemicals by with- 


\ . 
+" +71" H+ 
t + 

Fic, 1. The Z-center models of Seitz. Only the changes in the 
otherwise undisturbed lattice are shown. The Z; center consists 
of an electron bound to a divalent ion. The Z, center is obtained 
by combining a Z, center and a pair consisting of a positive- and 
a negative-ion vacancy. The Z,; center is obtained when a Z; 
center captures a second electron. 
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F1G. 2, Photocurrent per absorbed photon at room temperature 
for additively colored crystals following F-light illumination; the 
Z, band is present in the doped crystals. a, b, c: Strontium-doped 
KCl. ¢, f, g: Pure KCl. 


drawal from the melt at a rate of about 1 cm per hour. 
The impurity-doped crystals were grown from a melt 
containing about 5X10~ mole fraction of strontium; 
an estimate based on the growth rate used gave 10~ as 
the mole fraction of strontium in the doped crystals.‘ 
The crystals were colored either additively with sodium 
metal at approximately 600°C or by x-raying at 200 
kilovolts and 25 milliamperes for times up to one hour 
with an exposure rate of 4500 roentgens per minute. 

A crystal specimen to be studied was mounted in a 
metal vacuum Dewar with quartz windows in such a 
way that either photocurrent measurements or liquid- 
nitrogen temperature absorption measurements could 
be made, Optical absorption measurements were made 
with a Beckman Model DK Recording Spectropho- 
tometer, which also served as a variable-wavelength 
light source (slit width constant at 1.0 mm) for the 
photocurrent measurements. A Dershem electrometer 
was used to measure the photocurrents, which were of 
the order of 10°’ ampere with a 22.5-volt applied 
potential, 

Space-charge buildup at the negative electrode causes 
an exponential decay of photocurrent; this behavior is 
perturbed after a short time by the onset of field 
emission.*:* It was determined experimentally that the 
approximation that charge flow is proportional to 
elapsed time was appropriate for the small currents and 
short light pulses (ranging from one-half to two seconds 
long) used here. To avoid buildup of polarization effects 
the applied potential was reversed for alternate read- 
ings, and the crystal was shorted out for approximately 
five minutes between readings. The light shutter was 
actuated and timed by use of an Atomic Scaler con- 
nected to count the sixty-cycle ac line. 

The chief effect inhibiting clear interpretation of the 
results was the overlapping of the Z bands by the F, 
R,, and R, bands. Comparison of results from a doped 
crystal before and after the Z bands had been produced 
proved difficult from a practical standpoint because the 
process of cleaning and mounting an additively colored 

“H. Kelting and H. Witt, Z. Physik 126, 697 (1949). 

*N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1940), p. 118. 


* von Hippel, Gross, Jelatis, and Geller, Phys. Rev. 91, 568 
(1953). 
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doped crystal invariably produced some Z, band. 
Control crystals were employed to circumvent this 
difficulty. The pure (control) and doped crystals were 
subjected to identical treatments and measurements of 
photocurrent versus wavelength. The final curves of 
photocurrent per absorbed quantum were normalized 
and averaged so that comparisons between doped 
crystals, containing Z, or Z, centers, and the appropriate 
controls could be made. Conclusions regarding the 
quantum efficiencies of the Z; and Z, centers relative 
to that of the F center are drawn from these results. 
An implicit assumption is that the behaviors of the R 
and M bands are essentially the same in the doped 
crystals as in the pure ones. Qualitative observations 
confirm this for the M band. 

The most useful presentation of the results is in the 
form of relative photocurrent per absorbed photon 
versus wavelength. An optical pyrometer was used to 
obtain the energy distribution versus wavelength of the 
Beckman tungsten lamp, and this result was corrected 
for spectrophotometer dispersion and absorption of the 
lamp glass. ‘The fraction of incident light absorbed versus 
wavelength was determined by optical absorption 
measurements. The results for the different crystals 
were normalized to coincide at 560 millimicrons. Graphs 
of photocurrent per absorbed photon for three doped 
and three pure crystals are shown in Fig. 2 (Z, band 
present for the doped crystals) and Fig. 3 (Z, band 
present for the doped crystals). 


III. PHOTOCONDUCTIVITY RESULTS 


A standard development presents photoconductivity 
results in terms of the product of quantum efficiency 
(the probability that an electron is freed whenever a 
light quantum is absorbed), electron mobility, and 
mean life of a conduction electron in the crystal.7:* 
Since, for a given crystal at a constant temperature, 
electron mobility and mean life of the freedjelectrons 
should be independent of the wavelength of the ab- 
sorbed light, the variation of photocurrent per absorbed 
photon with wavelength represents the variation of 
quantum efficiency with wavelength. 
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Fic. 3. Photocurrent per absorbed photon at room temperature 
for additively colored crystals following F-light illumination and 
en heating to 125°C; the Z, band is present in the doped 
crystals. a, b, c: Strontium-doped KCl. e, f, g: Pure KCl. 


7 H. Rogener, Géttingen Nachr. 3, 219 (1941), 
°F. Seitz, Revs. Modern Phys. 18, 384 (1946) 
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One expects unit quantum efficiency of the F band*® 
to be evidenced by a maximum of photocurrent per 
absorbed photon through the wavelength region domi- 
nated by the F band. The curves for pure KCI crystals 
after heating exhibit this behavior (see Fig. 3), but 
those for pure KCI before heating show a rise from 560 
to 640 my (see Fig. 2). Such behavior might be due to 
absorption in the F region by centers other than F 
centers. The subject of hitherto unresolved structure in 
the F band received considerable attention at the 
recent (October 31-November 2, 1956) color center 
symposium held at Argonne National Laboratory. 

Assuming the quantum efficiency of the F center to 
be unity, one can compute the quantum efficiency of 
the Z, center on the basis of the relative change in 
photocurrent per absorbed photon from the F region to 
the Z, region in a doped crystal compared with 
analogous results for the pure, or control, crystals. The 
room-temperature parameters (peak locations and half- 
widths at half-height) quoted by Camagni and Chiarotti* 
for the F and Z, bands were used to compute the relative 
absorptions at 560, 600, and 640 my; calculations of 
quantum efficiency were based on measurements made 
at these three wavelengths, where F and Z, predomi- 
nate. Since there were no individual correspondences 
between the doped and pure crystals, the calculations 
were made by comparing each doped crystal with the 
average of the three pure crystals. Considering the 
relative changes in photocurrent per absorbed photon, 
one can write 


p(600)/p(560) — n(F) f(600)+-(Z,)2(600) 


0(600)/po(560) (F)f(560)-+n(Z,)2(560)" 


where p(600) = photocurrent per absorbed quantum for 
a doped crystal when illuminated by 600-my light, 
po(600)=the same quantity for a control crystal, 
n=quantum efficiency of the indicated center, f(600) 
= the fraction of light absorbed by F centers at 600 my, 
and 2(600) =the same quantity for the Z, centers. 

One would expect the denominator of the left-hand 
side of the above equation to be unity; as already re- 
marked, however, the observations did not bear this out. 
Under the assumption that n(F) is unity, the values for 
n(Z1) were calculated by using data from three addi- 
tively colored doped crystals compared with averages 
from three additively colored pure crystals, and from 
one x-ray colored doped crystal compared with one 
x-ray colored pure crystal. The results are shown in 
Table I. Average results from the four specimens were 
assigned weights in the customary fashion” in order to 
find the mean and standard deviation, 


n(Z,) =0.30+0.03. 
© H. Margenau and G. M. Murphy, The Mathematics of Physics 


and Chemistry (D. Van Nostrand Company, Inc., New York, 
1948), p. 498. 
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TABLE I. Results for n(Z,) from four specimens. The different 
values for each crystal are obtained by using observations at 


different pairs of the wavelengths 560, 600, and 640 mu. 


n(Z1) Average 


Additively colored doped KCl 


0.31 0.35 0.30 
0.135 0.245 0.205 
0.18 0.51 0.36 


0.32 
0.195 
0.35 


X-ray colored doped KCl 
0.14 0.46 0.33 


The analogous computation for the Z, band is less 
precise. Accurate values of the room-temperature 
parameters of the Z; band are not available, so the 
relative contributions of the F and Z, bands to the 
absorption have to be estimated. The curves of photo- 
current per absorbed photon (Fig. 3) indicate directly 
that the Z,-band quantum efficiency is essentially the 
same as that of the F band. The calculated result is 
approximately 1.0--0.2. 

The observation of Z2-band bleaching led Seitz? to 
suggest that the Z, band should be photoconductive. 
Failure to observe Z, bleaching seems to imply the 
converse. The existence of some Z,-center photocon- 
ductivity can be reconciled with the lack of observed 
bleaching by the room-temperature overlapping of the 
Z, and F bands and the wavelength range usually 
covered by the bleaching light. Moderate loss of Z, 
centers during illumination with Z,-band light might 
well be compensated for by the reaction F to Z, caused 
by light absorbed by F centers. Photons absorbed by F 
centers would be over three times as effective as those 
absorbed by Z,; centers in bleaching the absorbing 
center if the quantum efficiencies stated above are 
correct. 

The contributions of the various other bands to the 
absorption at any given wavelength could not be 
determined precisely, but rough estimates of the 
quantum efficiencies of the R, M, and N bands can be 
made. ‘The results are 


Ri, 0.9; R2, 0.5; M,015; N, 0.6; 


with an accuracy of approximately 25% in all cases. 
Results of Oberly" for x-ray colored KBr indicate the 
same general behavior, and Barth!’ has found a result 
of 0.10 for the M center in KCl. 


IV. NEW BAND 


Absorption measurements at 100°K show the pres 
ence of a new band at 860 my in the strontium-doped 
crystals” (see Figs. 4 and 5). The band is of the same 


"J. J. Oberly, Phys. Rev. 84, 1257 (1951) 

4C. Barth, Z. Physik (to be published). Reference given by 
F. Seitz, Revs. Modern Phys. 26, 7 (1954) 

4 This band was first reported at the Fifth Annual Midwest 
Solid State Conference, University of Chicago, October 6, 1956 
(unpublished). Since this paper has been in preparation, the 
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Fic, 4. Absorption curves 
(100°K) for an x-ray colored 
strontium-doped KCl crys 
tal. I: Initially. Il: After 
prolonged F-light illumi 
nation. 
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order of size as the M band and overlaps it considerably. 
In a colored doped crystal the band appears during the 
F-light illumination applied to produce the Z, band 
(see Fig. 4). Heating to cause the Z,; to Z, reaction in 
an additively colored crystal causes the new band to 
disappear (see Fig. 5). For an x-ray colored crystal the 
effect of room-temperature thermal bleaching is much 
more pronounced on the Z,; band and the new band 
than it is on the F band; subsequent F’-light illumination 
can re-establish them at the expense of the F band, 
however. 

The possibility that the new band is due to some 
impurity other than strontium is nearly ruled out by 
the following considerations. (1) The same procedures 
and equipment were used for growing both pure and 
doped crystals, and the new band was observed in all 
of the doped crystals tested but in none of the pure 
ones; the doped crystals were grown after the pure 
ones, however, (2) Any impurity present in the SrCl, 
additive should be negligible in the doped crystals; the 
largest impurity specified was magnesium to less than 
0.05%. (3) Reports in the literature'*~"* concerning the 
effect of various additives on colored KCl do not 
mention a band anywhere near the wavelength region 
occupied by the new band, 

Assuming that the new band is the result of the 
strontium impurity, we shall call it the Z, band and go 
on to consider its possible nature. An outstanding 
characteristic of the Z, band is its appearance and dis- 
appearance in company with the Z, band. This sug- 
gests that the two bands are somehow related. Unfortu- 
nately the absorption measurements were not sensitive 
over a wide enough range to show whether the ratio of 
the Z,- to Z4-band peaks was constant. In any case it is 


appearance of a band at 850 my under similar circumstances has 
been mentioned by E. J. West and W. D. Compton, Bull. Am. 
Phys. Soc. Ser. II, 2, 185 (1957). 

“4M. Blau, Gétt. Nachr., Math.-Phys. Kl. p. 401 (1933). 

4 A.D. von Lupke, Ann. Physik 21, 1 (1944). 

1K. Korth, Gétt. Nachr., Math.-Phys. Kl. (N.F.) 1, 221 
(1935). 

170, Stasiw, Gott. Nachr., Math.-Phys. KI. (N.F.) 2, 1 (1936). 

“ R. W. Pohl, Physik. Z. 39, 36 (1938). 
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unlikely that the Z, band is due to absorption by the 
same center as the Z, band because this would require 
that the low-energy transition have a much lower 
transition probability than the high-energy transition. 

The models of Seitz? for the Z, and Z» centers will be 
assumed; this eliminates as a Z, possibility the unit 
composed of a Z,; center and a neutral vacancy pair. 
The analogous locations of the F and M bands to the 
Z, and Z, bands suggest such a model, but it has already 
been identified with the Z, center. The two most likely 
Z, models are discussed below. 

A strong possibility for the Z, center is that of an 
electron trapped at an impurity complex (a divalent ion 
with an associated positive-ion vacancy) [ see Fig. 6(A) ] 
since many such complexes are present in the crystal. 
In fact, since the work of Camagni and Chiarotti*® has 
shown that only about one-thirtieth of the strontium- 
ion complexes are dissociated at room temperature, the 
concentration of impurity complexes is approximately 
equal to the total concentration of strontium. When 
electrons are freed by F-light illumination, there are 


Fic. 5. Absorption curves 
(100°K) for an additively 
colored _ strontium-doped 
KCl crystal. I: After F-light 
illumination. II: After sub- 
sequent heating to 125°C. 
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several possibilities: (1) The impurity complexes do not 
trap electrons. (2) The impurity complexes do trap 
electrons to some extent. Assuming that such trapping 
does occur, there are two sub-possibilities: (2a) The 
trapped electrons are retained, thus forming the sug- 
gested Z, centers. (2b) The unit resulting from the 
trapping dissociates into a Z,; center and a positive-ion 
vacancy. (3) The Z, centers do exist as suggested, and 
there is an equilibrium between Z, centers on the one 
hand and Z, centers and positive-ion vacancies on the 
other. Such an equilibrium would allow these Z, centers 
to exist under the assumptions of (1) or (2b) above as 
well as (2a). 

A rough estimate can be made of the extent of 
association to be expected in the Z, to Z, equilibrium by 
comparison to the association of impurity complexes. 
Let x», %44, Xe, %44’, and x,’, represent the concentra- 
tions of positive-ion vacancies, divalent ions, impurity 
complexes (divalent ions with an associated positive-ion 
vacancy), divalent ions with an electron (Z, centers), 
and impurity complexes with an electron (proposed Z, 
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centers). Then the two equilibria are governed by 


Xo/ (%44%y) =12 exp(W./kT), 
Xe! / (%44'%,) =12 exp(W.'/kT), 


where the factor of 12 occurs because each of the im- 
purity complexes can have 12 different spatial orienta- 
tions. From these equations the following ratio can be 
obtained : 


%o/%X 
—— sexpl(W.—W.)/kT}. 
we /x4+' 


For the association of impurity complexes Camagni and 
Chiarotti report values of W.=0.3 ev and x,/x,,230 
at room temperature.’ The observed ratio of the Z, to Z; 
peak heights is approximately 1/20; this value will be 
obtained for x,’/x,,’ in the above equation if W,/=0.13 
ev. Since a very rough estimate of the association energy 
of the proposed Z, centers by purely electrostatic con- 
siderations indicates that W,’ should be one-third to 
one-half as large as W,, the observed equilibrium ratios 
are entirely consistent with the expected values. 

For the production of Z; centers by F-light illumina- 
tion, the results of Camagni and Chiarotti show first a 


Fic. 6. Suggested models for the 72, 
center. Model A: An electron trapped at 
an impurity complex (a divalent ion with 
an associated positive-ion vacancy). 
Model B: An electron trapped at a com- 
plex consisting of two divalent ions and 
one positive-ion vacancy. 


rapid increase in the number of Z, centers, presumably 
caused by the trapping of electrons at unassociated 
divalent ions, and then a leveling off as the number of 
unassociated divalent ions is exhausted.* There is an 
indication in their graphs, however, of a much slower 
continued increase in the number of Z, centers, and it is 
possible that this increase may be due to the capture 
of electrons by impurity complexes, followed in most 
cases by dissociation into Z, centers as proposed above. 
If this mechanism is tentatively assumed, it is possible 
to calculate the ratio of the trapping cross section of 
impurity complexes for electrons to the trapping cross 
section of unassociated divalent ions for electrons. The 
calculated ratio of 0.0003 is quite in accord with 
Harten’s work” on x-ray produced photocurrents in 
KCI doped with calcium or strontium, which fact indi- 


1” H. U. Harten, Gétt. Nachr., Math.-Phys. Kl. IIa, No. 3, 
15 (1950). 
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cates that the complexes are ineffective electron traps at 
room temperature, 

Since the discussions above merely serve to indicate 
that the proposed model is not in conflict with other 
observations, it seems worthwhile to consider another 
possible model for the Z,4 center. The analogy to the 
M center suggests a Z, center containing two divalent 
positive ions, just as the M center is thought to con- 
tain two negative-ion vacancies. Such a unit is shown 
in Fig. 6(B). This center could be formed if double 
complexes consisting of two divalent positive ions and 
two positive-ion vacancies were present in the lattice. 
Capture of a conduction-band electron would probably 
result in expulsion of a positive-ion vacancy. Such 
expulsion processes are thought to occur in other 
cases." A small concentration of the double complexes 
necessary for this formation mechanism could result 
from clustering of the complexes at room temperature if 
they are sufficiently mobile or could be “frozen in” 
from some higher temperature experienced when the 
crystal was grown or colored. 

Let us.designate the model just proposed as Model B. 
The single impurity complex with a trapped electron 
will be called Model A; the equilibrium process between 
it and the Z, center will be assumed. Now let us con- 
sider the relative merits of the two models. The sug- . 
gested formation processes appear equally reasonable, 
but the existence of the trapping centers necessary for 
formation is much better established for Model A than 
for Model B. The long-wavelength location of the 
absorption band is appropriate to either model because 
the electron binding in either case should be less tight 
than that of the F or Z, center. The new absorption 
band is not so sharp as the M band (see Figs. 4 and 5), 
which is thought to be a neutral center (like Model B), 
but it is not so broad as the F’ or Z; bands,! which are 
thought to be centers of net negative charge (like 
Model A) ; the band-shape evidence is thus inconclusive. 
The similarity of behavior of the Z,; and Z, bands is 
nicely accounted for by the equilibrium postulated as 
a part of Model A: Mechanisms agreeing with the 
observed behavior can be devised for Model B, but 
simplicity is lacking. 

In view of the evidence available at present the 
writers feel that Model A is the more likely. Further 
studies which would help to select the correct Z,4 
model include careful determinations of the Z,- to 
Z,-band ratios under various conditions and the meas- 
urement of Z,-band size as a function of strontium 
impurity concentration. 


™ F, Seitz, Revs. Modern Phys. 26, 7 (1954) 
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Statistics of the Charge Distribution for a Localized Flaw in a Semiconductor 


W. SuHockiey anv J. T. Last 
Shockley Semiconductor Laboratory of Beckman Instruments, Inc., Mountain View, California 
(Received April 5, 1957) 


A localized flaw such as a vacancy-interstitial pair, gold atom, or small void is considered. It is found 
that the charge situation can be described by a set of energy levels which are independent of the Fermi 
level but which are temperature-dependent. If the flaw is electrically neutral for a certain position of the 
Fermi level, then as the Fermi level is raised from the neutral level successively above each higher-lying 
level of the set, the flaw acquires an additional electron unit of negative charge. These levels are called the 
first-acceptor level, second-acceptor level, etc. The energy levels are essentially equal to kT In(Z,/Z:), 
where Z, and Z; are the contributions of the flaw to the state sum for the system for the two conditions 
of charge. Similarly, as the Fermi level is lowered below the neutral point, it passes the first-donor level, 
second-donor level, etc., and the flaw acquires charges of plus one, plus two, etc. The statistics are derived 
for the distribution for the various conditions of charge, referred to as first-donor condition, neutral condi- 


tion, first-acceptor condition, ete. 


1, INTRODUCTION 


T has now been well established that gold and copper 

impurities in germanium introduce a series of levels 
in which the impurity center has charges which may 
vary from +1 to —3 electronic charges. The most 
elegant evidence has been published by Woodbury and 
Tyler' and makes use of the fact that an impurity of 
charge —2 contributes approximately twice as much 
impurity scattering as two separated charges of —1 
each. 

The statistics of defects with several trapping levels 
in semiconductors has been treated briefly by Lands- 
berg,? and another treatment has been given by 
Champness.* However, a simplified and consistent 
scheme which lends itself to incorporation in the 
customary energy-level diagrams for semiconductors 
has not apparently been published. 

It is possible to develop such a scheme which is 
applicable in much the same way as the simpler 
diagrams for group V donors and group III acceptors 
and this leads to a relatively simple conceptual structure 


E. 
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Fic, 1, Energy-level scheme for a flaw with possible charge 
conditions 1, 0, —1, and —2. (a) The energy levels and their 
notation; (b) the energy band diagram; (c)—(f) the dependence 
of charge condition upon the Fermi level. [To be consistent with 
the text, 24 should be replaced by Eya in (a). ] 


1H. H. Woodbury and W. W. Tyler, Phys. Rev. 105, 84 (1957). 

*P. T. Landsberg, Proc. Phys. Soc. (London) A65, 604 (1956). 

*C. H. Champness, Proc. Phys. Soc. (London) B69, 1335 
(1956). 


for describing and interpreting the changing charge on 
the defect as the Fermi level and temperature vary. 

For the purpose of distinguishing between imper- 
fections with multiple possibilities for charge condition 
and ordinary donors and acceptors, in this article they 
shall be referred to as flaws. The number of flaws per 
unit volume is then Vy. This eliminates difficulties with 
subscripts a (acceptor), d (donor), ¢ (conduction), 
i (intrinsic) which might arise from using center, defect, 
or imperfection. The theory for flaws discussed here is 
probably applicable to any localized imperfection, such 
as a vacancy-interstitial pair, a small dislocation loop, 
or an inclusion, provided that the dimensions are small 
compared to a Debye length for the mobile carriers 
present. No attempt will be made to ascertain the 
limits of validity and the flaws concerned can be best 
thought of as substitutional or interstitial atoms. 

The theory is also restricted to such low densities of 
flaws that interactions between them can be neglected. 
No consideration is given to special effects due to de- 
generacy in the hole or electron gases. 


2. PROPOSED ENERGY-LEVEL DIAGRAM 


Figures 1 and 2 show the proposed energy-level 
diagram and the relationship between Fermi level and 
charge. For the particular example considered, it is 
supposed that the flaw may exist in four charge condi- 
tions: +1,0, —1,and —2. These conditions are referred 
to as the first-donor, neutral, first-acceptor, and second- 
acceptor states. 

To a good, but not perfect, approximation a flaw 
with the energy-level scheme of Fig. 1(a) acts like a 
group of three imperfections consisting of a donor and 
two acceptors with ionization energies of E.—Eyq4 for 
electrons and F,,.—£, and F,,—£E, for holes, ‘respec- 
tively. The functional dependence of the charge upon 
the flaw is closely represented by the combined behavior 
of the three separate imperfections. 

As a preface to the exposition, it should be noted that 
by definition a donor with energy level 2a has a net 
charge of +1 when the Fermi level Fy is well below Ea, 
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and is neutral when Ey is well above Ez. To a first 
approximation, F, is the ionization energy; this energy 
is defined for the system consisting of perfect crystal 
except for the donor and one electron and is the energy 
difference between the lowest energy state with the 
electron on the donor and the lowest energy state with 
the electron far from the donor. Actually, entropy 
plays a role in the Eya of Fig. 1 and ya is actually a 
difference in free energies as described in Appendix 1. 

Similarly, an acceptor is neutral for Ep below E, and 
negatively charged for Ep above F,. 

The figure 0 on the diagram lies below all the acceptor 
levels and above the donor level so that when the Fermi 
level lies in the interval corresponding to zero, the flaw 
is neutral. This is the significance of the 0 on the 
diagram. 

On the basis of these definitions, it is readily seen 
that the state of charge of the flaw varies with height 
of the Fermi level as shown in Fig. 1(c) to (f). The net 
charge on the flaw will then vary as shown in Fig. 2. 

Now the model of Fig. 1 actually contains some 
meaningless possibilities. For example, the state of 
charge zero can be obtained in addition to the manner 
shown by putting one electron on Fy4 and one hole on 
either E,, or E24. Such hypothetical excited states will 
not in general represent at all correctly the excited 
states of the flaw when in the neutral state. 

It is thus evident that several features of the combi- 
nation donor and acceptor model have no counterpart 
in a general model of a flaw. Nevertheless, the diagrams 
of Figs. 1 and 2, when properly interpreted, do usefully 
describe the most important aspects of the flaw. 


3. INTERPRETATION AND USE OF THE 
ENERGY LEVEL DIAGRAM 


In this section we discuss the unique way of ascribing 
a set of energy levels to a flaw and using them to 
determine the average charge and the probability of 
various charges on the flaw. For this purpose a set of 
definitions is introduced to describe the state of charge 
of the flaw and certain energy levels. Thus, if the flaw 
has charge +2 it is said to be in the second-donor 
condition. In general, such a condition of charge will be 
degenerate and may have excited states. Thus, if Noa 
flaws per unit volume are in the second-donor condition, 
they will be statistically distributed over all the various 
possible energy states. 

Similarly, the number of flaws with zero net charge 
is Vo and these are said to be in the neutral condition. 
The conditions of negative net charge are defined in a 
similar manner as acceplor conditions. 

As discussed below, a set of energy levels is intro- 
duced. These have to do with transitions of one charge 
unit in condition of charge according to the following 
scheme : 


+9990, Baa 18; Bia 0 Bie 10) Ban 20) *** 
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Thus, each energy has a subscript corresponding to 
state of higher magnitude of charge of the pair to which 
it is related. 

The values of the energy levels are defined as follows: 
Consider a flaw in its most positive condition, say, with 
charge +m; that is, the mth-donor condition. Let an 
electron be removed from the conduction band and be 
put into the flaw, reducing the charge to +(n—1). 
Then the increase in free energy E—T7S for the semi- 
conductor will be (as shown in Appendix 1) 


AF n7= Ena— Ep, (3.1) 
where Eng is the change in free energy associated with 
adding one electron to the flaw. It includes all effects 
due to spin degeneracy and excited states for both 
states of charge. Obviously, if the flaw is initially 
positively charged, it can bind an electron from the 
conduction band and Epq will lie below E,. 

Similarly, E¢n—1ya is defined in terms of adding an 
electron to the (n—1)th donor condition to produce the 
(n—2)th donor condition, The zeroth-donor condition 
is the neutral condition and adding an electron to it 
produces the first-acceptor condition and increases the 
free energy by E\a— Er. 

Now since each additional electron is put upon a less 
positive or even more negative flaw, it is probable that 
each £ value will continuously increase in the sequence, 
going from nd through neutral and into the acceptor con- 
ditions. Finally, an Ema value will be reached, which is 
larger than £,. Such a negatively charged flaw will be 
unstable (except possibly in a degenerate n-type semi- 
conductor) and will lose its mth negative charge to the 
conduction band. Similarly, a donor condition nd with 
energy Ena lying below £, will be unstable and will 
lose a hole to the valence band. 

On the basis of this set of definitions, it is evident 
that, for any given flaw, a uniquely defined energy-level 
diagram like that of Fig. 1 will be obtained when the 
set of Ena and Ey values is plotted on same scale as 
7, and Ey. 

From the energy-level diagram, the distribution of 
charge values for the flaw is found as follows: For a 
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Fic. 2, The depend 
ence of the charge on 
the flaw upon the Fermi 
level. 
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TABLE I. Relative probabilities for various charge conditions. 


Relative probability of being in 
charge condition 


Increased probability 
for one more electron 


Charge 
condition 


4a (—3) Wee ~exp( B(GEr —Eua —Exe —Ew)] 


exp B(Lr — Es) ) 
Er) } 
Ews)) 


Eia)) 


2a (2) Ww =exp[ BQEr —Eia~Ew)) 


exp B(Er 
Wis exp B(Er ~ Eis) 
Weal 


Wia mexp[ B(Eia ~Ev))} 


la (1) 

exp! B(Er - 
0 (0) 

exp A(Er 
1d (41) 


exp{ @( Er —Exa))} 


2d (42) Wea ~expl B(Liat+Eua -2Ev)) 


given temperature with 


B=1/kT (3.2) 


and a given Fermi level Ey, the ratio of the number 
Nim-sya Of flaws in charge condition +(n—1) to the 
number V4 in charge condition n is shown in the 
Appendix to be 

N «n-1)a/Nna= exp[B(Er— Ena) |. 
Thus, if Ey lies above a level, the charge state having 
one more electron is favored. The favoring factor is in 
fact exactly that associated for the simple Fermi-Dirac 
distribution. For example, for a simple donor level 
(neglecting all degeneracy), the probabilities f, and f, 
of the level being occupied by an electron or a hole are 


(3.4) 
(3.5) 


(3.3) 


fn= (1+exp[B(Ea— Er) }}“, 


fo@1—fn= Jn exp[B(Ea— Ep) |, 
from which it follows that 
No/Nia= fn/ f= exp[B(Er— Ea) |. 


According to the analysis in Appendix 1, this same 
relationship applies to pairs of charge states differing 
by an energy Ena or Ema as the case may be.* 

The relative probability of finding any one of the 
various charge conditions may readily be determined 
by a straightforward calculation from the factors (3.3). 
For this purpose, consider Table I. 

The first column lists the charge conditions. The 
second column is the factor giving the ratio of proba- 
bility of the upper condition of the table compared to 
the lower condition; these factors are simply those of 
Eq. (3.3). Each factor is greater than unity if the Fermi 
level Ep is greater than the free-energy increase due to 
adding one more electron to the center. From these 
factors the third column is readily obtained ; the relative 
probability of unity for the neutral condition being 
picked for symmetry. 

The absolute probability is obtained by normalizing 
which consists simply of dividing each entry in column 
three by the sum of column three: This leads to the 


(3.6) 


* The equilibrium and nonequilibrium behavior of flaws has 
been investigated from the point of view of the flaw as a recom- 
bination center, using the principle of detailed balancing. This also 
leads to equations like (3.4). It is planned to submit to this journal 
a manuscript on this subject by C.-T. Sah and W. Shockley. 
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following form of expression for the distribution among 
charge conditions: 


Nua= NoW na/>. W’s. (3.7) 
The dependence of the distribution on Ep may be visual- 
ized as follows: If 

fia< Ep <a, (3.8) 
then W, is larger than any other W. In fact, if Eia— Eira 
is several tenths of an electron volt and Ey lies near 
the middle, the other W’s add very little to the sum of 
column 3 and the probability of the neutral condition 
is nearly unity. The probability of differing from the 
most favored case by two units of charge is very small 
and. varies with Ep as exp(+26E,p). 

It is evident that whenever Ey lies between two 
energy levels, then the charge condition common to the 
two energy differences tends to dominate the proba- 
bility. 

When Ey equals one of the energy levels, then the 
two adjacent conditions are equally probable, each 
having approximately probability 4. 

As Er rises from between Eq and E,,, the probability 
of the neutral condition decreases from nearly unity to 
about 4 for Ey=E,, and then falls as exp(—BE,p) 
until Ey = Eo4; thereafter the probability of the neutral 
condition falls as exp(—26E,»). It falls as exp(—38Er) 
after Ey crosses Ea. 

From these examples it is seen that, except when Ep 
equals an energy level, one charge condition dominates 
the probability distribution of charge conditions. 
Furthermore, it is evident that these charge conditions 
correspond to the integral charge cases of Fig. 2. Thus, 
Fig. 2 does represent adequately well the average 
charge on the flaw when the energy levels are as 
interpreted in this section. 

As shown in connection with Eq. (3.6), the transition 
from one charge condition to another in Fig. 2, is well 
represented by a Fermi-Dirac distribution function. 

As an example of this system of treatment, the case 
of two separate donors treated as a composite flaw is 
given in Appendix 2. 


APPENDIX 1. DERIVATION OF THE 
DISTRIBUTION LAW 

The relative probability of different charge conditions 
on the flaw can be derived by finding the distribution 
that maximizes the probability. For this purpose we 
describe the possible states of the center in terms of its 
net charge, which is s electronic charges, and its state 
of excitation i, the various states of a degenerate energy 
level having different i values. The number of flaws in 
excited state i of charge condition s is V,;. Evidently 
the total number of flaws N, is given by 


N= La Nui. (A1.1) 
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The total number of electrons in the flaws 
n=) 0 SN ,i, (A1.2) 


where, for reference, a flaw of zero charge is said to 
have zero electrons; it can be shown that the zero of 
electron number is not important. If the energy of 
state (s,i) is H,; (for example, the state of zero energy 
might be chosen as most positive flaw in lowest state 
and all electrons at the bottom of the conduction band), 
then the energy of the distribution is 


E7e= dou EaiNai. (A1.3) 


In order to maximize the probability of a given distri- 
bution, the number of ways Wy, of arranging the 
distribution V,; on the flaws must be known. This is 
evidently the number of ways of selecting groups of 
size N,; from a total number >> N,, and can be ex- 
pressed in terms of the V,; values as 


W y= (Lo Nui)!/T]oi(Nai!). (A1.4) 


In order to allow the flaws to interact with electrons 
we also introduce a distribution in the conduction band 
in the customary manner by dividing the states into 
groups of Q; of energy EF; occupied by n,; electrons. 
The values for the number of ways W, of achieving 
the distribution, the total number of conduction-band 
electrons n and their energy E, are 


Q;! 
W.=]]—_——_., 
i nj!(Qj—ny;)! 
1 ay, Nj, 
E,=L Em. 
The over-all most probable distribution results from 
maximizing 


(A1.5) 


(A1.6) 
(A1.7) 


InW =InW,+lnW,, (A1.8) 


subject to constraints on total energy, total number of 
electrons, and number of flaws. Using the Lagrange 
multiplier method, we require that 


InW ,+InW,,—B(E,;+E,)+u(ny+n)+yN, (A1.9) 


be an extremum. This leads, in the usual way, to the 
conclusion that 

B=1/kT (A1.10) 
and 


u=BEp, (A1.11) 


where Ey is the Fermi level and is also the chemical 
potential for electrons, being the change in free energy 


F=E-—kT \nW, (A1.12) 


when one electron is added. The usual Fermi-Dirac 
distribution arises from setting the coefficient of én; 
equal to zero. 

Setting the coefficient of 6V,; equal to zero gives 


In(N7/N i) ai BE wt+BErs+y7=0, (A1.13) 
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so that 


Nu=N,z exp[B(sEr—E,:) +7]. 


(A1.14) 
Thus, the number of centers in condition s is 


N= Nui=Ny exp(y+BsEvr)>; exp(—BE,,) 


=N;,exp(y+BsEr)Z,, (A1.15) 


where Z, is the state sum over the states of the flaw 
for charge condition s. The quantity y is a normalization 
constant. It is also the electronic part of the chemical 
potential for flaws. 

The ratio of probability of charge condition s+1 
compared to s is 


Vio-1/Na= (Za41/Z,) exp(BEp). (A1.16) 


Since the free energy per system in a set of systems 
with energy levels £,, is 


I, kT \nZ,, (A1.17) 


the increase in free energy resulting from moving one 
electron from the conduction band to convert a flaw 
from state s to state s+1 is 


Fyyi— PF Evp=+kT in(Z,/Z.41:)—-Erv 


E(s+1, s) (A1,18) 


Er, 
where 
RT |n(Z./Z 04:1) 


E(s+1, s) (A1.19) 


gives the definition of the energy levels used in Sec. 3. 
In terms of this definition of /(s+1, s), we have 


Noyi/N.=exp{BlLEr— E(s+1, 5) }}.  (A1.20) 


This is the equation used in Sec. 3 of the text and shows 
how the interpretation of E(s+1,5) as a free-energy 
difference arises. 


APPENDIX 2. TWO SEPARATE DONORS 
TREATED AS A COMPOSITE FLAW 

The case of two separate donors treated as a com 
posite flaw is presented here to show the relationship of 
the flaw energy levels E,4 and Ey4 to the binding ener 
gies EF, and EF, of the two donors. Choosing the zero 
of energy as discussed in Appendix 1 [see Eq. (A1.3) 
where the energy E, is taken as zero |, the energy re 
quired to ionize donor “1” and put the electron into 
energy E, is Ey. (That is, /, is absolute value of energy 
below £,.) On this basis for the zero of energy and on 
the basis of two possible spin states for a neutral donor, 
the states for the two donors are as shown in Table II. 

Table II leads to three state sums Z24, Zia, and Zo 
as defined in Eq. (A1.15), and using these in Eq. 
(A1.19) one obtains two energy levels: 


Exa=kT \n(Z24/Z 4) 
= —kT |n(e8 "14-6 #2) — kT |n2 


Eya= kT \n(e-##14-€-6*2) — kT |n2. 


(A2.1) 
(A2.2) 


In order to visualize how these levels are related to the 
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The states for the two donors described as 
states for a composite flaw. 


Tasre II. 


Charge 
condition 


No. of ways of 
forming state 


Energy 


+2 0 1 


2\ 
2s 
4 


Nea 
Nia 
No 


HE 


ionization energies E, and E», consider the two follow- 
ing cases: 
Case (1) E\= Ey 


Eva 


Exa 


= —H,—kT \n4 
— E. 


(A2.3) 
(A2.4) 


For Case (1), the energy for binding the second electron 
to the flaw is the same as the first, but the entropy factor 
is less so that the first donor level lies higher than the 
second donor level by kT |n4. 

Case (2) Ey —- E,>kT 


Exa*= —E\—kT \n2 
Eya* —E,—kT \n2. 


(A2.5) 
(A2.6) 
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For Case (2), the two donors have sufficiently different 
energies so that they act independently and the flaw 
energy levels coincide with those of the donors as cor- 
rected for spin degeneracy.T 

It may also be shown that the probabilities of the 
various charge conditions as given by Eq. (3.7) reduce 
to those calculated by the usual Fermi-Dirac treatment. 
For example, from Eq. (3.7) we obtain 


No/Ny= (1+ 6814-2) (1 4-¢8 (2ra-Ev)) 1 

= [14-4 (e-F#1+-¢- #42) 

Ke FEr(1 4-4 (ec Hi+ eb #2) ly bEr)] 1 

=[1+4e A(Eit+ Er) | T1+4e A( Eat Ev) } 1 (A2.7) 
This last expression is simply the product of the prob- 
abilities given by the usual Fermi-Dirac treatment that 
each donor, with effective energy levels of the form 
—E,—kT \n2, have an electron. The reader may easily 
find that similar equivalences can be established be- 
tween the other charge conditions of the flaw and the 
corresponding states of the two donors. 


t See, for example, W. Shockley and W. T. Read, Jr., Phys. Rev. 
87, 835 (1952), Appendix B. 
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Anomalous Electrical Resistivity and Magnetoresistance Due to an s-d 
Interaction in Cu-Mn Alloys 


Ker Yosmpa* 
Department of Physics, University of California, Berkeley, California 
(Received April 8, 1957) 


The effect of the s-d exchange interaction between the conduction electrons and the Mn ions on the 
electrical behavior of Cu-Mn alloys is investigated from the molecular-field point of view. The magnitude 
of the anomalous resistivity calculated with the value of the exchange integral for a free Mn* ion agrees 
with the experimental value within a factor of three. Also the temperature dependence of the resistivity 
obtained by the molecular-field approximation for the antiferromagnetic spin ordering is shown to be quite 
similar to the behavior exhibited by the alloys with more than one atomic percent Mn. For samples with 
lower concentration of Mn ions, however, the theoretical result shows only a monotonic decrease of the 
resistance below the Néel temperature. It shows neither the resistance minimum nor maximum which has 
been found experimentally for the very dilute alloys. The anomalous magnetoresistance calculated on 
the same basis is approximately proportional to the square of the magnetization and its magnitude is 
in good agreement with the experimental results, especially above the Néel temperature. The magneto 


resistance of ferromagnetic metals is also discussed. 


I. INTRODUCTION 


ERRITSEN and Linde! have measured the 
electrical resistivity of noble-metal alloys such as 
silver and copper containing traces of the transition 
elements represented by manganese and iron, and have 
found anomalous behavior in the resistivity at low 
temperature. According to their experimental results, 


* On leave from the Department of Physics, Osaka University, 


Osaka, Japan. 
1A. N. Gerritsen and J. O. Linde, Physica 17, 573, 584 (1951). 


such alloys with several atomic percent Mn show an 
abrupt decrease of the resistivity at low temperature, 
and as the concentration of Mn ions becomes lower the 
resistivity initially rises and then decreases, exhibiting 
a maximum value with lowering temperature. Gerritsen? 
has also found that these alloys show an anomalous 
magnetoresistance accompanying the anomaly of the 
resistivity. Korringa and Gerritsen’ explained this 


2A. N. Gerritsen, Physica 19, 6 (1953). 
* J. Korringa and A. N. Gerritsen, Physica 19, 457 (1953). 





ANOMALOUS 


anomalous behavior in electrical phenomena by intro- 
ducing localized states with energy near the Fermi 
energy. 

Recently the situation has been clarified by the 
experiments on the magnetic properties of Cu-Mn alloys 
done by Owen, Browne, Knight, and Kittel‘ and by 
Owen, Browne, Arp, and Kip.® They considered the 
anomaly of the magnetic properties to be attributed to 
the s-d exchange interaction between the conduction 
electrons and the Mn spins and discussed the effect of 
this interaction. Although the effect of the first-order 
perturbation of the s-d interaction was inconsistent 
with some of the experimental results, the situation is 
quite modified by the second-order perturbation, and 
it has been shown that apart from quantitative details, 
most of the magnetic properties are at least qualita- 
tively consistent with the results predicted from the s-d 
exchange interaction.* Owen ef al.‘ have also discussed 
the electrical resistivity and proposed a new mechanism 
for the anomalous resistivity due to the s-d interaction. 

The purpose of the present paper is to calculate the 
anomalous resistivity due to the s-d interaction and to 
investigate to what extent this can account for the 
experimental results. The problem of a temperature- 
dependent anomalous resistivity was first treated by 
Elliott.’ He calculated the anomalous resistivity of 
rare-earth metals due to a spin-independent interaction 
between conduction electrons and 4f ion cores some of 
which are excited in high-energy orbital states separated 
from the ground state by the crystalline Stark effect. 
Kasuya® has calculated the resistivity due to an s-d 
exchange interaction for the case of the ferromagnetic 
iron group and rare-earth metals and has given an 
alternative explanation’ for the anomalous resistivity 
to that given by Mott on the basis of the band approxi- 
mation for 3d electrons as well as 4s electrons. Further- 
more, Schmitt! has developed a phenomenological 
theory for the resistance due to a spin-dependent 
interaction and discussed both resistivity and magneto- 
resistance of Cu-Mn alloys. The present theory will be 


developed along a line similar to the approaches by 


these authors. 

We shall consider the perturbing potential consisting 
of the spin-dependent interaction and the spin-inde 
pendent interaction between conduction 4s electrons 
and 3d electrons localized at impurity ions.'! The former 
interaction comes from an exchange interaction and 


‘Owen, Browne, Knight, and Kittel, Phys. Rev. 102, 1501 
(1956). 

’OQwen, Browne, Arp, and Kip, Phys. Chem. Solids 2, 85 

©. W. Hart, Phys. Rev. 106, 467 (1957); K. Yosida, Phys 

Rev. 106, 893 (1957). 

7R. J. Elliott, Phys. Rev. 94, 564 (1954). 

*T. Kasuya, Progr. Theoret. Phys. Japan 16, 58 (1956). 

9N. F. Mott, Proc. Roy. Soc. (London) A153, 699 (1936). 

 R. W. Schmitt, Phys. Rev. 103, 83 (1956). 

The importance of considering the interaction between the 
spin-independent and spin-dependent perturbation was pointed 
out by Dr. V. Heine. See also discussion of reference 12. 
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the latter comes mainly from an ordinary screened 
Coulomb potential ‘around the manganese ions which 
are presumably in an Mn** state. The lattice vibrations 
are neglected, and their contribution to the resistance 
has been subtracted out in the discussion of the experi- 
mental results. The exchange interaction can be repre- 
sented as an effective potential” having opposite signs 
for electrons with + and — spins, so that the effective 
potential seen by + and — electrons is different. This 
difference in the potential gives rise to a difference in 
the scattering probabilities through the cross terms of 
the exchange interaction and the spin-independent 
interaction. This term is proportional to the total 
magnetization of the impurity Mn ions, which in the 
antiferromagnetic case vanishes only in the absence of 
an external magnetic field. The shift ® of the Fermi 
sphere is inversely proportional to the total scattering 
probability, so that we have for + and spins, 
respectively, 


Pp* a ] (Wo Fu M x 


Here Wy is the sum of the transition probability due to 
the spin-independent potential only and that due to the 
spin-dependent potential only both of which are equal 
for + and spins, and wM comes from the cross 
effect of these two interactions. M is the total magnet 
ization of Mn ions and w is a constant, The resistivity 
is inversely proportional to the sum of the shifts of the 
Fermi sphere for + and — spins, so that 


1 1 l VW 0 Ww 
R« t | ( Jar. 
Wo-wM Wot+twM 2 2W 


The extra term of the resistivity, which is proportional 
to M?® and vanishes only for the case of antiferromag 
netic ordering in the absence of an external magnetic 
field, can make an essential contribution to the magneto- 
resistance. The anomalous magnetoresistance of Cu-Mn 
alloys and similar alloys can be explained by the extra 
term proportional to the square of the magnetization. 
In the absence of an external field, the resistivity is 
determined by Wo which is the sum of a part from the 
exchange interaction alone and one from the screened 
Coulomb potential alone. The latter part is tempera 
ture-independent, whereas the former part has a mono 
tonic temperature dependence similar to the expressions 
obtained by Elliott,’ Kasuya,*® and Schmitt." Therefore, 
the present theory does not give rise to the resistance 
minimum and maximum which have been found in the 
resistivity-temperature curve for very low concentration 
of Mn in Cu. The resistance maximum occurs at 
somewhat higher temperature than that at which there 
is a specific-heat maximum.” In copper-tin and copper- 
gold alloys, a resistance minimum has also been ob- 
served. In addition the maximum and minimum cannot 


2 J. C, Slater, Phys. Rev. 82, 538 (1951) 
48 Gorter, Van den Berg, and de Nobel, Can. J. Phys. 34, 1281 
(1956). 
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be observed for higher concentration of Mn whereas 
the anomalous part of the resistivity due to an s-d 
exchange interaction is large. Thus, it seems that the 
phenomenon of the resistance maximum and minimum 
is very complicated and that it cannot be attributed to 
an s-d exchange interaction only. 

The experimental results concerning anomalous be- 
havior of Cu-Mn alloys have recently been reviewed 
and discussed by Gorter, Van den Berg, and de Nobel,’* 
Schmitt and Jacobs," and Korringa.'® 


Il. CALCULATIONS 


The interaction between the conduction electrons 
and the Mn ions in Cu-Mn alloys can be expressed by 


H=> >, V(e.—R,)—2 5; >. J (0i—R,)(8;-S,), (1) 


where r, and R, represent the position vector of the 
conduction electron and that of the Mn ion, respec- 
tively. V(r,;—R,,) is the deviation due to the impurity 
Mn ion from the spin-independent periodic potential, 
and J(r,—R,,) is the effective exchange integral be- 
tween the conduction electron and the Mn ion. The 
quantities s; and §, represent the spin operators for 
the conduction electron and the Mn ion, respectively. 
This potential energy can be written in a form of second 
quantization as** 


H=NOV eS Vik ke ©? Be (ayy ayy tay *ay_) 
V > Ye J (kk et k’) Rol (agr4 *dey 
Ay: *a, Sf + dy’ %au4S 5" + Ay4*dy oe |. (2) 


Here we denote the coordinate axes by &, , and ¢ and 
take the ¢ axis as the quantization axis of spins, and 
S,* represent S,§+i5S,". The quantities ay4* and ay4 
are the creation and annihilation operators for the 
conduction electrons with the wave vector k and with 
spin parallel or antiparallel to the ¢ axis, and N is the 
total number of lattice points. V(k,k’) and J(k,k’) are 
related to the matrix elements of V(r,—R,) and 
J (r;—R,,) between two states with wave vectors k and 
k’ as follows: 


V (kk!) = Ne ek) tf ex*(V (r-Ra) eu(thdr, 


J (kjk!) = Nek) * f ext s(r— Ra) ox(0dr, 


where ¢, represents the wave function of the conduction 
electron with the wave vector k. When we approximate 
the wave function gy by a plane wave, these two 
quantities become proportional to the Fourier compo- 
nents of the two potentials V(r) and J(r). In general 
V (k,k’) and J(k,k’) depend upon k and k’. 

The perturbation given by (2) is regarded as the 


4 R. W. Schmitt and I. S. Jacobs, 00 Ch Phys. 34, 1285 (1956). 
J. Korringa, Can. J. Phys. 34, 1290 (1950). 
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main part of the deviation from the periodic potential 
at a temperature low enough for the effect of the lattice 
vibrations to be negligible. In calculating the resistivity 
due to the perturbation (2), we make the following 
assumptions, 


(1) The energy of the conduction electron can be 
expressed by h?k?/2m, m representing an effective mass. 
(2) V(k,k’) and J(k,k’) depend only on |k—k’|. 

(3) The Mn ions can be divided into two groups 
containing equal numbers of ions. Mn ions belonging 
to one group are subjected to the field H+ and those 
belonging to the other group are subjected to the field 
H~. H* and H~ are the sum of the molecular fields 
and the external field. 

(4) Mn ions are distributed at random and there is 
no interference of the scattered wave from different ions. 


Now we denote the direction of the applied electric 
field by x which may be different from the direction of 
the £ axis specified above. This electric field which is 
denoted below by 6, makes the distribution functions 
/*(E,) for the conduction electrons with + and — 
spins deviate from their common value in the absence 
of an electric field, namely fo(Ex), as follows: 


f*(Ex) = fol Ex) — ke 8*(Ey)dfo(Ex)/AEx, (3) 


where + and — signs represent the spin direction of 
the conduction electrons with respect to the ¢ axis and 
the quantities &* are determined in (7). Strictly, in the 
presence of an external magnetic field, we should use 
fo(E+-uH) instead of fo(E), where yw is the Bohr 
magneton, but the error is of order pH /E;&1, Ey being 
the Fermi energy. 

The shift of the Fermi sphere (3) gives rise to the 
electric current density 


1 hk, 
—), 
ys 


jt= C/*(Ex)— fo( Ex) ], 


m 


where V is the total volume. Inserting (3) into this 
expression and replacing the summation over k by an 
integration as follows: 


_ Vim! 
-_-— -(—) [evar sinddéd ¢, (4) 
k 8 2\ 0K? 


we obtain 


e 1/2m\! 


Or? h\ 
where Ey represents the Fermi energy. Thus the 
electrical resistivity is given by 


6 h sh’? \3 
ek ( ~) (P(E) +4-(E)}, (6) 
é E;} 


2m 


The functions @*(,) are determined by the Boltzmann 
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equation 


0 fo( Ex) hk, af? 
- “8+ ( ) =(), (7) 
col 


Ok, om al 


(0 f*/dt)eo1, being the rate of change of the distribution 
functions /+(£,) due to the collisions with Mn ions. 
This is given by 


(8f*/81) 01.= Der { W (ks' ke) f*(k)[1— f*(k) ] 
—W(k+—k'+) f+(k)[1— f*(k’))} 
+¥0.({W (k’Fk+) fF (KOT f#()] 
—W (k—k’F) f*(W)[1— fF’) ]}. (8) 


W (k’+—+k+), for example, represents the transition 
probability from a k’+ state to a k+ state. The first 
sum in this expression comes from the scattering process 
in which the electron spin is not reversed. Only the 
¢ component of the perturbation (2) contributes to this 
process so that the spin component S,! of the Mn ion 
does not change either. Therefore, this scattering is 
elastic. On the other hand, the second sum arises from 
the process which is accompanied by a change_of the 
spin direction. This” process is due to the £ and 9 
components of (2) and is inelastic. 

First we shall consider the part arising from the 
elastic scattering. From assumption (4), the transition 
probability is given by the sum of the transition 
probability due to each Mn as follows: 


W (k’+—>k +) 


2r 
= “ial 25° | V(k’—k)+S,°/ (k’—k) |6(Fy— Ew). 


Now we denote the number of Mn ions by N 4 and the 
probability with which S,! takes a value of m by wy+, 
where + and — mean the + and — groups of ions. 
Then the summation over m in the above expression 
can be replaced by that over m, so that 


Qn N { : 
rk t ) N 2 >? Wa 
h 2 m 


W (k’ + V(k—k’) 


FmJ (k—k’)|?6(Ey— Ey), (9) 


where the summation is taken both over m from S to 
— S and over w,,* and w,,”. We get the same expression 
for the inverse probability. With the use of (3) and the 
energy conservation relation for this process, we have 


f*(k’)(1 — f*(k) J— f*(k) (1 — f*(k’) J 
0 fol Ex) 
(k 


ak, 


&b* (Fy) z* k,'). (10) 


Inserting (9) and (10) into (8) and using (4), we obtain 
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(aft eo! for the elastic collisions, 


aft 1 Na Vf2mv! 8 fo( Ex) 
( ) ( ) E,§k,& +(Fy) 
OL J el. cot. 44h N NNW Ok, 


ler 8 6\ |? 
x>vo+ wn f v( 2 sin )sems( 2 sin ) 
- QJ, | 2 27 | 


X< (1—cos#) sinédé. 


OL) et 


(11) 


Next we shall consider the inelastic collisions. In this 
case, since the ¢ component of the spin of the Mn ion 
is changed in the internal magnetic field 7*, the energy 
of the Mn spin system changes, and the transition 
probability becomes 
W (k’ 


*k+) =W(k+—k’—) 


Qr V 4 
V-*! J (k’ 
n 2 


k) |? 


XE #(S(S+1) 


m 


m(m+1)}Wmyr? 
KO(E y+ gull? 


W (k—-—>k’+-) 
lr Na 


N~-*| J(k’—k) |? 
h 


KD S(S+1) —m(m+1)} wet 


X5(Fy—gull+—Fy), (12') 


where g is the g factor of the Mn’* ion and y is the 
Bohr magneton. With the use of (3) and the energy 
conservation relation, we obtain the following relations: 
Wnt ft(Ey)[1— f-( Ey’) J 


Wmt1 J (hy {* (Ex) ] 


O folly) I 
Wm* 


Ok y 1 


fo( Ex’) 
fol lx) 
KE{ kt (Ey) — kb (Ey), (13) 
f- (Ex) ]— myst (ELI 
AfolEx) fol Ew) 

fol Fx) 

kt (Ey’)}. 


Wm f(y’) fr (ky’) | 


Wm 
Oly 

K {kW (Fy) (13’) 
Here we have used the thermal equilibrium value for 
the distribution function w,,. In so far as the s-d exchange 
interaction is isotropic, w,, does not deviate from its 
equilibrium value. Inserting (12), (12’) and (13), (13’) 
into (8), replacing the summation over k by an inte- 
gration with the use of (4), and neglectingYguH+ 
compared with Ey because we need only @*(/,) at the 
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Fermi surface as seen from (5) and (6), we obtain Inserting (11) and (14), (14’) into the Boltzmann 

aft Eq. (7) and putting Ey= Ey, we obtain the equation 

( ) which determines the shift of the Fermi sphere *(E,) 
inel, col 


al as follows: 


1 tT (=) 1 Pithasetal 79) Ey! he 1 Na -(- lar, 
ae " + =) Ey P $(S+1) 
4rh N N\# Oly m 4rh N N 


“2seres.t\. y 
xd {S(S+1)—m(m+1))w,4 2 exp(gull*, ‘kT) 


— m ( 1 ” 
explaall*/AT) exp (Pa B)/AT +4} Patina me ee 


ennai N/kT +1 <[Ab*(E,) — BOF (E)) 4+ [E* mn *D 


2 
| a(2 sin ‘) sinddd &* (Fy) 
| £2 Ct mwntF+2G b*(E,y)}=0, (15) 


1 0 |? here 
Flu sin ) cos sinddp@-(E,)}, (14) 
2 0 2 


1 "| 6 2 
af / fC sin.) sin6d6, 
( ) 2J, | 2 
inel, col 
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( P , 

exp (Zy— E,)/kT )+1 2J, 9 ) 
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exp (24 — gull*— E,)/kT +1 


igh 6\ |? 
1 ’*| 6\ |? ; v( 2 sin- ) (1—cos@) sinédé. 
x| (2 sin ) sind &~ (Iy) 275 | 2 
40 | 
1 


IE 
_— A-B, (16) 


" a ne (15) are the simultaneous equations for 


f (2 sin.) cos sinddé &+(E,) (14) *(2,). We note that the shift of the Fermi sphere is 
We 2/ | an ni for + and — spins. Solving (15), we obtain 


2F Y m* Mwm*( Ot (Ly) +> (Ey) | 
+ (,) oo (E,) ( aes ), (17) 
2G+D ¥ mt mwm*+ (A+ B)E mt LS (S+1)—m(m+1) Jomt(1+tanh (gull */2k7) | 


and 


[ot (Ey) + (E,)}" 


m N,V 2m! ; ; 
( ) B26 + DY mt mwmt+Y mt LS (S+ 1) —m(m+1) Jwm* [1+ tanh (gull */2kT) }} 
Sreh? N NNW 


AF? (>- t mwm*)? 
; Se mm? + (A+B)E m2 S(S+1) —m(m+1) pom? 1+ tanh (gull +, ana 
Thus, we obtain the resistivity from (6) with the use of (18) as follows: 
3nm 1 VNa 


R: | 26 + DEE mt mwm*+E m*LS(S+1)—m(m+1) jwm*[1 +tanh (gull */2kT) }} 
4 2 hE, N ‘N 


4(>-,.+ mw»,*)*F 
-( )I (19) 
2G+D ¥ mt mwmt+(A+B)E mtLS(S+1)—m(m+1) Jwm*{[1+tanh (gull*/2kT) | 
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Here, G comes from the purely spin-independent inter- 
action, D, A, and B come from the purely spin-de- 
pendent interaction, and F comes from the cross term 
of these two interactions. The / term makes an essential 
contribution to the magnetoresistance, as shown in the 
next section. The result (19) is independent of the 
angle between the external electric field and the 
quantization axis of the spins. 


III. COMPARISON WITH EXPERIMENTAL RESULTS 


1. Electrical Resistivity 


In the absence of an external magnetic field and for 
the antiferromagnetic ordering of Mn spins which has 
experimentally been found,‘ the total magnetization 
of the Mn spins vanishes and the molecular fields H* 
and H~ are equal in magnitude but opposite in sign, 
namely 


Lom Mm t +> m MWy =0, 


Therefore, the resistivity (19) can be written as 


H++H-=0. 


3nm 1 VN 
2 @nE,;N N 


gull + 
—} + may tanh ( )|}. (Hext=0). (20) 
m 2kT 


1 
fon Dj S(S+1) 


At higher temperatures than the Néel temperature, 
we can put >>, mw,,*=0 and H+=H~=0, and the 
resistivity becomes 


3rnm 1 VN4« 
[G+DS(S+1)], 

2 e& hE,;N N 

(Hext=0,T>T wy), (21) 

where the contributions from £, », and ¢ components of 
the exchange interaction are equal. Thus, the resistivity 
above the Néel temperature becomes independent of 
the temperature. Actually, even above the Néel 
temperature, however, the molecular fields 7* and H 
acting on each Mn spin are not quite zero though their 
average values over all the Mn spins vanish. Thus, the 
effect of the short-range order on the resistivity would 
be more significant than that on the magnetic proper- 
ties. This effect gives rise to a gradual increase of the 
resistivity even above the Néel temperature superposed 
on the rise of the normal resistivity due to the lattice 
vibrations. At temperatures below the Néel temperature 
the expression (20) decreases, and at absolute zero it 
reaches the value 


3nm 1 VN, 
hus (G+DS), 
2 e@RnE,;N N 
(A yz~=0, T7=0). (22) 


The difference between the value at absolute zero and 
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that above the Neél temperature is given by 
3nm 1 V 


AR — DS, 
2 e&@nk,N N 


(23) 


If we use here the value of the Fermi energy ky=1.1 
X10-" erg, N/V =8.5X 10” per ce for pure copper, the 
free electron mass, and S=$, and if we estimate (D)! 
to be equal to the exchange integral for a free Mn* ion 
J=3.5X10-" erg, we obtain AR=0.06 wohm cm per 
atomic percent Mn. This value is smaller than the 
experimental value’®'* AR=0.2 wohm cm per atomic 
percent Mn by a factor of 3. This means that we should 
take 1.7/9 as a value of D', where Jo is the exchange 
integral for a free Mn* ion.'* Since D is really a weighted 
average of the square of the Fourier component of the 
exchange integral J(k—k’) as seen from (16), this 
agreement is satisfactory. 

The functional form of (20) is similar to that obtained 
by Schmitt" for the inelastic scattering only, and its 
temperature dependence is described by the curve 
(Fig. 2, a=0) of his paper.” However, our result in 
cludes also the elastic part. Moreover, Schmitt assumed 
the ferromagnetic ordering of Mn spins at low temper 
ature. In our result, the last term of (19) which vanishes 
in the antiferromagnetic case would give an additional 
important contribution in the case of ferromagnetic 
ordering. In the antiferromagnetic case the temperature 
dependence given by (20) can be fitted to the experi 
mental result for the alloys with more than one atomi 
percent Mn by a suitable choice of the parameters. 
However, the minimum and maximum found experi 
mentally for lower concentration cannot be explained 
by our result, 


2. Magnetoresistance 


Now we shall estimate the ratio of D to G with the 
use of the data obtained by Schmitt and Jacobs" for a 
sample containing 1.8 atomic percent Mn, In the 
absence of an external magnetic field, from (21), (22) 
the values of resistivity at absolute zero and above the 
Néel] temperature are 


Rro 
R(T y) 


C(2+2S8°D/G), 
C[2+25(S+1)D/G), 


3nm 1 VN, 
G, (Hex,=0) 
4@nE,N N 


The corresponding experimental values are approxi 
mately Rrio=4.6 wohm cm and R(T y) 
Inserting these values into the above expressions, we 


5 wohm cm 


6 The result (21) has also been obtained by Rodriguez (unpub 
lished). Owen et al.4 based their discussion of the 
this unpublished calculation but the analysis contains a numerical 
error so that their final estimate of the resistance should be 
larger by a factor of 48 


resistance on 
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Taste I. Experimental and calculated values of magneto 
resistance for a sample containing 1.8 atomic percent Mn at 
20.4°K and 2.5°K. Experimental values have been read from the 
curves obtained by Schmitt and Jacobs.” The double values are 
due to the hysteresis effect. 


Magnetic field, \ 
kilo-oersteds / 74 #72 G61 60 


Temperature, °K 204 2.5 204 2.5 


(100(m)/S)exp 55 $5 46 45 
48 


(1000ARi) exp, 3. 6.6 
pohm cm 


—(1000AR 1) cate, , 5 64 
pohm cm 


* See reference 14. 

+ Note added in proof.-The experimental values of (m)/s given in the 
paper of Schmitt and Jacobs'* have been referred to an S value of 2 instead 
of 5/2. Therefore, the calculated values in this table should be reduced by 
about 35%. I should like to thank Dr. R, W. Schmitt for pointing out this 
fact 


obtain 


D/G=0.045, Rroo=2.56C, R(Tw)=2.78C. (25) 


When the magnetic field is applied, the change of the 
resistivity consists of two parts, one from the second 
term of (19) which is proportional to D and the other 
from the third part of (19) which is proportional to F*. 
We shall see later that the former part contributes 
about ten percent of the latter and for the present we 
shall neglect the former part. Then, neglecting the small 
change of the denominator due to the external magnetic 
field in the third term of (19), we conclude that the 
magnetoresistance has a negative sign and is propor- 
tional to the square of the magnetization 4N4)on* mitp*. 
The coefficient of proportionality is large and when the 
magnetization is saturated, AR/Rroo= —0.68, as shown 
later. For a low magnetic field, the magnetoresistance 
is proportional to the square of the magnetic field and 
also to the square of the susceptibility. The suscepti- 
bility shows a maximum at the Néel temperature so 
that the magnetoresistance is expected to show a 
maximum at that temperature. 

Now we shall go back to the general expression of 
(19). For an infinite magnetic field and any finite 
temperature, (19) gives 


D 6S 
. ), (Hext=@). (26) 
24+-28-D/G CG 


The first two terms in this expression are just Rroo 
given by (24) and they are smaller than R(7Ty) by 
2CSD/G=0.22C. The third term of (26) becomes 
1.74C, where using (16) we have put F?/G? approxi- 
mately equal to D/G. If we assume that the second 
term in (19) changes monotonically with temperature 
and magnetic field, then we see that its maximum 
change is less than ten percent of the third term of 
(19) when the temperature or the magnetic field is 
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altered. This justifies the neglect of this term in the 
discussion above of the magnetoresistance. The value 
of R, is estimated as about 0.82C and this corresponds 
to 32% of Rroo. For a low magnetic field applied in 
the direction of the preferred axis of spins below the 
Néel temperature and in any direction above the Néel 
temperature, the change of the second term of (19) 
proportional to D can be shown to be proportional to H?. 
Above the Néel temperature, we can expand w,,* 
and tanh(guH*/2kT) with respect to H+. Then, we see, 
as mentioned above, that the term linear in H* vanishes 
and the term quadratic in H* arises from the term 


—> nt mw,,* tanh(guH*/2kT). (27) 


Tanh(guH*/2kT) can be expanded as guH*/2kT for 
small H+. On the other hand, the average magnetization 
(m)= > m MWm* is given by the Brillouin function 
SBs(guSH/kT). This behaves like 4S(S+1)(guH/kT), 
so that for small magnetic field tanh(guH*/2kT) can 
be expressed as —[3/S(S+1)](S-m mw,*)*. Thus, 
above the Néel temperature and for a small magnetic 
field, we have 


ARn 1 | 3 
Ryuo 24+2S(S8+1)D/GIUS(S+1) 


16 


D 
| (m)?, (28) 
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$ 
2+4+25(S+1)D/G 


Here we put F?/G~D and A+B~D. If we use D/G 

~0.045 estimated in (25), we see that the first term is 

only six percent of the second term. This situation 

would not change much below the Néel temperature. — 
From (28), we obtain 


/ 
Rue 0- 


Ss 


(m 


~ARy=0.61 (29) 


Schmitt and Jacobs'* have measured the magnetization 
(m), and the magnetoresistance for the same sample. 
The following table shows the values of the magneto- 
resistance and the magnetization for a 1.8 atomic 
percent alloy obtained by Schmitt and Jacobs" and the 
calculated values of the magnetoresistance. 

The Néel temperature of this concentration seems to 
be about 15°K, and the resistance at 20.4°K was 
calculated from (29) using the experimental values of 
(m). At 2.5°K the resistance was calculated from (19) 
neglecting the change of the second term. The agree- 
ment is quite good above Ty, but below Ty the calcu- 
lated resistance is about 70% of the measured value. 
It is estimated that including the second term in (19) 
would increase this by approximately 10%. It was also 
implicitly assumed in using (19) to calculate the 
resistances below Ty shown in Table I, that the mag- 
netic field is parallel to the preferred direction. How- 
ever, it seems more reasonable to suppose that the 
experimental values correspond to an average over-all 
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TABLE ITI. Effective s-d exchange integral. 


. Anomalous g value of Mn ion* 


. Relaxation time for Mn spin 


. Anomalous resistivity 


. Anomalous magnetoresistance 


. Néel temperature* anomalous width» 
of Cu nuclear resonance 


* See reference 6, 
> R, Behringer, Phys. Chem, Solids (to be published), 


field direction, but such an average has not been 
calculated, In any case the resistance is independent 
of the direction of the applied electric field, as observed 
experimentally, unless higher order interactions in- 
cluding spin-orbit coupling are taken into account. 


IV. CONCLUSIONS 


The present calculation on the basis of an s-d inter- 
action gives an anomalous resistivity which is smaller 
than the experimental value by a factor of about 3. 
This means that the effective exchange integral D! is 
larger than the free-ion value by a factor of 1.7. This 
value is quite reasonable. The temperature dependence 
is in good agreement with the experimental results for 
the alloys containing more than one atomic percent Mn. 
However, the present theory does not give the maxi- 
mum and the minimum in the resistivity vs temperature 
curve which have been found for lower concentration. 
The magnetoresistance obtained here agrees quite well 
with the experimental values. Thus, it can be concluded 
that the s-d interaction is the essential factor for the 
electrical properties as well as the magnetic properties 
of Cu-Mn alloys, but that the phenomenon of the 
resistivity maximum and minimum might not be 
explained by this interaction only. 

Table II conveniently summarizes the effective s-d 
exchange integral responsible for several quantities. 
For the estimation of the calculated values in this 
paper, it was assumed that J(q) is constant and equal 
to the value for a free Mn* ion. Such an assumption 
makes all effective exchange integrals in this table 
equal to the free-ion value. 

The present calculation can easily be extended to the 
case of ferromagnetic metals. For pure ferromagnetic 
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Complicated: the precise g dependence of the Fourier component of the exchange 
integral determines the nature of the effective spin-coupling between spins. 


metals, the perturbing potential does not include any 
spin-independent part so that we have no contribution 
from the cross term in (19). Moreover, when all the 
localized d-spins of the ions are in the same spin state, 
the potential becomes periodic and there is no elastic 
scattering. Hence subtracting out the mean magnet- 
ization of each atom, we can replace }° mw, in the 
second (elastic) term of (19) by 3°(m—(m))*w,, and 
putting N4=N, we obtain the resistivity due to s-d 
interaction for ferromagnetic metals as 


3rnm 1 V 


D{>—.(m 
2 e& hk, N 


+S ml S(S+1) 


(M) w)°Wm 


m(m+1) }wml1+tanh(gull/2kT) |}, (30) 
where H is the sum of the internal field and the external 
field. The interesting fact about this expression is that 
the expansion of (30) with respect to the external field 
below the Curie temperature includes a term linear in 
the external field in contrast to the antiferromagnet 
case. Thus, we can expect a decrease of resistance 
proportional to the external field for ferromagnetic 
metals from the same s-d interaction mechanism. 
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Simultaneous measurements of surface recombination velocity and trapped charge density in the fast 
states as a function of surface potential are carried out on germanium surfaces at fixed gaseous ambients and 
temperatures. The surface potential is varied over a range of about 10 k7'/q by the application of ac fields 
normal to the surface. For the surfaces studied, the distribution in energy of the fast states is found to 
consist of four discrete sets of levels. Only one of these sets is significant in the recombination process, 
being characterized by relatively high capture cross sections for holes and electrons. Another set has negligible 
cross sections and appears only in the field-effect data. The two remaining sets of levels lie outside the 
range of surface potential attained and little can be said about their properties. Detailed investigation of 
the surface recombination process shows that the energy level of the recombination centers is temperature- 
dependent, increasing slightly as the temperature is decreased. The field-effect data indicate that such is 
also the case for the other surface states. 

Repeated measurements on the same sample over a long period in vacuo and in various gaseous ambients 
show that the structure of the fast states is markedly affected by these ambients. Initially, with the sample 
in vacuo, rapid changes in interface structure take place: the energy levels, the density, the ratio of the 
capture cross section for holes to that for electrons, as well as the cross sections themselves, all decrease 
with time. After a few days in vacuo, stabilization is essentially reached; following that, repeated exposures 


to different ambients result in reproducible changes in structure which persist for many weeks. 


INTRODUCTION 


T is now well established! that there are two distinct 
with the free 
surface of germanium. These are referred to as “fast 


kinds of surface states associated 


states” and “‘slow states.”’ The former are characterized 
by the fact that charge in them can follow rapidly 
changes in the space-charge region, the times involved 
being of the order of microseconds or less.'! These states 
are in good electrical contact with the bulk and are 
probably situated at the interface between the ger- 
manium and the germanium oxide layer. The slow 
states, on the other hand, are characterized by long 
time constants, of the order of seconds or minutes, and 
are more closely associated with the structure of the 
oxide layer and the adsorbed chemical material.' 

The present paper is concerned with the study of the 
properties of the fast states on etched germanium 
surfaces. Such information can be obtained by varying 
the surface potential and following the resulting changes 
in surface properties. The variation in surface potential 
can be effected either by exposing the filament to 
different gaseous ambients, such as those used in the 
Brattain-Bardeen cycle,’ or by the application of strong 
electric fields normal to the surface (field effect). The 
validity of the former procedure rests on the assumption 
that the variation in gaseous ambient leaves the distri- 
bution and other properties of the fast states unaffected. 
Experimental evidence will be presented here that this 
assumption is not altogether justifiable. The use of the 


* This work represents part of a dissertation to be presented by 
DD. Gerlich to the Faculty of Science of the Hebrew University in 
partial fulfillment of the requirements for the degree of Ph.D 

1R. H. Kingston, J. Appl. Phys. 27, 101 (1956). 

*W.H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 
(1953). 


field effect is therefore preferable provided, of course, 
that a sufficient swing in surface potential can be 
obtained. This is indeed the case with the techniques 
used in this laboratory; the variation in surface poten- 
tial is of the same order of magnitude as that obtainable 


by gaseous ambients. 

Simultaneous measurements of surface recombination 
and surface conductance as a function of the capacita- 
tively applied field have been carried out on a number 
of germanium filaments at different fixed ambients and 
temperatures. From these measurements, the depend- 
ence of surface recombination velocity and trapped 
charge density in the fast states on surface potential 
can be deduced.*~* These physical quantities depend on 
the distribution and capture cross sections of the fast 
states. The recombination data can yield information 
only on those states which have sufficiently large cross 
sections to be effective in recombination. The field- 
effect results, on the other hand, give information on 
the density distribution of all fast states, irrespective 
of their cross sections. The combined measurements can 
thus determine, among other things, which of the 
different fast states are active in recombination. It is 

* Many, Harnik, and Margoninski, Semiconductor Surface 
Physics (University of Pennsylvania Press, Philadelphia, 1957). 

4W. L. Brown, Phys. Rev. 100, 590 (1955). 

* Brown, Brattain, Garrett, and Montgomery, Semiconductor 
Surface Physics (University of Pennsylvania Press, Philadelphia, 
1957). 

* Garrett, Brattain, Brown, and Montgomery, Semiconductor 
Surface Physics (University of Pennsylvania Press, Philadelphia, 
1957). 

7W. H. Brattain and C. G. B. Garrett, Bell System Tech. J. 35, 
1019 (1956). 

*C. G. B. Garrett and W. H. Brattain, Bell System Tech. J. 35, 
1041 (1956). 

9S. Wang and G. Wallis [private communication (to be 
published) ]. 
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found that in most cases the experimental data can be 
satisfactorily accounted for by four discrete sets of 
surface levels. One of these sets is a recombination 
center, being prominent in both the field effect and the 
recombination data. Another set is definitely not active 
in the recombination process, although its density is 
comparable to that of the first. It is difficult to draw 
definite conclusions regarding the two remaining levels, 
as they are situated outside the range of surface poten- 
tial values attained experimentally. 

A marked effect of the surrounding ambients on the 
distribution and characteristics of the fast states is 
observed. Initially, with the freshly etched sample in a 
vacuum of 10-° mm Hg, rapid changes in surface 
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structure take place. After a few days, stabilization is 
essentially reached. It is then found that repeated runs 
in vacuum and in gaseous ambients result in repro- 
ducible changes in structure which persist for many 
weeks. 


STATISTICS OF SURFACE-STATE DISTRIBUTION 


For a given distribution in energy of fast states, both 
the surface recombination velocity s and the trapped 
charge density V,, depend on the surface potential ¢, 
Considering one set of states having a single energy 
level, the application of Shockley and Read’s theory of 
bulk recombination" to a semiconductor surface leads* 
to the following expression for s: 


N Cp( pote) 
2n; exp(q¢o/kT){coshl (E£.— Eix—q¢o)/kT ]+-coshlqg(¢s— ¢0)/kT J} 


§ 


where go= (Rk7'/2q) In(cp/cn), cp and c, are the capture 
probabilities per state per unit time for holes and 
electrons, respectively, m, is the intrinsic carrier con 
centration, p, and m are the bulk hole and electron 
concentrations, NV; is the number of states per unit 
area, and (£,—£,)/kT is the difference between the 
states’ energy and the intrinsic Fermi level, measured 
in units of kT. The surface potential g, is defined by 
q¢.= Er—E,+qV,, where Ey is the Fermi level and V, 
the barrier height. 

Equation (1) predicts that s has a maximum value 
(sw), and is symmetrical about ¢,=¢o. A plot of s 
as a function of gy, gives the values of c,/c, and 
| F.— E;—qgo|. From the latter quantity, two values 
for the energy level ,— /; of the recombination centers 
can be deduced ; one corresponds to the actual position 
of the centers, the other is spurious. ‘To determine the 
energy level unambiguously, either the temperature de- 
pendence of sy or two s versus gy, curves for different 
temperatures must be experimentally known.’ 

The trapped charge density in the fast states, for one 
set of states having a single energy level /:, is given by 
the Fermi distribution function as 

N, 
Ou=— . , (2) 
1+ expl_( Eu— Ei— 9.¢4) /RT 


or by a sum of terms of this type when several sets of 
levels are present. The charge density in Eq. (2) is 
measured in units of the electronic charge q. 


EXPERIMENTAL METHOD 


The filaments studied were etched in CP4 and placed 
between two thin mica sheets. The outer faces of the 
sheets were coated with silver paint to serve as elec- 
trodes in the application of the transverse field. This 
assembly was then inserted into a cryostat in which the 
ambient gas and temperature were controlled. The 
quantities actually measured were filament lifetime r, 


(1) 


and filament resistance R,;, both as a function of the 
applied voltage between the electrodes and the filament 
These were measured by means of the circuit shown 
schematically in Fig. 1. The double bridge on the right 
is identical with that described previously.’ It is acti 
vated by a voltage pulse, and r, and Ry are measured 
by means of the series combination RC and the decade 
resistance Rp, respec tively, the two cathode ray Ose illo 
scopes serving as null indicators. In the technique 
described previously,’ however, the surface potential 
was varied by the application of de fields, a procedure 
which rendered the measurements very difficult due to 
the relaxation effects arising from the charging up of 
the slow states. This difficulty is removed and the 
accuracy appreciably increased in the present tech 
nique by the use of ac fields of suitable frequency 
(usually 50 cps). The ac voltage applied to the plates 
and the triggering signal for the pulse generator are 
both supplied by two secondary windings of the same 
transformer. The phase-shifting network shown on the 
left in Fig. 1 is adjusted so that the pulse applied to the 
bridge coincides with either the positive or negative 
crest of the voltage applied to the plates. As the pulse 
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Fic. 1. Double-bridge circuit for the simultaneous measurement 
of lifetime and surface conductivity 


 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952) 





A. MANY AND 


(qa) 


D. GERLICH 





O 1,*289°K 
| ee 
| @ T2*264 K 

P| 

| CURVES 

+ --4~ +4 @ 4—- —4 

e 
kG |° 





. 
. 











—— THEORETICAL 


Fic, 2. Surface recombination velocity (a) and 
trapped charge density (b) and (c) versus qg./kT 
for an n-type sample of 21 ohm-cm resistivity, 
in vacuo (run 3 in Table I). 
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duration is much shorter than the period of the ac 
voltage, this arrangement ensures a constant field at 
the surface throughout the application of the pulse. 
By varying the amplitude of the ac voltage, r, and Ry, 
which are measured in the double bridge activated by 
the pulse, can be determined as a function of this 


amplitude. 
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The measured Ry values are used to evaluate the 
corresponding changes in surface conductance and 
from these, the ¢, values are determined,"-" using 

" J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 

” R. H. Kingston and S. F. Neustadter, J. Appl. Phys. 26, 718 
(1955). 

uC. G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 
(1955). 
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TABLE I. The properties of the two sets of levels, E, and E,’, of an n-type sample of 21 ohm-cm resistivity and 
crystallographic orientation (100) as affected by various ambients. 


SM 
(cm sec™) 
T1 T1 


(Ey —Ei)/kT 
T. 


Time 


Ambient (days) Ti 


340 
500 
450 
650 
390 
450 
420 
490 
550 
380 
400 
530 
580 
540 
490 
260 
540 


Vacuum 
Vacuum 
Vacuum 
Vacuum 
On 
Vacuum 
da 
Vacuum 
Vacuum 
Or 
Ne 
Vacuum 
2 
Ni(+Hz:2) 
N2 
Or 
Vacuum 


- 2O. 
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the Schrieffer mobility correction. The surface re- 
combination velocity s at each ¢, value is computed"* 
from r,. Finally, from the ac amplitude, in conjunction 
with the predetermined capacitance between the plates 
and the filament (usually in the range 50-100 micro- 
microfarads), the total induced surface charge density 
is determined. By subtracting the theoretically known 
space-charge density'!? corresponding to the different 
¢, values, the trapped charge density as a function of ¢, 
is obtained. This latter procedure is essentially identical 
with that devised by Brown,‘ but here the measurement 
is taken point by point. 


RESULTS 


The measurements were carried out on n-type 
samples. The bulk lifetime was large enough to ensure 
that with the thicknesses used (about 0.02 cm) and the 
s values encountered bulk recombination was negligible 
compared to surface recombination. Repeated runs of s 
and Q,, versus qg,/kT at two temperatures were taken 
in vacuo and in different gaseous ambients over a period 
of several weeks. Fairly high accuracy is required to 
detect changes in surface structure in the various 
ambients. This is obtainable with the techniques used 
provided the samples have suitable properties. For one 
thing, the filament should be carefully etched so as to 
insure a uniform surface potential. The method of life- 
time measurement used here'® is easily able to determine 
nonuniformities in the microscopic sense. (There is no 
available means of detecting irregularities on an atomic 
scale.) Another factor is that n-type is much more 
suitable for this investigation than p-type material. 
This latter is due to the following considerations. The 
accuracy in the vicinity of the surface-conductance 
minimum is inherently low.’ Whereas in n-type samples 
this region (y,<0) occurs outside the range of g, which 
yields pertinent information on the significant states, 
in p-type samples it coincides with the interesting range 


144 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950). 
16 A, Many, Proc. Phys. Soc. (London) B67, 9 (1954). 
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(y,>0). The high accuracy also permits a more detailed 
investigation of the surface-recombination mechanism 
than was possible in a previous paper.’ In order to 
enable precise and unambiguous analysis of the recom- 
bination data, only those surfaces were studied in which 
essentially one single set of recombination centers was 
present. 

In Fig. 2 typical results for an n-type sample of 21 
ohm-cm resistivity and crystallographic plane (100) are 
shown. The measurements were taken three days after 
etching, the filament having been kept during this time 
in a vacuum of 10-* mm Hg (run 3 in Table 1). The 
circles and dots in Fig. 2(a) represent measured values of 
5/Sm versus q¢,/kT for the two temperatures 7°; = 287°K 
and 7,=264°K. The quantity sy in each case is the 
maximum value of s for the corresponding temperature, 
while 7’ equals 7; and 72, respectively. The theoretical 
solid curves are plots of Eq. (1) with go=1.1(¢p/cn=9), 
| (Ei— Ex q¢0)/kT1| = 3.0, and | (Li— Ei— qo) /kT 4 | 
=4.7, This means that (#,—,)/kT,;=1.143.0 and 
(E.— Ey) /kT2= 1144.7. If one assumes that £,— E; is 
temperature-independent, the actual levels are those? 
for which their ratio is equal to 7\/7,(= 1.09). Ob- 
viously, of the two possibilities, 4.1 and 5.8 fulfil this 
condition much more closely. However, the fact that 
this ratio is somewhat larger than 7/7, indicates that 
E.— E; is temperature-dependent to some extent, in 
creasing with decreasing temperature. This same charac 
teristic is also exhibited in the measured temperature 
dependence of sy. This conclusion is confirmed in al) 
other samples studied and is definitely beyond the limit 
of error. On the other hand, ggo/kT and hence c,/c, is 
seen to be temperature-independent. As will be shown 
in Table I, c, and c, themselves are also temperature- 
independent within the limits of error. 

In Figs. 2(b) and 2(c) the complementary data’ of 
the trapped charge density Q),, in the fast states versus ¢, 
are shown, Q,, having been set equal to zero for the 
¢, Value corresponding to the undisturbed surface (zero 
field). The calculations show that Q,, constitutes about 
WY of the total field-induced charge. The ultimate aim 





MANY AND 


(a) 























gh5/kT 


(b) 


 _- rs 
~~ EF 295 Ne L2m10" 





E; Ej 4 10 
mts 43° Ni cBxl0 
kT, 4.3; Np 28x10 


——COMPOSITE CURVE 
| © EXPERIMENTAL DATA 
(1,°293°K) 





‘ 
_ 
— 











=20x10"" 
“4 





qPs /kT, 


of the analysis is to fit the experimental data by a sum 
of terms of the type given by Eq. (2). The states de- 
duced from the recombination data form the basis of 
this analysis, as their energy levels are accurately known 
from data which is independent of the field-effect 
results. The fact that the swing in ¢, is sufficiently 
large to enable the Fermi level at the surface to pass 
through these states makes it possible to determine N, 
quite reliably. It follows from Eq. (2) that the slope of 
the Q,, versus gy,/kT curve at g¢,= E,— EF; is equal to 
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Fic. 3. Surface recombination velocity 
(a) and trapped charge density (b) and (c) 
versus qg./kT for an n-type sample of 21 
ohm-cm resistivity, in dry nitrogen (run 
11 in Table I). 
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N,/4. If one considers Fig. 2(b), for example, this slope 
leads to a value of 1.5 10!! cm-? for Ny. The dashed 
curve represents Eq. (2) for this value of N, and for 
Ei — E/kT\=4.1. It is seen that the experimental points 
and the dashed curve differ by a constant quantity 
over an appreciable range of g¢,/k7. This is taken to 
mean that in this range another set of states is saturated 
with electrons. Using this saturation value and the 
experimental points in the range of g¢,/kT from —2 


to 2, the energy and the density of this other set of 
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levels is determined as (E,/—£,)/kT,;=—1 and N/ 
= 1.210"! cm~?, respectively. The corresponding Q,, 
function is shown as the dotted curve in Fig. 2(b). As 
can be seen from the s/sy data, this set of levels does 
not contribute to the surface recombination. The solid 
line is the sum of the dashed and dotted curves, and is 
seen to fit the experimental data over a wide range. 
The same values of NV, and N;’, with (Z,— E,)/kT2:=5.8 
and (E,/—E;)/kT,;=—1, are used to construct the 
curves in Fig. 2(c). The two sets of levels just discussed 
cannot account for the experimental points at negative 
and extreme positive values of g,. This question will be 
taken up subsequently. 

Figure 3 represents similar measurements on the 
same filament, but in a gaseous ambient of dry nitrogen 
following a series of different ambients during a period 
of six weeks (run 11 in Table I). The analysis is 
carried out in a completely analogous manner to that in 
the previous case. In accordance with the known effect 
of nitrogen on the slow states,! the value of ¢, for the 
undisturbed surface shifts to the right. For this reason 
the levels corresponding to (Z,/—£,)/kT=—1.3 are 
already saturated at zero and positive fields, and hence 
in this range the experimental data are completely ac- 
counted for by the recombination set of levels alone. 
Here again, however, the two sets of levels E, and E;’ 
cannot account for all the experimental data. Another 
pair of sets above and below £; seems to be present as 
well, One set is situated near the conduction band, and 
a fit with the experimental data at large positive ¢, 
yields for N,expl—(4.—£,)/kT ] the values 2X 10° 
and 6X10? at 7; and 7», respectively. Essentially the 
same values are obtained from all the other measure- 
ments on this sample. The fact that an exponential 
expression is used in this fit indicates that the energy 
level of this set is far removed from Ej, i.e., by at least 
6-7 kT. It is likely that this level may be responsible 
for the small departure of the experimental s/s values 
from the theoretical curves [ Fig. 3(a) | for yg, large and 
positive.t Regarding the other set, situated below /,, 
little can be said. The experimental accuracy is low, 
the pertinent gy, region being near the minimum of the 
surface conductance. A rough estimate indicates that 
the position of this level is at least 5 kT below £;j. 
A general characteristic of sufaces in gaseous ambients 
which is almost absent in vacuo is the slight charging 
up of the slow states by the applied ac field, due to the 
asymmetrical process of charging and discharging. ‘This 
is manifested by small shifts of the quiescent value of ¢, 
(corresponding to zero applied field) during the meas: 


t Note added in proof.—Another possible explanation for this 
departure is that the Schrieffer mobility correction which was 
used in extracting the values of surface potential from the surface 
conductance data is not sufficiently accurate. For example, it has 
been pointed out by Ham and Mattis (American Physical Society 
Meeting, Toronto, June 22-24, 1955) that in calculating the 
mobility in thin channels it is necessary to take into account the 
anisotropy of the constant energy surfaces. 
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urements of the field effect. To avoid this, the latter 
are carried out rapidly. 

Figures 2 and 3 are typical examples of a large 
number of runs on the same sample from immediately 
after etching to 10 weeks later. Some of these runs are 
summarized in Table I, where the density and charac- 
teristics of the two sets of levels #, and ;’ are given for 
different ambients. In the third column of ‘Table I, the 
times of exposure to the various ambients are given, 
beside which is indicated, in parentheses, the over-all 
time elapsed since the etching. In all cases the cryostat 
was continually evacuated for not less than 24 hours 
prior to a change in ambient. Most runs consisted of 
measurements at 7)=288°K and at 7)= 204°K. Only 
dried ambients were used, so as to permit measurements 
at the lower temperature. c,/c, is obtained from go 
while c,/v7r, where vr is the thermal velocity of the 
holes, is evaluated from sy, Ni, and &,—, by using 
Eq. (1). The values of £,’— £, and N;’ are derived from 
the field-effect data as described in connection with 
Fig. 2. 

The estimated accuracy of the quantities appearing 
in Table I is as follows. For the recombination levels 
the margin of error in (/2,— /\)/kT is +0.3, while that 
in N; is about 15%. An appreciably larger error is 
involved in (/:;'— £,)/kT and in N/¢ as they are inferred 
but indirectly and from the field-effect data only. 
Regarding ¢p/c, and c,/v7, their accuracy is inherently 
poor as they are given by exponential terms in go and 
(Ek, — E,)/kT. The values quoted may differ by a factor 
of the order of 2. 

The most pronounced feature in ‘Table I is the 
relatively rapid change in surface structure during the 
first few days in vacuum after etching. The energy 
levels, density of states, and c,/c, decrease appreciably 
from run 1 to run 3. Following the latter, the structure 
has more or less reached stabilization. There is, subse 
quently (runs 4-10), a persistent and reproducible 
change between vacuum and oxygen, the oxygen tend 
ing to lower the energy levels, the density of states and 
the capture cross sections. Although this difference is 
bordering on the limit of error, its systematic occurrence 
makes this conclusion fairly reliable. Beginning at run 
11, other ambients are introduced. Here again, changes 
in surface structure are seen to take place. /,— /,, for 
example, is still further decreased by the nitrogen, 
while the effects of hydrogen and ozone are more 
similar to that of vacuum. In contrast to oxygen and 
nitrogen, the effects of hydrogen and to some extent 
ozone persist for several days after their removal and 
continuous evacuation, as can be seen from run 14 

Another example of the change in surface structure 
between vacuum and oxygen is shown by the recom 
bination data in Fig. 4(a). The sample used is n type, 
of 18 ohm-cm resistivity and no particular crystallo 
graphic orientation. One set of measurements was 
carried out in vacuum, shortly after etching, while the 
other was performed after 24 hours of exposure to 
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4. Surface recombination velocity versus qy,/kT for an n-type sample of 18 ohm-cm resistivity, in vacuo and in 


dry oxygen: (a) shortly after etching; (b) two weeks after etching. 


oxygen. Figure 4(b) represents similar measurements 
but two weeks later. It is seen that the structure, at 
least as far as the recombination levels are concerned, 
has reached stabilization, differences between vacuum 
and oxygen being no longer detectable. 
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Fic. 5. “Growth” of recombination centers during the 24 hours 


following etching, for an n-type sample of 18 ohm-cm resistivity, 
in vacuo. 


The “growth” of new recombination centers as a 
result of the exposure of a freshly etched surface for 
24 hours to the low pressure of 10° mm Hg is illustrated 
in Fig. 5. The sample is the same as that in Fig. 4, but 
following another etching. The experimental results 
both immediately after etching and 24 hours later 
exhibit a complex structure in the sense that more 
than one set of levels is significant in the recombination 
process. Subtraction of the two experimental curves, 
however, gives an s/s curve which is typical of a single 
set of recombination levels, thus indicating that in the 
growth process only one set is evolved. 


DISCUSSION 


An important advantage in the experimental pro- 
cedure described is the possibility of determining 
accurately the energy level of one set of surface states 
(the recombination centers). In this manner the analysis 
of the complementary field-effect data is rendered 
unambiguous to a large extent. The field effect by 
itself is hardly sufficient to determine uniquely the 
distribution in energy of the states; different distribu- 
tion functions, ranging from a discrete scheme to a 
continuous one can equally account for the experi- 
mental data. The conclusion reached in this work, that 
for the surfaces examined the distribution of the fast 
states is essentially discrete, is believed to be fairly 
reliable. Perhaps the most obvious proof of the discrete 
nature of this distribution, apart from the good fit in 
the field-effect data, is given by the closeness of the fit 





FAST STATES 
between the recombination results and the theoretical 
expression [Eq. (1) ] corresponding to one discrete set 
of levels. For a given surface, this fit is separately 
maintained for each temperature, but different values 
for the energy level of the centers should be used in 
each fit. It appears that a change in surface chemistry 
occurs with variation of the temperature. This is con- 
ceivable in view of the effect of the gaseous ambients 
on the surface structure, an effect which could be in- 
fluenced by temperature. Such a variation, however, 
leaves the capture cross sections unaltered (Table I), at 
least within the experimental accuracy. The rise of 
energy with decreasing temperature is also exhibited by 
the other sets of levels deduced from the field effect. 
This can be seen, for example, from Fig. 2(c) (corre- 
sponding to the lower temperature), where a better fit 
could be obtained with a higher value of £;’. The reason 
for choosing the same value of E;' for both temperatures 
was merely to reduce the number of adjustable param- 
eters to a minimum. It is possible that such changes in 
surface structure with temperature prevented Brown 
et al.® from carrying out a unified analysis of the field- 
effect data at different temperatures. 

Of the four energy levels deduced, fairly complete 
information can be obtained only about the two lying 
closest to E,, namely /, and E,’. The fact that EZ,’ does 
not contribute to the recombination process indicates 
that its capture cross section for at least one type of 
carriers is negligible compared to that of £;. This shows 
that the assumption of Garret and Brattain® that the 
capture cross section is independent of the energy of 
the level is not always justifiable. 

The results presented in this paper show conclusively 
that the ambients affect the structure of the fast states, 
in agreement with results reported previously’ and with 
those reported by Wang and Wallis.’ It should be noted 
that only the effects of prolonged exposure of the 
surface to the different ambients, of the order of several 
hours or more, could be investigated here. This is due 
to the fact that the measurements require about two 
hours for each run and it was necessary to ensure that 
the surface had reached equilibrium with the surround- 
ing ambient before starting the run. Brattain and 
Garrett’ and Montgomery and Brown,'® on the other 
hand, find no such effect of the different ambients on 
the interface structure. It is possible that with the 


relatively short exposure times used in the Brattain- 


16H. C. Montgomery and W. L. Brown, Phys. Rev. 103, 865 
(1956). 
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Bardeen ambient cycle, no appreciable change in inter- 
face structure can take place. 

The behavior of the surface during the first few days 
after etching is different for the two samples described 
in Fig. 5 and Table I, respectively. In the former case 
additional states seem to have “grown” during the 24 
hours following etching. In the latter case, on the other 
hand, it appears as if the growth of the new states 
(energy level of about 4 k7) is simultaneously accom- 
panied by the vanishing of the original states (energy 
level 6 kT). 

Several authors**:!6.'7 report different values for the 
parameters characterizing the pertinent fast states. 
The spread in these values is within the range of the 
changes encountered here in a single sample over a 
period of several weeks and in the various ambients; 
almost all reported values can be found in Table I. In 
other words, the present results show that in general a 
surface cannot be uniquely characterized by a single 
set of parameters, as its structure depends on its past 
history after etching. Sample orientation and chemical 
treatment are probably important factors affecting the 
interface structure, but preliminary results indicate 
that differences due to such factors are smaller than 
those induced by exposures to the various ambients. 

Although several general statements about the inter- 
face structure could be made from the results reported, 
the main issues remain unanswered. For one thing, no 
explanation can be given for the change in energy of 
the fast states with temperature. The effect of gaseous 
ambients on the fast states, especially several weeks 
after etching—during which time a stable oxide layer 
has presumably been established—is most surprising, 
in view of the separation of these states from the outer 
surface of the oxide. Finally, much has to be done in 
order to establish the origin of the various fast states; 
to what extent they are determined by sample orien- 
tation, bulk imperfection, chemical treatment, and 
gaseous ambients. The factors responsible for the char- 
acteristics of each individual set of levels, such as its 
density and cross sections, need also be clarified. 
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The electrical resistivity, the Hall coefficient, and the thermoelectric power of spectroscopically pure 
tellurium decrease abruptly on melting. The Hall coefficient and the thermoelectric power remain positive 


° 


above the melting point up to approximately 575°C where they reverse their sign and above which they 
remain negative up to the highest temperatures measured. The resistivity continues to decrease with rising 
temperature in the liquid until it approaches a constant value at about 650°C. The experimental results 
indicate that semiconducting properties persist in the liquid state and that a gradual transition to metallic 


conduction takes place at higher temperatures. 


INTRODUCTION 
mM?" metals crystallize in either face-centered 


cubic or body-centered cubic lattices with co- 
ordination numbers of 12 or 8 except in the case of some 
of the so-called “semimetals” like bismuth. Upon 
melting, the structure is essentially disordered and in 
most cases the electrical conductivity decreases as 
predicted by the theory of Mott.' However, in the case 
of bismuth the conductivity in the liquid is larger than 
in the solid, contrary to the simple theoretical expecta- 
tions but in agreement with the anomalous behavior 
of the solid. It looks as if the number of carriers in the 
liquid is an order of magnitude larger than in the 
solid. Recently a similar behavior has been observed 
in antimony? where the conductivity increases on 
melting and the Hall coefficient decreases. 

The following investigation was prompted by the 
fact that it is known from the x-ray investigations of 
Hendus* that liquid germanium has a coordination 
number of 8 as compared to the coordination number 
of 4 in the solid and that the density of the liquid is 
greater than the density of the solid. Therefore, one 
might expect that liquid germanium should behave 
like a metal and not like a semiconductor, with the 
resistivity increasing with increasing temperature.‘ 

On the other hand, there are semiconductors such 
have structural 


tellurium which 


which might be preserved 


as selenium and 


elements—spiral chains 


even in the amorphous and the liquid state. In amor- 
phous selenium it has been found® by x-rays that the 
number of nearest neighbors is 2, just asin thecrystalline 
solid, and that the distance between nearest neighbors is 


*In part based on Ph.D. thesis of May 1954 by A. Epstein, 
now at Federal Telecommunication Laboratories, a division of 
IT and T Corporation, Nutley, New Jersey. 

+ Now at Institute of Metals, University of Chicago. 

t Supported by Signal Corporation Contract. 

1N. F. Mott, Proc. Roy. Soc. (London) A146, 465 (1934). 

2G. Busch and O. Vogt, Helv. Phys. Acta 27, 241 (1954) 

*H. Hendus, Z. Naturforsch. 2a, 505 (1947). For a discussion 
of the change in structure, density, and electrical properties of 
elements on melting see also references 9 and 16. 

4 This was actually found by A. S. Epstein and independently 
by R. W. Keyes, Phys. Rev. 84, 367 (1951). 

* K. Lark-Horovitz and E. P. Miller, Phys. Rev. 51, 380 (1937) 


preserved, Electrical investigations of liquid selenium® 
indicate that it remains a semiconductor in the liquid 
state with predominant hole conduction. 

It was of particular interest to investigate the 
electrical properties of liquid tellurium since it was 
possible to produce extremely pure tellurium ingots and 
to observe the solid-liquid transition in this material. 
The Hall coefficient, the thermoelectric power, and 
the resistivity of tellurium over a wide range of tem- 
peratures were investigated. 

A brief summary of the structural and electrical 
properties of tellurium will be helpful for discussing 
the experimental results. 


TELLURIUM 


Tellurium crystallizes in a hexagonal structure’* 
as shown in Fig. 1 with the atoms arranged in spiral 
chains, each sharing covalent bonds with its two 
nearest neighbors in the chain. The chains are held 
together by forces of Van der Waals type. Every 
third atom is directly above another atom in its chain, 
so that the projection of the chain on a plane perpen- 
dicular to the ¢ axis is an equilateral triangle. The 
hexagonal lattice is achieved by locating a chain at 
the center and at each of the six corners of a hexagon. 
The relatively weak bonds between chains generate 
planes of easy cleavage parallel to the c axis. The 


| 


Fic. 1. Chain structure of 
tellurium. Similarly shaded 
atoms are in the same plane 
in neighboring chains and 
above each other in the 
same chain. a=4.44A; ¢ 
=5.92 A; d=2.86 A; a 
= 102.6° 
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T 
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*G. Borelius et al., Arkiv. Mat. Astron. Fysik 30A, No. 14 
(1944); 31A, No. 17 (1945); H. W. Henkels and J. Maczuk, J. 
Appl. Phys. 25, 1 (1954); F. Eckart, Ann. Physik 14, 233 (1954). 

7A. von Hippel, J. Chem. Phys. 16, 372 (1938). 

* E. Grison, . Chem. Phys. 19, 1109 (1951). 
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Fic. 2. Arrangement for measuring Hall coefficient, resistivity, 
and thermoelectric power of liquid tellurium. L = Lavite container, 
M=magnet poles, H= heater, Cu=copper shield, G= glass wool, 
V=Vycor tube, A=Alundum tube, S=Lavite spacer, Br= brass 
base, W=cooling-water connections, R=O-ring seal, C= Kovar 
to glass seal, Ch=liquid-nitrogen cooled charcoal trap 


melting point is 445°C* and the entropy of fusion is 
given as 5.80 cal/g-atom deg." 

Several investigators!! have studied the electrical 
properties of single-crystal tellurium of various degrees 
of purity. The results show that tellurium is always a 


p-type semiconductor at low temperatures. Other 
elements added to the tellurium in small concentra- 
tions may introduce acceptors; none has been found so 
far which acts as a donor. As tellurium becomes in- 
trinsic at higher temperatures, the sign of the Hall 
coefficient reverses and becomes negative, indicating 
a mobility of the electrons larger than that of holes. 
The forbidden energy gap is about 0.35 ev. 

The sign of the Hall coefficient reverses back to 
positive at about 230°C in the intrinsic range. This 
second reversal temperature is independent of the 
impurity concentration. This anomalous second sign 
reversal of the Hall coefficient of tellurium has been 

A. S. Epstein, Ph.D. thesis, Purdue University, 1954 (un- 
published). 

1 (. Kubaschewski, Trans. Faraday Soc. 45, 931 (1949). 

1 P. I, Wold, Phys. Rev. 7, 169 (1916); A. E. Middleton, Ph.D. 
thesis, Purdue University, 1944 (unpublished); W. E. Scanlon, 
Ph.D. thesis, Purdue University, 1948 (unpublished); W. E. 
Scanlon and K. Lark-Horovitz, Phys. Rev. 72, 530 (1947); 
V. E. Bottom, Phys. Rev. 74, 1218 (1948) ; 75, 1310 (1949) ; Science 
115, 570 (1952). Fukuroi, Tanuma, and Tobisawa, Sci. Repts. Re 
search Inst. Tohoku Univ. 1, 373 (1949); 2, 239 (1950); 4, 283 
(1952). A. Nussbaum, Phys. Rev. 94, 337 (1954); Kronmiiller, 
Jaumann, and Seiler, Naturforsch. Ila, 243 (1956). 
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interpreted as evidence of the existence of a second 
narrow band inside the conduction band." At higher 
temperatures an appreciable concentration of electrons 
will then be excited into this low-mobility conduction 
band, thus decreasing the average mobility of the 
electrons below that of the holes so that the sign of the 
Hall coefficient 
another interpretation,’ the 
another high-mobility band into which holes are excited 
at high temperatures, thus increasing the average 
mobility of the holes above that of the electrons and 
causing the Hall coefficient to become positive. 

The measurements of optical absorption of tellurium 
seem to be in better agreement with this interpretation'® 
than with one previously given'® which relates the 
positive Hall coefficient above 230°C to an increase in 
hole concentration due to an increase of the number of 
lattice defects with rising temperature 

The electrical properties of tellurium are strongly 
anisotropic. The resistivities of intrinsic tellurium at 
20°C are p))=0.26 ohm cm 0.51 ohm 
parallel and perpendicular to the ¢ axis, respectively. 
The ratio of the resistivities in these two directions is 
approximately independent of temperature at high 


reverses to positive. According to 


valence band contains 


and p; cm, 


Q Shih 


¥ 


Fic. 3. Lavite container L for Halland resistivity measurements 
1-4 voltage perme; 5, 6 current electrodes; A, Bb Chromel-Alumel 
thermocouples 


2H. B. Callen, J. Chem. Phys. 22, 518 (1954) 

4 Regarding this interpretation, see the comments of G 
Dresselhaus, Phys, Rev. 105, 138 (1957). 

4H. Y. Fan, seminar lecture, 1954 (unpublished) 

16 See comment on reference 12 by Dresselhaus. 

1©W. Schottky (private communication to K. Lark-Horovitz, 
1950); H. Fritzsche, Science 115, 571 (1952); S. Tanuma, Sci 
Repts. Research Inst. Tohoku Univ. 6, 159 (1954) 
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lic. 4. Temperature dependence of the resistivity of liquid and solid tellurium measured 
in a Lavite container with long, narrow bore. 


temperature (intrinsic range). The anisotropic proper- 
ties of the Hall coefficient have not been investigated 
systematically. Measurements of the thermoelectric 
power with temperature gradients parallel and perpen- 
dicular to the ¢ axis will be presented below. 


EXPERIMENTAL PROCEDURE 


The electrical measurements were carried out using 
the apparatus shown in Figs. 2 and 3. Container L, 
which held the tellurium, was made of Lavite and baked 
at a temperature of 900°C. Tungsten wires or graphite 
probes were put through the openings at 1 to 6 in good 
contact with the tellurium. Tungsten, Lavite, and 
spectroscopically pure graphite do not react noticeably 
with tellurium. 

All measurements were performed 
distilled spectroscopically pure tellurium in a stream 


with doubly 


of helium at atmospheric pressure. 

The potential differences were measured with a con- 
The current- 
voltage characteristic was found to be ohmic up to 9 
amperes/cm’. The Hall voltage was proportional to 
the dc magnetic field up to 4200 oersteds, and the 
thermoelectric voltage was proportional to the tempera- 
ture gradient up to 6 degree/cm. These were the largest 
values used for the respective quantities. 


ventional dc compensation method. 


EXPERIMENTAL RESULTS 
(a) Resistivity 


A typical graph of the temperature behavior of the 
resistivity of tellurium is shown in Fig. 4. In the solid 
the resistivity decreases exponentially with increasing 
temperature according to an intrinsic energy gap of 
approximately 0.34 ev. In a limited interval before 
melting, the resistivity decreases faster with increasing 
temperature. At the melting point the resistivity of this 
particular ingot drops discontinuously by a factor of 
11.7. If one goes to higher temperatures in the liquid, 
the resistivity continues to decrease until it slowly 
approaches the constant value of 3.6 10~* ohm cm at 
about 625°C, and remains constant up to 670°C, above 
which temperature it slowly rises. 

Tellurium can be supercooled sometimes to a tem- 
perature of 400°C. The resistivity-temperature curve 
in the supercooled region is a smooth continuation of 
that in the normal liquid region. 

After solidification the resistivity will depend on the 
average orientation of the polycrystalline ingot. In the 
case of Fig. 4, reproducibility of the average orientation 
of the crystallites and hence of the resistivity was 
obtained by using a long Lavite container 2 mm in 
diameter. 

After the measurements were completed, the Lavite 
containers were dissolved in hydrofluoric acid in order 
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Fic. 5. Same as Fig. 4 using Lavite containers with large cross sections 


to investigate the orientation of the crystallites by 
x-rays.!” In long, narrow containers the c axes of the 
crystallites were inclined by angles of 0° to 15° away 
from the long axis of the bore which was the direction 
of current flow. 

The result of measurements carried out with con- 
tainers of larger cross sections is shown in Fig. 5. The 
resistivity in the liquid is reproducible for all ingots of 
various cross sections. A great number of measured 
points have been omitted on this graph for clarity. 
In the solid the resistivity curves are shifted parallel 
to each other because the over-all resistivity depends 
on the average orientation of the crystallites which is 
not reproducible for ingots with larger cross sections. 
Values between 12 and 20 were obtained for the ratios 
of the resistivity of the solid to that of the liquid 
tellurium at the melting point. 

One ingot with the largest resistivity and another 
with the smallest resistivity were investigated by 
x-rays.!”? From this a factor of 1140.5 and a factor 
of 21+-0.5 were obtained as the best estimates for the 
resistivity ratios at the melting point for orientations 
parallel and perpendicular to the ¢ axis, respectively. 


(b) Hall Effect 


The temperature dependence of the Hall coefficient 
of solid and liquid tellurium is shown in Fig. 6 for two 


17 We are grateful to I. Geib and W. Binnie (Purdue University) 
for the x-ray investigations, 


measurements. In the solid the sign of the Hall coeff 
cient reverses to positive with increasing temperature 
at about 230°C as discussed above, and retains its 
positive sign to the melting point. The magnitude of the 
Hall coefficient at the melting point ranges from +-0.2 
cm*/coulomb to +0.4 cm*/coulomb depending on the 
orientation of the crystallites. Because of the small 
dimension of the ingot in the direction of the magnetic 
field the c axes were in all cases perpendicular to the 
direction of the magnetic field. The large Hall coefficient 
corresponds to the ¢ axis oriented more nearly perpen- 
dicular to the current flow, the smaller Hall coefficient 
corresponds to the ¢ axis oriented more nearly parallel 
with the current flow. 

At the melting point the Hall coefficient shows a 
discontinuous decrease by a factor varying between 
10 and 20 to a value in the liquid of 4+-0.02 cm*/coulomb. 
The Hall coefficient of the liquid continues to decrease 
with increasing temperature until its sign reverses again 
to negative at a temperature of about 575°C, 

The Hall curve is found to be retraceable in the 
liquid and it continues smoothly into the supercooled 
region. After solidification one again finds different 
values due to the anisotropy of the Hall coefficient. 

To check the validity of the results in the liquid, the 
dependence of the Hall voltage on the current, the 
magnetic field, and the thickness of the sample was 
tested. The Hall voltage was found to vary linearly 
with current and magnetic field and was inversely 
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Fic, 6. Two measurements of the Hall coefficient of liquid and solid tellurium as a function of 1/7. 


proportional to the thickness. The thickness was 
changed by a factor of 2. 


(c) Thermoelectric Power 


Figure 7 shows some typical curves of the thermo- 
electric power of tellurium against tungsten. Above 
403°K the thermoelectric power increases with increas- 
ing temperature and assumes positive values above 
453°K. A spread in the magnitude of the thermoelectric 
power for different samples from about +120 micro- 
volts/degree to about +300 microvolts/degree is ob- 
served at higher temperatures. On melting there is a 
discontinuous decrease to +9 microvolts/degree in the 
liquid. The value in the solid at the melting point 
varies from +100 microvolts/degree to +260 micro- 
volts/degree. 

The proximity of the temperatures at which the signs 
of the Hall coefficient and of the thermoelectric power 
of the liquid reverse might be a coincidence since the 
correction which has to be applied to obtain the absolute 
thermoelectric power of liquid tellurium may not be 
negligible. A vertical shift of the thermoelectric power 


curve will in turn change its reversal temperature 
considerably. 

The large spread in magnitude of the thermoelectric 
power in the solid can be attributed to the anisotropy 
of tellurium. Figure% 8 shows the result of thermo- 
electric power measurements on a single crystal of 
tellurium. For a temperature gradient parallel to the 
c axis the thermoelectric power reaches a value of 
+320 microvolts/degree, for a temperature gradient 
perpendicular to the ¢ axis a value of +135 microvolts/ 
degree at 623°K. 

DISCUSSION 

In discussing the electrical properties of liquid metals 
and alloys one usually tries to apply the theories of 
electric conduction of the crystalline state to the 
liquid state by treating the liquid as a highly disordered 
solid. This approach yields quite satisfactory results 
in the case of true liquid metals. In these the con- 
centration of free carriers is constant and the tempera- 
ture dependence of the resistivity can be explained 
by the increase of scattering with rising temperature. 
Germanium also seems to show metallic conduction 
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Fic. 7. Thermoelectric power of several tellurium ingots measured against tungsten 


with a temperature-independent carrier concentration 
in the liquid state. 

In contrast to these are the liquid semimetals Bi and 
Sb, with rather strongly covalent bonds. The tempera- 
ture dependence of the resistivity of these liquids can 
be understood as a combination of two competing 


temperature, due to increasing scattering, and the other 
is the transition in the liquid from covalent bonding 
into metallic bonding, a decomposition of aggregates of 
the original crystalline type of binding which still exist 
in the liquid state. This will consequently result in an 
increase of free-carrier concentration and a decrease of 
the resistivity with rising temperature if one makes 
the plausible assumption that the electrons used for 
covalent or heteropolar bonding do not contribute 
noticeably to the electrical conduction. 

The last assumption, however, seems not to hold 
in the case of liquid tellurium. The strongest evidence 
for a different behavior is the reversal of the sign of the 
Hall coefficient in the liquid. The Hall coefficient can 
become zero only if there are two kinds of carriers of 
opposite sign contributing to the conduction at the 
same time. A noticeable contribution of tellurium ions 
to the excluded because their 
mobility is smaller than that of the electrons by 
several orders of magnitude. Hence one is led to the 
conclusion that electrons and holes participate in the 
conduction of liquid tellurium. Hole conduction in 
amorphous and liquid selenium also indicates that the 
existence of holes is not restricted to periodic crystalline 
structures. 


conduction can be 


The results of x-ray investigations'® on tellurium 
slightly above the melting point have shown that not 
only the coordination number but also the nearest 
neighbor distance of the crystalline state is preserved 
in the liquid. This indicates the presence of covalent 
bonds which orient and bind a certain fraction of the 
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Fic. 8. Thermoelectric power of a tellurium single crystal as 
measured with temperature gradient respectively parallel and 
perpendicular to the ¢ axis 

16 Buschert, Geib, and Lark-Horovitz, Phys. Rev. 98, 1157 
(1955). 
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9. Semiconducting and metallic contributions to the conduc 
tivity of liquid tellurium (after V. A. Johnson") 


tellurium atoms in chains. This fraction will be larger 
at temperatures near the melting point than at very 
high temperatures where chains of appreciable length 
will become increasingly improbable. 

A possible explanation for the observed electrical 
behavior may be the following. In general one can 
assume tellurium ions, free electrons, and tellurium 
atoms bound by covalent forces into chains of various 
length to be present in liquid tellurium. The chains 
will be ionized giving off free electrons which leave 
behind holes, i.e., missing covalent bonds, which in 
turn are able to migrate within the chains. 

At temperatures immediately above the melting 
point the chain structure of the liquid seems to be so 
predominant that conduction by holes dominates con- 
duction by free electrons due to the larger mobility of 
the holes. As a consequence the Hall coefficient and 
the thermoelectric power have positive signs. As the 
temperature increases, the concentration of tellurium 
ions will increase and the number of covalent bonds 
and, therefore, of holes will decrease until at very high 
temperatures the liquid will be composed solely of 
tellurium ions held together by the same number of 
free electrons. In this way one might understand that 
the Hall coefficient and the thermoelectric power re- 
verse their sign and become negative at higher tempera- 
tures. The two reversal temperatures do not have to 


AND LARK-HOROVITZ 
coincide because the condition for sign reversal is in 
general different for the two quantities. 

Johnson" succeeded in expressing the conductivity of 
liquid tellurium as a sum of a metallic conductivity 
o and a semiconducting conductivity o4., each weighted 
by the probability of finding the tellurium atoms 
ionized or bonded in chains, as 


dares (1—f)onct fom, 


where f is a Boltzmann factor e~¥/*". Since the tangent 
of the loge vs 1/T curve in the liquid at the melting 
point corresponds to the forbidden energy gap Eg of 
solid tellurium, o,, can be found from oo exp(— Eg/2kT) 
with oo determined from the conductivity of the liquid 
at the melting point. The metallic conductivity o,, is 
assumed to be inversely proportional to the absolute 
temperature, ¢,=A/T, with A determined from the 
conductivity maximum. Figure 9 shows that good agree- 
ment with the experimental results is obtained with an 
energy W of approximately (0.48—4.8X 10-‘7) ev. 

The interpretation of the discontinuous decrease at 
the melting point of the resistivity, the Hall coefficient, 
and the thermoelectric power is complicated by the 
presence of two kinds of carriers in the liquid as well as 
in the solid. Thus one must consider possible changes 
in the concentration of electrons and of holes and a 
change of their respective mobilities to take place 
during fusion. 

Since the slopes of the resistivity curves in the solid 
and the liquid are approximately equal at the melting 
point, the energy necessary to dissociate an electron 
from the filled octet shells of the tellurium chains seems 
not to change greatly on fusion. The density of states, 
however, a parameter which depends sensitively on the 
lattice structure must be expected to change at the 
phase transition this causing a change in carrier con- 
centration. It is difficult to estimate the effect of melting 
on the effective mass of the holes since the existence 
of the holes depends on the existence of the covalent 
bonds which are still intact in the liquid. 

The mobilities of the charge carriers will decrease on 
melting due to the higher degree of disorder in the liquid. 
Furthermore any change of the effective masses will 
also change the mobilities. 

The anisotropy of the solid which seemingly dis- 
appears upon melting can probably be observed even 
in the liquid if one succeeds in aligning the tellurium 
chains parallel to each other. This could perhaps be 
achieved by producing a laminar flow of liquid tellurium 
through narrow containers but such measurements have 
not yet been performed. 

Evidence in the liquid for the presence of aggregates 
of nonmetallic binding, which resembles closely the 
type of binding in the corresponding crystalline states, 


VY. A. Johnson, Purdue University Report, 1954 (unpublished) ; 
Phys. Rev. 98, 1567 (1955). 
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has been found in many liquid alloys which belong to 
the compound systems of Sauerwald.” 

In conclusion, one may say that the assumption of 
chains in the liquid and a gradual change of predomi- 
nantly metallic bonding at very high temperatures 
makes it possible to understand the semiconducting 

*F. Sauerwald, Z. Metallkunde 35, 105 (1943); 41, 97 (1950); 
41, 214 (1950). 
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properties of liquid tellurium and the gradual transition 
to metallic conduction at high temperatures.” 


" After this work was completed we learned that there are a 
number of Russian papers® which discuss liquid semiconductors. 
However, these papers do not contain any Hall effect measure 
ments and are not carried out with material of the purity which 
we have been able to produce. 

2 Blum, Mokrovskii, and Regel, Izvest. Akad. Nauk 16, 139 
(1952); N. P. Mokorovskii and A. P. Regel, J. Tech. Phys. 
(U.S.S.R.) 25, 2093 (1955) 
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The electrical resistivity, Hall coefficient, and thermoelectric power of microscopic boron single crystals 
have been measured as a function of temperature. Rectification and photoconductivity effects were ob 
served at room temperature. The large majority of these single crystals had a high resistivity (about 1.7 x 10° 
ohm cm at 300°K) which decreased by a factor of nearly 10" as the temperature was increased from 200°K 
to 1000°K. A few crystals, however, had a much lower resistivity at 300°K (less than 100 ohm cm) and 
at this temperature their resistivity decreased much more slowly with increasing temperature. Such be 
havior is attributed to donor impurity levels. From data in the high-temperature range (800°K to 1000°K ) 
the energy gap between the filled band and conduction band was calculated to be 1.554-0.05 ev. Hall, 
thermoelectric, and rectification studies indicated that hole conduction predominated for all crystals at 
high temperatures but that electron conduction predominated for the low-resistivity crystals near 300°K 
The mobilities of the charge carriers at 300°K were found to be the order of one cm? volt™ sec™ with the 
hole mobility the larger. Non-ohmic conduction was observed and shown to arise from Joule heating. 


I. INTRODUCTION 


F the semiconducting elements, boron is perhaps 
the least understood with regard to the electrical 
properties of single crystals. Theoretical calculations of 
the electronic structure are difficult, owing to the 
extremely complicated crystal structure. Hoard, 
Geller, and Hughes! find 50 atoms in a tetragonal unit 
cell having ao=8.73+0.02 A and c¢o=5.034-0.02 A. 
Forty-eight atoms are at the vertices of four nearly 
regular icosahedra which are centered tetrahedrally and 
linked so that each boron atom has six bonds to the 
corners of a pentagonal pyramid. The mean distance 
to the six neighbors is between 1.75 and 1.80 A. The 
remaining two atoms form only tetrahedrally directed 
bonds to complete the network. Experimentally, 
adequate resistivity and Hall measurements on single 
crystals have not been reported because of the lack of 
large specimens. 
The electrical resistivity of polycrystalline boron was 
first measured by Weintraub? and later by Warth,’ 


* This work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 

t Present address: Naval Ordnance Test Station, China Lake, 
California. 

1 Hoard, Geller, and Hughes, J. Am. Chem. Soc. 73, 1892 (1951) 

2 E. Weintraub, Trans. Am. Electrochem. Soc. 16, 165 (1909) ; 
J. Ind. Eng. Chem. 5, 106 (1913). 

3A. H. Warth, Trans. Am. Electrochem. Soc. 47, 62 (1925). 


Freymann and Stieber,‘ and others; a summary has 
been written by Moss.* More recently, the thermoelec- 
tric power and other electrical properties of poly 
crystalline samples have been reported by Lagrenaudie,® 
by Uno, Irie, Yoshida, and Shinohara,’ and by Jacobs- 
meyer, Friedrich, and Badar.* These investigations show 
that boron is a semiconductor with hole conductivity 
predominant at high temperatures. 

The present investigation’. is the first in which single 
crystals have been studied. This work was made pos 
sible by the development of micromanipulative tech 
niques previously reported." 

The single crystals were grown by Huibregtse and 


‘R. Freymann and A. Stieber, Compt. rend. 199, 1109 (1934) 

°T.S. Moss, Photoconductivity in the Elements (Academic Press, 
Inc., New York, 1952), Chap. II, apes ie 89-92 

6 J. Lagrenaudie, J. phys. radium 13, 554 (1952); 14, 14 (1953) 

7 Uno, Irie, Yoshida, and Shinohara, J. Sci. Research Inst 
Tokyo 47, 216 and 223 (1953). A typographical error seems to 
exist in Fig. 3, p. 218. The activation energy 0.44 ev should 
probably read 1.44 ev. 

5 Jacobsmeyer, Friedrich, and Badar, Office of Ordnance 
Research Project No. 627, Final Report, St. Louis University, 
October 15, 1954 (unpublished); Phys. Rev. 91, 492 (1953) ; 94, 808 
(1954). 

* Preliminary results have been presented at American Physical 
Society meetings: Shaw, Hudson, and Danielson, Phys. Rev. 89, 
9OO(A) (1953); 91, 208(A) (1953). 

” Shaw, Hudson, and Danielson, U. S. Atomic Energy Com- 
mission Report ISC-380, August, 1953 (unpublished) 

'' Shaw, Hudson, and Danielson, Rev. Sci. Instr. 26, 237 (1955); 
W. C. Shaw, Rev. Sci. Instr. 26, 238 (1955). 
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Shinn” by the reduction of boron tribromide with 
hydrogen upon contact with a hot tantalum filament. 
The method has been described by Laubengayer, Hurd, 
Newkirk, and Hoard.” The largest crystals (weighing 
about 5 micrograms) were about 0.1 mm by 0.1 mm by 
0.3 mm, 

The crystals by optical, x-ray, 
and spectroscopic methods. Microscopic examination 
showed that faces characteristic of a tetragonal single 
crystal were clearly visible. Laue patterns showed the 


were examined 


specimens to be single crystals but in some cases 
doubling of spots suggested twinning. Spectroscopic 
analyses of the original agglomerates showed no de- 
tectable metallic impurities except tantalum and silver; 
both of these were completely removed by chemical 
cleaning. Impurity concentrations too small to be 
detected spectroscopically could, however, greatly affect 
the electrical properties. 


Il. RESISTIVITY MEASUREMENTS 
: A. Apparatus and Procedure 


Photomicrographs of microscopic boron crystals 
mounted for conductivity measurements are shown in 
Figs. 1 and 3 of reference 11. The method of mounting 
has been described elsewhere." 

Figure 1 shows a block diagram of the universal 
potentiometer which was used to measure probe 
potentials and crystal current. In use, the potential of a 
probe (P) was matched to that of the slider on the 
helipot (7) by means of the impedance-transforming 
vacuum tube electrometer (£) and the galvanometer 
(G). The crystal resistance was found by comparison 


le J lo) 


LL. 


sta 


ae 


(v) 





Fic. 1. Circuit for resistivity and Hall measurements. B: bat 
tery, to 180 v; V: Voltmeter (vacuum tube); D: potential divider, 
120 K by 20 K; H: helipot, 100 K; /: microammeter; S: series 
resistance, 100 megohm by powers of ./10; E: electrometer 
(vacuum tube); 7’: probe selector; Y: crystal; G: galvanometer; 
4: amplifier, dc; Ff: filter; R: recorder 


A. G. Shinn, M.S. thesis, Iowa State College Library, Ames, 
Iowa, 1950 (unpublished) 

 Laubengayer, Hurd, Newkirk, and Hoard, J. Am. Chem. Soc 
65, 1924 (1943). 
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with the precision series element (S), using ratios ob- 
tained with the precision potential divider (D and #). 

Measurements above room temperature were carried 
out with the crystal mount in a constant temperature 
furnace. Measurements at temperatures between 25°C 
and —80°C were carried out with the crystal mount 
contained in a desiccated test tube immersed in coolant. 
At low temperatures the resistance was too high for the 
circuit of Fig. 1. In this case, an electrometer was used 
to measure the crystal current. 

The procedure employed with crystal No, 46 (Fig. 1 
of reference 11) is illustrative of the measurements. 
Preliminary experience on discarded crystals indicated 
the regions of temperature and current which were 
safe to use without electrical or physical damage to the 
sample. The potentials of all probes were obtained as a 
function of crystal current with the furnace at room 
temperature (25°C); these data were entirely re- 
producible. At higher temperatures data were confined 
to the ohmic region of resistance. Data were first taken 
from 25°C to 150°C and back to 25°C. Low-temperature 
measurements were then made between 25°C and 
-80°C. The crystal was encased in ceramic cement 
(Sauereisen No. 29) and returned to the furnace for 
measurements between 25°C and 750°C. Below 4+80°C 
the finite resistance of the mounting was significant but 
at 150°C the previous data were reproduced. Variations 
on this procedure were carried out with numerous 
crystals. Some were successfully carried to 450°C and 
one to 650°C in uncemented mounts. In most cases the 
high-temperature data were obtained with the end 
probes alone. It was shown that the effects of contact 
resistance were negligible at all temperatures and that 
the data gave an accurate indication of the temperature 
dependence of resistivity. 

An interesting feature of the electrical properties of 
the tiny crystals is their apparently non-ohmic con- 
ductivity over a wide temperature range. The effect 
was shown to arise from Joule heating. Whenever 
necessary, values reduced to those 
appropriate to zero current." 


resistance were 


B. Results 


Resistance data were taken on twenty-eight crystals. 
Twenty-three had substantially identical characteris- 
tics; this behavior will be called “typical” for our 
crystals. Three had somewhat lower resistivity and two 
departed radically from typical behavior. The two 
anomalous specimens (Nos. 103, 104) were especially 
selected for low resistivity in exploratory tests on over 
250 crystals. Many of the tiny crystals had irregular 
shapes but four were selected for the determination of 
resistivity from dimensional data. The resistivities of 
the others were determined by normalization at high 
temperatures. 

Table I shows the room temperature resistivities of 
eight boron crystals. The room-temperature resistivity 
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TABLE I. Resistivity of boron at 300°K 


Crystal number 30 40 

Width (microns) 91 80 

Thickness (¢) (microns) 74 87 

Diameter (microns) 

Segment length (L) (microns) 121 

Total length (microns) 45 150 

Segment resistance (R) 
(megohms) 

Total resistance (megohms) 

Resistivity (9) (megohm cm) 
from dimensions 

Resistivity (megohm cm) ‘ h7 
from normalization 

Energy gap (£,) (ev) 


1100 


« By definition this resistivity is 1.7 megohm cm (see text) 


(p) of each of the four crystals 46, 30, 47, and 45 was 
calculated directly from the equation p= RA/L, where 
R is the segment resistance reduced to zero current. The 
segment length () and other dimensions for computing 
the cross-sectional area (A) were measured with the 
aid of a calibrated microscope reticule. Crystals 30, 40, 
23, and 104 were approximately rectangular in cross 
section while crystals 45, 46, and 47 were approximately 
circular. Instrumental errors in resistance measure- 
ments were less than 1%. The uncertainty in absolute 
resistivity arising from dimensional uncertainties was 
approximately 159% (standard deviation). 

The resistivity of the typical crystal 46 was deter- 
mined over the temperature range 200°K to 1000°K. 
The resistivity of the other crystals was then obtained 
by normalization of total (end to end) resistance data 
at high temperatures (800°K to 1000°K). Over this 
temperature range, all crystals were assumed to have 
the same resistivity and the same dependence of 
resistivity upon absolute temperature as would be 
expected in the intrinsic range. The resistivity at 300°K 
obtained by normalization at 900°K and the resistivity 
at 300°K obtained from the measured dimensions can 
be compared in Table I for crystals 30, 47, and 45. ‘The 
agreement is better than would be expected from the 
dimensional uncertainty and affords considerable justi 
fication for this reasonable normalization procedure. 
Crystals 30 and 40, like crystal 46, were typical crystals 
with a resistivity of 1.7 megohm cm at 300°K. Crystals 
47, 45, 103, and 104 had lower resistivities owing, 
undoubtedly, to higher impurity concentrations. 

The variation of the logarithm of resistivities with the 
reciprocal of the absolute temperature is shown in Fig. 2. 
The resistance as a function of temperature for each of 
twenty-eight boron crystals was measured in the tem- 
perature range 300°K to 600°K. In the case of thirteen 
of these crystals the temperature range was extended to 
1000°K. The typical behavior is exemplified by crystal 
46; in the temperature range from 200°K to 1000°K its 
resistivity decreased by ten orders of magnitude. All 
crystals showed a decrease in slope of logip with 
increasing values of 1/7, although the change in slope 


47 45 104 
140 
130 


320 


0.019 0.14 


4.9 10° 6.1104 


1.7 1.6 


became very small at high temperatures where boron 
appeared to behave as a simple intrinsic semiconductor, 
In comparison with the typical behavior, crystals 45 
and 18 had a somewhat lower resistivity at low tempera 
tures. Crystals 103 and 104 had a much lower resistivity 
at low temperatures; such crystals, which must have a 
much higher concentration of donors or acceptors, were 
rare, Crystals 22 and 23 were particularly interesting 
since originally both were typical crystals similar to 
crystal 46. After these crystals were heated, either by 
means of a high furnace temperature or by means of a 
large current, permanent changes in the resistivity were 
produced as shown in the curves 22(b), 22(c), and 23(b). 
The observed effect suggests that heat treatment of a 
boron crystal may introduce imperfections capable of 
contributing charge carriers 
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Fic, 2. Resistivity of boron single crystals, 
Values for ¢ obtained from p~exp(e/kT) 
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Taste II. Hall effect data for boron. 


Crystal number H, Magnetic V, Crystal I, Crystal 


and material 


26, antimony 1 7500 0.48 300 000 
6850 
6870 
6890 
6900 


6910 


8600 
6900 
5200 
2600 
1500 


94 
94 
94 
94 
94 


50, germanium 


375 
740 
740 
104 
103 


31.2 
52.7 
52.7 
12.0 


7000 
7000 
18 000 
18 000 
18 000 


104, boron 


107 
107 
107 
107 


18 000 
14 400 
11 200 

5800 


18 000 
18 000 
18 000 
18 000 


106 
342 
598 


1250 
1800 
3570 
5500 


18 000 
18 000 
18 000 
18 000 


23(b), boron 10 000 " 89 


40, boron 18 000 39.6 0.0378 


Ill. HALL-EFFECT MEASUREMENTS 
A. Apparatus and Procedure 


No Hall measurements on single crystals of boron 
have been published, and only one preliminary study of 
polycrystalline samples has been reported.* The present 
work is a preliminary investigation to determine the 
orders of magnitude involved. Measurements on the 
tiny crystals were impeded by difficulties in mounting." 
However, the most serious limitation was the electrical 
noise characteristic of small, high-resistance semi- 
conductors.“ For our minute crystals the noise was 
comparable to the Hall voltage, and a statistical pro- 
cedure was required. Practical problems involved in the 
mounting of extra probes resulted in the selection of the 
single-probe method.'* In the Appendix it is shown that 
the Ettingshausen effect was negligible. 

The Hall effect was studied with the apparatus 
already described (Sec. IIA, Fig. 1). In this case 
balance was indicated. by the Keithley Model 29 
electrometer (EZ) followed by a Liston-Folb Model 10 
amplifier (A). The filter (fF) removed the high-fre- 


4 A. van der Ziel, Noise (Prentice Hall, Inc., New York, 1954), 
p. 210. G. G. McFarlane, Proc. Phys. Soc. (London) B63, 802 
(1950); E. Keojran and J. S. Schaffer, Proc. Inst. Radio Engrs. 
40, 1456 (1952); R. L. Petritz, Phys. Rev. 87, 535 (1952); Proc. 
Inst. Radio Engrs. 40, 1440 (1952). 

J, Evans, Phys. Rev. 57, 47 (1940); C. C. Klick and R. J. 
Maurer, Phys. Rev. 81, 124 (1951). 


Kun No, field (gauss) voltage (volts) current (wa) resistivity (ohm cm) 


18.7 


Crystal 
p Normalized temperature Vy Hall 
(°C) voltage (uv) 


Ra Hall coefficient 
(cm*/coul) 


41.7K10"° +80+ 5 +0.028+-0.002 
—48 600 
—45 300 
— 30 200 
— 18 500 
— 8400 


~ 6600+ 700 


—220+-40 
— 160+80 
— 3104-100 
— 2104-60 
+-210+70 


—110+23 
— 40+20 
- 304-10 
146+42 
147+49 


~126437 
130+45 
1344-47 
~150+75 


— 180+50 
— 1504-50 
—120+40 
— 70+35 


400+ 120 
120+:25 
- 90+25 
50+30 


- 100+ 20 
—170+30 

410+ 100 
— 4104-190 


-150+-40 9 
106 — 84+67 4 
180 +-140+80 +3 
229 + 304-15 +-0.4 


+ 
+ 
& 
+ 


0.3 


28 — 2504-100 2650+ 1100 


1.7 108 25 +2204 180 + (2.8+2.3) X 105 


quency components from the electrical noise so that the 
unbalance signal could be satisfactorily recorded by the 
Brown strip-chart recorder (R). Noise was the only 
significant source of error in the Hall voltage. Auxiliary 
experiments showed that the noise originated almost 
entirely within the crystal. Before extensive data were 
taken on boron, double probe and single probe measure- 
ments were made on microscopic specimens of antimony 
and n-type germanium as part of the program for 
checking out the apparatus and method of mounting. 
Noise was not a problem, and a normal field and 
current reversal procedure was adequate. Satisfactory 
agreement between the single and double probe results 
was obtained. The values for the Hall coefficients of 
both materials were also very reasonable (see Table I] 
A typical measurement on boron proceeded some- 
what as follows: Equilibrium was established with 
crystal current flowing and the field off under conditions 
of best average potentiometer balance. The chart was 
(repeatedly) calibrated in terms of unbalance signal by a 
standard known alteration of the helipot. The recorder 
trace exhibited slow fluctuations characteristic of the 
low-frequency components of the crystal noise. The 
magnetic field was then applied for 40 seconds in each 
direction. The Hall effect could sometimes be seen 
superimposed upon the noise but individual Hall 
deflections were pronounced only during quiet intervals. 
As many as 400 reversals were taken in a given run, and 
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about half of the data were obtained with the crystal 
current reversed. In the statistical analysis only the 
second 20-second interval was used for each reversal in 
order to assure an equilibrium free of switching tran- 
sients. The average unbalance voltage for a given 
interval, when subtracted from the average for the 
intervals immediately preceding and following, gave the 
apparent Hall voltage corresponding to a single field 
reversal. The mean value for all reversals gave the 
measured Hall voltage. The statistical error in Vy 
(Table IT) is the standard deviation of the mean from 
the true value. 

The most extensive study was carried out on the 
specially selected low-resistivity crystal 104. Data 
were obtained for a number of magnetic field strengths 
and over a wide range of crystal currents. The use of an 
interpole furnace was excluded by the necessity of 
obtaining a high magnetic field. However, the crystal 
temperature was varied over a moderate range (25°C to 
230°C) by the Joule heating arising from the crystal 
current. A separate calibration of the crystal as a 
resistance thermometer was carried out in the furnace. 
The resulting data were used to obtain the temperature 
corresponding to a given crystal current. 


B. Results 


Hall measurements were made on three boron crystals 
(numbers 104, 23(b), 40). The Hall coefficient Ry in 
cm*®/coulomb was calculated from Ry =108V ,t/H,I,, 
where V, is the Hall voltage (volts), ¢ is the crystal 
thickness (cm), H, is the magnetic field (gauss), and /, 
is the crystal current (amp). Because the crystals 
tapered to a relatively small current contact, the 
Isenberg correction'® was not important. The standard 
deviation of Ry (Table IT) includes the uncertainties 
in /and H,,. 

Table IIT summarizes the Hall effect results. Runs 2 
through 6 show that the Hall voltage for germanium 
varied linearly with magnetic field strength. Runs 7 
through 23 were made on boron crystal 104 which, like 
boron crystal 103, was selected for its extremely low 
resistance (Table I). The Hall coefficient was observed 
to be independent of the magnitude of the magnetic 
field or the direction of the crystal current. With 
increasing crystal current, Ry decreased owing to the 
heating of the crystal. Runs 12 through 15 showed that 
the Hall voltage varied linearly with magnetic field 
strength. Runs 16 through 23 showed the dependence of 
Hall coefficient upon crystal current, and hence upon 
temperature. Run 25 was on a typical high-resistivity 
crystal as shown in Table I and Fig. 2; in this run noise 
and drift problems were especially serious. 

Figure 3 (curve b) shows the dependence of Ry upon 
absolute temperature (7°). The Hall coefficient of crystal! 
104 was negative at 297°K and, at first, decreased in 


16 Isenberg, Russell, and Greene, Phys. Rev. 74, 1255 (1948); 
Rev. Sci. Instr. 19, 685 (1948). 
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Fic. 3. Resistivity and Hall coefficient of an n-type boron crystal 


absolute magnitude as the temperature was increased. 
With further increase in temperature the Hall coefficient 
changed sign and remained positive. The data thus 
indicated that this low-resistivity crystal was an n-type 
semiconductor at room temperature. As the tempera 
ture of the crystal was increased, the number of holes 
increased owing to thermal excitation of electrons from 
the valence band either to the conduction band or 
(possibly) to acceptor impurity levels. At high tempera- 
tures the numbers of positive and negative charge 
carriers must approach equality and the small positive 
Hall coefficient may be interpreted as indicating that 
the mobility of the holes in boron is greater than the 
mobility of the electrons. (This conclusion is verified by 
our thermoelectric measurements.) 

The change in sign of the Hall coefficient seems to 
occur at a temperature much lower than that at which 
the crystal becomes an intrinsic semiconductor which, 
according to the resistivity curve in Fig. 3(a), is between 
600°K and 700°K. One would expect a curve more like 
like the hypothetical curve (c). It is not possible that 
our method of measuring crystal temperature was this 
inaccurate. A tentative qualitative explanation could be 
that an acceptor level as well as donor levels was 
present in the crystal. If the activation energy for the 
acceptor level was somewhat greater than that for the 
donor levels but the number of acceptors was much 
greater, then a curve similar to that observed might 
result. An appreciable change of slope observed in the 
resistivity curve at 430°K could be attributed to this 
acceptor level. 

The Hall-effect measurement of boron crystal 23(b) 
(Table IL) is particularly interesting because the Hall 
coefficient was negative. Originally the resistivity verstus 
temperature curve of crystal 23 was typical like that of 
crystals 40 or 46. As shown in ‘Table II, the Hall coeffi- 
cient of crystal 40 was positive at 25°C and hence the 
Hall coefficient of crystal 23 was also presumably 
positive before the heat treatment. It follows that the 
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application of heat to crystal 23 introduced a large 
number of ionized donor impurities (or defects). The 
resulting negative carriers would lower the resistivity 
and change the sign of the Hall coefficient. In germa- 
nium such heat treatment ordinarily increases the 
number of holes rather than the number of electrons. 


IV. AUXILIARY MEASUREMENTS 
A. Thermoelectric Effect 


The thermoelectric effect in polycrystalline boron was 
first studied by Taft'? in 1947 and later by others.®.7 
These experiments indicated that hole conduction pre- 
dominates electron conduction. ‘The present 
work*” on single crystals shows that hole conduction 
predominates at high temperatures. At low tempera- 
tures hole conduction predominates in typical high- 
resistance crystals but electron conduction may pre- 


over 


dominate in low-resistance crystals. These qualitative 
conclusions were verified for over 100 boron single 
crystals by a very simple test. When a heated tungsten 
probe was brought into contact with a boron crystal, the 
typical crystal (e.g., crystal 46) was positive with 
respect to the tungsten probe as would be expected for 
hole conduction, The potential differences in the case 
of boron were approximately five times as large as those 
observed in an identical test on a crystal of germanium. 
Boron crystals 103 and 104 were negative with respect 
to the probe if the probe temperature was low, but 


'E. Taft (unpublished results kindly communicated by L. 
Apker, General Electric Laboratories, Schenectady, New York). 
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positive with respect to the probe if the probe tempera- 
ture was high. 

The experimental arrangement for measuring the 
thermoelectric power quantitatively is shown in the 
inset of Fig. 4. The crystal was supported between two 
heated electrodes each of which consisted of a Pt-PtRh 
thermocouple. ‘The potential difference V=(V2—V),) 
between the platinum electrodes was positive for the 
typical p-type boron crystal (or for p-type germanium) 
where 7;> 7». The temperature 7, was held constant 
and 7, was varied. 

Figure 4 shows the thermoelectric power (dV /dT}) 
versus temperature (7). Typical boron crystals 100 
and 101 had resistivity characteristics similar to crystal 
46; the low-resistance boron crystal 103 had resistivity 
characteristics similar to crystal 104 (see Table I and 
Figs. 2 and 3). The values agree in order of magnitude 
with the measurements on pyrolytic boron by Taft!’ 
who found values ranging from 150 to 500 microvolts 
degree, and those measurements on polycrystalline 
boron by Irie, Uno, Yoshida, and Shinohara,’ who 
found values up to 180 microvolts per degree. The ger- 
manium crystals were comparable in size to the boron 
crystals and served to test the apparatus. At high 
temperatures, where the number of holes and number 
of electrons are practically equal, the thermoelectric 
power of germanium is always negative. This result 
indicates that the mobility of the electrons in germa- 
nium is greater than the mobility of the holes.'* On the 
contrary, at high temperatures, the thermoelectric 
power of boron is always positive. This result indicates 
that the mobility of the electrons in boron is less than 
the mobility of the holes. The change in sign of the 
thermoelectric power of crystal 103 near 550°K occurs 
somewhat below the onset of intrinsic conduction near 
800°K (Fig. 2). Also, the increase with temperature 
appears somewhat slow to result from the onset of 
intrinsic conduction, These data suggest the presence 
of acceptors as well as donors as tentatively postulated 
to account for the rather low temperature at which the 
Hall coefficient changes sign (Fig. 3). 

The thermoelectric power of boron crystal 103 was 
negative at low temperatures and became positive at 
high temperatures. This observation suggests that the 
low resistance of this crystal, like the low resistance of 
crystal 104, was caused by donor impurities. Further- 
more, the thermoelectric power became positive at a 
higher temperature on the second run. This result would 
be expected if the heating of the crystal during the first 
run introduced additional donor impurities. The thermo- 
electric measurements thus confirm the conclusion 
suggested by the resistivity and Hall data, that the 
heating of boron crystals to several hundred degrees 
centigrade reduces the low-temperature resistivity by 
introducing additional donor impurities. 


4 V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 92, 226 
1953). 
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B. Rectification 


Boron crystal 46 (a typical crystal) was mounted with 
five electrodes as shown in Fig. 1 of reference 11. The 
resistance was measured (at 1.5 volts) with various 
combinations of the five electrodes taken two at a time. 
Rectification was observed between the large area 
current electrodes and the pointed voltage probes; none 
was observed between current electrodes or between 
voltage probes. The direction of easy (positive) current 
flow was from the large contacts to the points. The 
measured resistances were about 1000 megohms for 
difficult flow and about 500 megohms for easy flow. 
Each of the contacts was then “formed” by connecting 
it several times to the high-voltage terminal of an 
automobile spark coil. The forming operation reduced 
the contact resistance in many cases by a factor of two 
or more. Rectification effects were absent when formed 
electrodes were used. 

In all cases in which rectification was observed, the 
lowest resistance was observed when the point contact 
was the negative electrode. That is, the direction of 
easy flow for positive charge carriers at the point 
contact was from the crystal to the electrode. This 
behavior is characteristic of p-type germanium or 
silicon. Since we know from Hall and thermoelectric 
measurements that typical crystals are p-type, it may 
be concluded that in boron as in germanium and silicon, 


the charge carriers must go over the rectification barrier 
rather than tunnel through the barrier." 


C. Photoconductivity 


Photoconductivity in crystalline boron has been 
studied by Freymann and Steiber‘ and by Lagrenaudie.® 
In our case a decrease in resistance (at 1.5 volts) with 
exposure to light was observed in each of eight single 
crystals. Reduction in resistances ranging from 10% to 
50% was observed. A calculation showed that the 
observed reduction could not be attributed to radiant 
heating of the crystal. Furthermore, the decrease in 
resistance was unaltered by removal of the infrared 
radiation from the white light used. No reduction in 
resistance was observed when the boron crystal was 
exposed to x-rays, and a small reduction was observed 
with ultraviolet radiation. 


V. PROPERTIES OF CHARGE CARRIERS 
A. Activation Energies 


An activation energy (e€) in a semiconductor may be 
defined in terms of the resistivity p at temperature T 
by the equation d Inp/d(1/T)=«/k. If the slope of the 
Inp versus 1/T curve varies continuously with tempera- 
ture, the value of ¢ at one particular temperature is not 
likely to be an easily interpretable property of the 
intrinsic material. Its value depends largely upon the 


1 N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1946), p. 180 
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densities and kinds of impurities and the relative 
importance of impurity scattering compared to thermal 
scattering. Figure 2 shows (below 800°K) that e is 
dependent upon the temperature, purity, and past 
history of the crystal. For a typical crystal, such as 
boron crystal 46, the activation energy varies from 0.79 
electron volt at 800°K to 0.25 ev at 200°K, The entire 
curve can conceivably be obtained from four straight 
lines having activation energies of 0.79 ev, 0.50 ev, 
0.34 ev, and 0.25 ev. The 0.79-ev activation energy is 
almost certainly related to the intrinsic energy gap (£,) 
between the valence and conduction bands because the 
high-temperature region of the curve is straight for 
three decades. If the curvature arises mainly from 
impurities, it appears that at least three energy levels 
are required. The level most effective in contributing 
carriers at 300°K must be an acceptor level since both 
Hall measurements and thermoelectric power measure 
ments on typical crystals showed that hole conduction 
predominated at room temperature. On the other hand, 
special crystals (such as 103 and 104 selected for their 
unusually low resistivity at room temperature) had 
activation energies as low as 0.06 ev. Hall and thermo 
electric measurements showed that these activation 
energies corresponded to donor levels, Likewise, the low 
activation energies (at 300°K) of crystals 22 and 23, 
observed after heat treatment, correspond to donor 
levels. 

It is desirable to evaluate the intrinsic energy gap 
(E,) between the filled and conduction bands. The 
intrinsic range appears to exist in boron single crystal, 
at temperatures above 800°K. Figure 2 shows that, 
above 800°K, ¢€ is independent of the temperature, 
purity, and past history of the boron crystal. ‘This 
activation energy is intrinsic to boron and has a value 
of 0.79 ev. However, the deduction of , from conduc 
tivity data alone is subject to some uncertainty because 
of the dependence of carrier mobility upon temperature. 
An evaluation based on the most natural assumption 
will be presented. In the intrinsic range it is reasonable 
to assume (1) that the number of electrons (,) 1s 
equal to the number of holes (m,), and (2) that the 
predominant scattering mechanism for the charge 
carriers is thermal scattering by acoustical modes 
(mobilities proportional to 7~!). Vree-electron theory 
then shows that the energy gap is 2(0.79 ev) or 
1.58+0.05 ev. For an energy gap this large, the ex 
ponential term in the conductivity is so strong that the 
numerical value of Z, would not be altered appreciably 
even if the temperature dependence of the mobility 
were somewhat different from T~!. For example, the 
complex crystal structure of boron (50 atoms per unit 
cell) suggests that thermal scattering by optical modes 
could be significant and such scattering could give a dif 
ferent dependence of mobility upon temperature. Com 
binations of scattering by acoustical modes (u~T™!) 
and by possible optical modes (u~7~‘"*!)) were used 
in an attempt to fit the typical resistivity curve (Fig. 2) 
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with the form Inp= (Z,/2kT)+1n(A+ BT"). However, 
no fit is possible with reasonable values of E, and either 
positive or negative values of n. 

Our value for E, is substantially higher than that 
reported by most other investigators, all of whom have 
used polycrystalline samples rather than single crystals. 
Impurities, crystal defects, or surface barriers reduce the 
activation energy. Furthermore, a low value of E, may 
be obtained if the activation energy is measured at 
temperatures lower than 800°K. Hence a large E, is 
likely to be more trustworthy than a smaller value 
especially if single crystals are used. Low values for 
E, determined thermally have been reported by Moss*® 
(1.0 to 1.25 ev), Jacobsmeyer et al.* (0.3 to 0.9 ev), and 
Lagrenaudie® (1.2 ev). Higher values have been ob- 
tained at high temperatures (200-1000°K) by Uno, 
Irie, Yoshida, and Shinohara’ (1.44 ev) and by Taft!’ 
(1.5 ev from his graph). 

Lower values of FE, (1.0 to 1.25 ev) have been ob- 
tained from optical absorption and photoconductivity 
data taken at room temperature.*°™ Direct comparison 
of thermal and optical activation energies is difficult. 
However, the experimental evidence shows that the 
thermally determined energy gap is greater (rather 
than less”) than the optically determined energy gap. 


B. Mobilities 


The Hall measurements at 500°K (Sec. IIIB) and 
the thermoelectric measurements at 800°K (Sec. IVA) 
have indicated that at high temperatures the hole 
mobility is greater than the electron mobility provided 
that the specimens are in the intrinsic range. Quantita- 
tive mobility estimates can also be made. 

The Hall mobility of electrons at 300°K in the low- 
resistivity crystal 104 can be estimated from the data 
in Fig. 3. At this temperature the Hall coefficient is 
negative and we shall assume that the number of holes 
is negligible. The electron mobility at room temperature 
is then given by pu.=—(8/3r)(Ru/p). At 300°K, 
Ry = — 400 cm*/coulomb, p= 610 ohm-cm, and p,=0.6 
cm*/volt-sec. For crystals 24(6) at 300°K, Ry = — 2650 
cm*/coulomb, p= 2500 ohm-cm, and p,=0.9 cm*/volt- 
second. A weighted mean for the mobility of the elec- 
trons in these particular boron crystals is estimated to 
be wp. =0.740.3 cm*/volt-second. 

The Hall mobility of the holes at room temperature 
is not easily obtained. None of our low-resistivity 
crystals were p-type impurity semiconductors and hence 
the mobility of the holes could not be found from a 
single low-temperature Hall measurement on a low- 
resistivity sample. The apparent anomalous tempera- 
ture dependence of the Hall coefficient for crystal 104 is 
difficult to understand quantitatively. For this reason, 
and also because the measurements depended on a 
considered inadvisable to 


single specimen, it was 


* N. Morita, J. Sci. Research Inst. Tokyo 48, 8 (1954). 
* Reference 19, p. 161. 
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attempt to calculate u, from the temperature de- 
pendence of the Hall coefficient for crystal 104. How- 
ever, we can estimate the hole mobility from our 
single Hall measurement at 300°K (on typical high- 
resistivity crystal 40) if we assume that the crystal 
is a p-type semiconductor at 300°K with n,=0. In 
this case, u,= (8/39)(Ry/p) = (8/3) (2.8X 10°/1.7 K 10°) 
=(0.2+0.15 cm?/volt-sec. This assumption predicts 
Ma<pwe within rather large errors: p.—p,=0.5+0.3 
cm*/volt-sec. However, we have shown (Secs. ITIB and 
IVA) that u,>y, at high temperatures and presumably 
also at room temperature. It is most likely, therefore, 
that , is not zero as we assumed and that donors as 
well as acceptors contribute charge carriers at 300°K. 

The conclusions to be drawn are (a) that the mobility 
of the holes is greater than the mobility of the electrons 
and (b) that the mobilities are very low compared to 
those found in most semiconductors. Such low mobilities 
may be caused by defects in our particular crystals. It is 
also possible that the low mobilities arise from thermal 
scattering by optical modes associated with the com- 
plicated crystal structure of boron. Such low mobilities 
will prevent boron from being useful in many applica- 
tions of semiconductors. In addition it is, unfortunately, 
not likely that single crystals of boron could be used as 
conduction counters for detecting neutrons by the 
B'°(n,a)Li’ reaction. 


C. Densities 


The Hall coefficient of crystal 104 at 300°K was 
— 400 cm*/coulomb. If the crystal is assumed to be in 
the impurity range with n,=0, then ,=39/8eRy 
=1.810'* cm. It is not possible to make a reliable 
estimate of the carrier densities in a typical crystal at 
any temperature. At high temperatures there is no Hall 
data, and the uncertainties regarding the scattering 
process and effective masses preclude a worthwhile 
calculation from the present measurements. Since, at 
low temperatures, the crystal is unlikely to be intrinsic 
or to have only positive carriers, a calculation from the 
Hall data at 300°K is impracticable. For the same 
reasons, calculations of effective masses from these 
experimental measurements are not feasible. 


APPENDIX 


The Ettingshausen effect is a possible source of error 
in a Hall measurement on a semiconductor. This error 
was estimated for our crystals. The fractional difference 
(x) between the adiabatic (R,) and isothermal (R,) 
Hall coefficients is a good measure of the error. Johnson 
and Shipley” have computed x= (R,— R,)/R, for semi- 
conductors. A very pessimistic thermal conductivity of 
10°? watt cm™! deg™! was used in the apparent absence 


2V.A. Johnson and F. M. Shipley, Phys. Rev. 90, 523 (1953). 
It appears that a typographical error has placed an extra power of 


~ 


e in Eq. (41) of this reference. The data in their Table VI are 
consistent with the corrected equation. 
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of data in the literature; the true value is probably 
closer to one watt cm™ deg. The largest possible value 
of |x| =510~ was found for crystal 40 by assuming 
intrinsic conductivity at 300°K. For crystal 104 the lar- 
gest |x| = 4X 10~* was obtained when impurity scattering 
in the low temperature region was arbitrarily assumed, 
and an even smaller value was found for lattice 
scattering. 

A check on these calculations may be obtained by 
means of a phenomenological argument. It may be 
shown that the fractional Ettingshausen error in the 
Hall voltage is equal to OP/R,, where Q is the thermo- 
electric power of the semiconductor-meta! junction and 
P is the Ettingshausen coefficient. The classical free- 
electron theory for a single carrier gives R,/P=4k/e 
= 345 microvolts/deg if the thermal conductivity is all 
electronic.“ To take into account the lattice con- 
ductivity this value must be multiplied by the ratio (r) 
of total thermal conductivity to electronic thermal 
conductivity.“ A most pessimistic estimate of the error 

% A. Sommerfeld and N. Frank, Revs. Modern Phys. 3, 1 


(1931). 
“TL. Stilbans, Zhur. Tekh. Fiz. 22, 77 (1952) (in Russian), 
abstracted in Physics Abstr. 55, Sec. A, No. 8177 (1952). 
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in boron was made by considering crystal 104 (Fig. 3) 
at 500°K. The Wiedemann-Franz ratio of 2k*/e* 
(classical statistics) was used to estimate the electronic 
contribution to the thermal conductivity. This estimate 
gave r= 10°. Using 0= 600 microvolts/deg from Fig. 4, 
we found the largest fractional Ettingshausen error to 
be the order of 2X10~° for crystal 104 (and many 
orders of magnitude smaller for crystal 40). A formula*® 
for P which takes into account carriers for both signs 
gives essentially the same results. 

It is concluded that for our Hall measurements the 
fractional error from the Ettingshausen effect cannot 
possibly exceed 10-4 no matter what type of scattering 
and conductivity are assumed. The smallness of the 
error is a direct consequence of the fact that the 
scarcity of carriers produces a high ratio of lattice 
thermal conductivity to electronic thermal conductivity. 
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Thermal Conductivity of Indium Antimonide 
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The thermal conductivity of indium antimonide of varying purity has been measured by a comparative 
method from 40°C to 425°C. The electronic component of the conductivity has been calculated for each 
specimen and hence the lattice thermal conductivity has been deduced. Within the limits of experimental 
error InSb appears to behave according to conventional] theory. 
SING a comparative method previously de- Ay, in the three samples has been calculated according 

scribed,! measurements of the thermal conduc 
tivity of single crystals of indium antimonide of varying 
purity have been made from 40°C to 425°C. The results 
shown in Fig. 1 represent the average of several meas- 
urements on each sample and have an estimated 
accuracy of +10%. 

In the temperature range considered, specimens A 
and C were essentially similar to specimens P— N— A, 
and P—N—C, for which electrical conductivity and 
thermoelectric power data have already been given.’ 
Specimen B was ‘“‘n’’-type and contained 10" extrinsic 
electrons/cc. Specimens A and B are weakly degenerate 
over the temperature range and specimen C strongly 
so near room temperature. The kinetic energy transport 


to the expression 
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1A, D. Stuckes and R. P. Chasmar, Report of the Meeting on 
Semiconductors (The Physical Society, London, 1956), p. 119. 

* Antell, Chasmar, Champness, and Cohen, Report of the Meeting 
on Semiconductors (The Physical Society, London, 1956), p. 99. 


Fic. 1. Thermal conductivity of indium antimonide. 
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Fic. 2, Estimated lattice thermal conductivity of 
indium antimonide. 


coefficient having the following limiting values: 
2, classical, lattice scattering ; 
n’/3, degenerate, any scattering ; 


4, classical, impurity scattering. 


In specimens A and B where lattice scattering predomi- 
nates, a value for S between 2 and 2*/3 appropriate to 
the degree of degeneracy has been used, but in specimen 
C the value 7’°/3 has been employed over the whole 
range since although it is only weakly degenerate at 
high temperatures, the impurity scattering present will 
raise the value of S. 

Calculation shows that transport of ionization energy 
as discussed by Price® and Thuillier* is negligible in the 
present temperature range owing to the high ratio of 
electron to hole mobility, but should become appreciable 
at higher temperatures in the pure specimen. 

The calculated value of K g has been subtracted from 
the measured value K and the lattice thermal conduc- 
tivity AK, deduced (Fig. 2). Since the Debye tempera- 
ture for InSb (202°K) is well below the temperature 
range of the experiments, the lattice thermal conduc- 
tivity should be independent of free-electron scattering® 
while impurity scattering should yield a constant 
resistance contribution. If three-phonon processes pre- 
dominate, the lattice conductivity should be inversely 
proportional to the absolute temperature.’ Owing to 
the limits of experimental accuracy, the dependence of 
the lattice conductivity on purity indicated in Fig. 2 
may not be significant, but Ky, clearly does not vary 


*P. J. Price, Phil. Mag. 46, 1252 (1955). 

‘J. M. Thuillier, Compt. rend. 22, 2633 (1956). 

*R. Stratton, Phil. Mag. 2, 422 (1957) 

*R. E. Peierls, Quantum Theory of Solids (The Clarendon 
Press, Oxford, 1955), p. 51. 


STUCKES 





Fic. 3. Estimated 
lattice thermal re- 
sistance of indium 
antimonide. 








as 1/7. The lattice thermal resistance W, is plotted 
logarithmically against temperature in Fig. 3; it appears 
that at the lower temperatures W is tending towards 
proportionality with 7’, but at the higher temperatures 
there is a trend towards a 7? dependence. It should be 
noted that if four-phonon processes predominate, it 
would be expected that the thermal resistance would 
be proportional to the square of the absolute tempera- 
ture.° 

Measurements of thermal conductivity of InSb have 
been reported by Busch and Schneider’ which are quite 


different to those given here, both in magnitude and 
temperature dependence. In their analysis of their 
results, they assume the lattice thermal conductivity 
to be inversely proportional to the temperature over 


the whole range and hence deduce the electronic 
component, finding a value which is about fifteen 
times too high. No such anomalous rise in thermal 
conductivity has been observed here, and within the 
limits of experimental error, InSb would appear to 
behave according to conventional theory. 
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Application of the Ising-Bethe Theory to the Susceptibilities of the 
Polymorphic Forms of MnS 
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With the aid of the Ising-Bethe theory it has been shown that the susceptibilities of the three polymorphic 
forms of MnS can be correlated with the same indirect exchange mechanism as that required to explain the 
observed magnetic structures. It has also been possible to obtain certain semiquantitative information 


concerning the Mn 


S—Mn indirect exchange interaction. In view of the results reported in this paper, 


it is recommended that greater use be made of the Ising-Bethe or Bethe-Weiss-Li theories in the interpreta 
tion of susceptibility data obtained at temperatures not too far above the Néel temperature 


INTRODUCTION 


HE magnetic properties of the three polymorphic 
forms of manganous sulfide have recently been 
investigated. Banewicz and Lindsay! have measured the 
susceptibility of aMnS (NaC! structure), while Carter 
and Stevens’ have measured the susceptibilities of the 
two 8 modifications (zincblende and wurtzite struc- 
tures). Corliss, Elliott, and Hastings’ have not only 
measured the susceptibilities of all three forms, but have 
also determined the magnetic ordering structures below 
the Néel temperature. 

The magnetic ordering structures have been ex- 
plained’ on the basis of an indirect exchange mechanism 
which (a) in aMn§S favors magnetic coupling between 
next-nearest Mn ions through six octahedrally located 
180° Mn—S— Mn bonds, and (b) in the 6 forms favors 
magnetic coupling between nearest Mn ions through 
twelve tetrahedral Mn—S— Mn bonds. A discussion of 
the high-temperature susceptibilities in terms of this 
coupling scheme has not been given, however. It is the 
purpose of this note to show that with the aid of the 
Ising-Bethe theory the susceptibilities of all three forms 
can be correlated with the same indirect exchange 
mechanism as that required to understand the magnetic 
structures. In addition, it has been possible to obtain 
some semiquantitative information on the Mn—S— Mn 
indirect exchange interaction, 


ISING-BETHE THEORY 


The principal contributions to the Ising-Bethe theory 
for magnetism have been made by Peierls,‘ Firgau,° 
Weiss,® and Ziman.’ The main features of the theory 
are the use of the Ising form of Hamiltonian and the 
Bethe’ cluster method of solution. A given ion and the 
immediate neighbors with which it interacts are con- 
sidered in detail, while the interaction of this cluster 


1 J. J. Banewicz and R. Lindsay, Phys. Rev. 104, 318 (1956). 

2 W.S. Carter and K. W. H. Stevens, Proc. Phys. Soc. (London) 
B69, 1006 (1956). 

* Corliss, Elliott, and Hastings, Phys. Rev. 104, 924 (1956). 

4R. Peierls, Proc. Cambridge Phil. Soc. 32, 447 (1936) 

® U. Firgau, Ann. Physik 40, 295 (1941). 

*P. R. Weiss, Phys. Rev. 74, 1493 (1948). 

7 J. M. Ziman, Proc. Phys. Soc. (London) 64, 1108 (1951). 

*H. A. Bethe, Proc. Roy. Soc. (London) A150, 552 (1935) 


with the remainder of the system is treated in an ap- 
proximate but self-consistent manner. The Hamiltonian 
of the cluster is given by: 


dee : 2S SoS 1s or gBSo2Ho “ BS) gil, ( 1 ) 


where J is the exchange interaction between neighboring 
ions, and So, and S,, are the z components of the spins 
of the central ion and combined shell of neighbors, 
respectively. The external field (in the z direction) is 
Ho, while H, is an effective field combining the inter 
action of the shell of neighbors with the external field 
and the remainder of the crystal. Above the Néel 
temperature //, is eliminated by the consistency condi 
tion, mo=m,: the moments of the central and neighbor 
ions are equal in magnitude and in the direction of Hp. 
The partition function can be evaluated exactly in the 
Ising approximation, and unlike the quantum-mechan 
ical theory®” the susceptibility above the Néel point is 
obtained in closed form: 


nt) eee 


where C is the molar Curie constant, n is the number of 
neighbors with which the central ion interacts, and 
J=4S°J. T is the thermodynamic temperature, k is 
Boltzmann’s constant, and S is the spin per magnetic 
ion. At very high temperatures Eq. (2) reduces to the 
familiar Curie-Weiss law: 


x=C/(T+0), 0=—nJ/2k. (3) 


The departure of Eq. (2) from the Curie-Weiss law at 
lower temperatures is a manifestation of the persistence 
of short-range magnetic ordering above the Néel 
temperature. 

NUMERICAL CALCULATIONS AND DISCUSSION 

The high-temperature reciprocal susceptibilities re- 
ported in references 1 and 3 were examined from the 
point of view of Eq. (2). According to the magnetic 
coupling scheme advanced by Corliss et al.,* n is set 
equal to six foraMnS, while n= 12 for the 6 forms. The 


*Y. Y. Li, Phys. Rev. 84, 721 (1951) 
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TABL¥ [. Results obtained on fitting experimental data 
to the Ising-Bethe susceptibility equation 


Form aMnS* aMnS B-cubic’ B-hexag.” 


89.9 
3.525 


86.8 
3.169 
0.900 0.635 2.070 1,638 
uB 5.42 5.22 5.06 5.33 
6 (°K) 291 263 521 539 
Temperature 170-829 167-405 195-440 195-471 
range (°K) 


87.7 
3.379 


—97.0 
3.045 


J /k (°K) 
C 


Arma 


* Data of reference 1. 
» Data of reference 3. 


constants C and J were then determined for each set 
of data by the method of least squares on an IBM-650 
calculator. The results of this calculation are presented 
in Table I. Included with the Curie constants C and 
the effective exchange interactions J are the root-mean- 
squared deviations (Ayms.) in x~! obtained, the number 
(u#) of Bohr magnetons per Mn** ion, the effective 
Curie-Weiss 6 as given by the second of Eq. (3), and 
the temperature ranges over which the data were fit 
to Eq. (2). 

The Ising-Bethe theory is found to be capable of 
reproducing the data of reference 1 over a temperature 
range of 660°K with a root-mean-squared deviation of 
about 4% and a maximum deviation of only 2% using 
a single set of constants C and J (a single Curie-Weiss 
law fitted to the high-temperature data gives deviations 
of 10% near the Néel point). The results obtained for 
the data of reference 3 are about as good, having root- 
mean-square deviations of the order of 1%. The per- 
sistence of short-range order mentioned by Banewicz 
and Lindsay! and discussed in detail by Wangsness'® is 
therefore very well accounted for by this theory. 

The constants C and J are found to be almost the 
same for the three polymorphs as measured by Corliss 
and co-workers® (the difference in J for aMnS is the 
result of a basic disagreement in the data between 
references 1 and 3). That the J do have approximately 
the same values for all three polymorphs, and that the 
agreement between theory and experiment is so good, 
indicate that our choice of interacting neighbors is a 
correct one, and that the susceptibilities can indeed be 
correlated with the same indirect exchange mechanism 
which explains the magnetic structures. 


” R, K. Wangsness, Phys. Rev. 89, 142 (1953) 
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The Ising-Bethe theory is also capable of giving some 
semiquantitative results concerning the properties of 
the Mn—S— Mn indirect exchange interaction. Table IT 
summarizes the available information on Mn—S— Mn 
bond distances and angles?* together with the J values 
computed here. Assuming that exchange interactions 
decrease with increasing separation, the J for the B 
forms should be larger in magnitude than that foraMnS. 
The values are found to be approximately the same 
however. This suggests an angular dependence which 
decreases the magnitude of the interaction upon in- 
creasing the deviation of the Mn—S— Mn angle from 
180°. The superexchange model proposed by Anderson" 
contains such a directional property. 

Also of interest are the values of 6 obtained from the 
J by the use of Eq. (3). These are equivalent to those 


TABLE II. Characteristics of the Mn —S—Mn bonds 
in the manganous sulfides. 


aMnS 


Form 
MnS distance (A) 2.606 
180° 


Mn—S— Mn angle 

7 oy {—97.0* 
, (2 ) 

J /k (°K) 87.70) 


B-cubic 
2.425 

109.5° 

—86.8> 


B-hexag. 
2.427 
109.5° 


— 89.9 


*From data of reference 1 
+ From data of reference 3. 


which would be obtained by fitting the Curie-Weiss 
law to very-high-temperature susceptibility data. The 
values obtained by this method are lower than those 
reported in references 1 to 3 by almost a factor of two. 
Thus the problem of having exceptionally large 6 values 
as discussed by Carter and Stevens? does not arise when 
the Ising-Bethe theory is used. Danielian and Stevens" 
have recently come to an equivalent conclusion: to 
obtain the correct 6 by linear extrapolation of (x~'—T) 
curves it is necessary to use data obtained at tempera- 
tures at least ten times the Néel temperature. 

In view of the results reported in this paper, it is 
recommended that investigators consider interpreting 
experimental data with the aid of the Ising-Bethe or 
Bethe-Weiss-Li®* theories in which the concepts of 
discrete near-neighbor interaction structure and short- 
range order are explicitly included. 

4 P. W. Anderson, Phys. Rev. 79, 350 (1950). 


#2 A. Danielian and K. W. H. Stevens, Proc. Phys. Soc. (London) 
B70, 326 (1957). 
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Theory of Cyclotron Resonance in Metals* 


V. HEINE 
Department of Physics, University of California, Berkeley, California 
(Received March 6, 1957) 


Azbel’ and Kaner have shown that a cyclotron resonance phenomenon is possible in a metal under extreme 
anomalous skin-effect conditions when the magnetic field is parallel to the metal surface, Here the correct 
form of the surface impedance is deduced in a more simple way by using the “ineffectiveness concept” of 
Pippard. An approximate criterion is also established for how nearly parallel to the surface the magnetic 
field must be. When the oscillating electric field is not parallel to the constant magnetic field, it produces a 
polarization of the charge distribution in the metal, and it is shown that this effect does not destroy the 
resonance in contrast to the situation in semiconductors. 


I. INTRODUCTION 


HE surface currents in a metal at high frequencies 

are governed by the usual skin-effect theory, 
until at low temperatures and high frequencies we 
come into the anomalous skin effect region where the 
skin depth 6 becomes comparable with or smaller than 
the mean free path / of the electrons in the metal. In 
this range the surface impedance has been calculated 
from the Boltzmann transport equation by various 
authors,' but the calculations are long and complicated. 
In particular Azbel” and Kaner® have considered the 
case when there is a magnetic field H (of magnitude 1) 
parallel to the surface, and have shown’ that this leads 
to a cyclotron resonance phenomenon although there is 
no useful resonance when the field is perpendicular to 
the surface.‘ This resonance is somewhat different from 
cyclotron resonance in semiconductors in that a 
resonance is in general expected when the oscillating 
electric field E is parallel to H as well as when it is 
perpendicular, even if, for instance, the Fermi surface 
is spherical. In semiconductors, on the other hand, a 
resonance is obtained with E and H parallel only if the 
Fermi surface is asymmetric and the fields are not 
along a symmetry axis.° This difference is brought 
about by the fact that in a semiconductor the skin 
depth is large compared with the specimen thickness, 
whereas the opposite is true in metals. This fact also 
has the following consequence. In a semiconductor a 
particular group of electrons (more precisely a particular 
closed piece of Fermi surface) gives rise to a single 
resonance line around a field H,, say, whereas in a metal 


* This work has been supported by the Office of Nava} Research, 
the Signal Corps, and the Air Force Office of Scientific Research. 

1G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc. 
(London) A195, 336 (1948); R. B. Dingle, Physica 19, 311 (1953) ; 
E. H. Sondheimer, Proc. Roy. Soc. (London) A224, 260 (1954); 
M. I. Kaganov and M. Ja. Azbel’, Doklady Akad. Nauk S.S.S.R. 
102, 49 (1955); M. Ia. Azbel’ and E. A. Kaner, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 29, 876 (1955) [English translation: Soviet 
Phys. JETP 2, 749 (1956) ]. 

2M. Ia. Azbel’, Doklady Akad. Nauk S.S.S.R. 100, 437 (1955). 

3M. Ja. Azbel’ and E. A. Kaner, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 30, 811 (1956) [English translation: Soviet Phys. 
JETP 3, 772 (1956) }. 

4M. Ia. Azbel’ and M. I. Kaganov, Doklady Akad. Nauk 
S.S.S.R. 95, 41 (1954); R. G. Chambers, Phil. Mag. 1, 459 (1956) 

*W. Shockley, Phys. Rev. 90, 491 (1953). 


additional subsidiary resonances are expected at all 
submultiples H,/n of the field, where n is an integer. 

Now Pippard® has shown that in the absence of a 
magnetic field the surface impedance Z,, in the extreme 
anomalous limit when 6</ may be calculated correctly 
for a Fermi surface of arbitrary shape using a crude but 
simple physical model known as the “ineffectiveness 
concept.” In this model it is assumed that the electrons 
only make an effective contribution to the current if 
they spend most of their time in the skin depth, 1.e., if 
they are moving at an angle less than 6// with the 
surface. The purpose of the present paper is to apply a 
slightly adapted version of the ineffectiveness concept 
to the case when there is a uniform magnetic field H 
parallel to the surface. Thus we shall first give, using 
the ineffectiveness concept, a simple phenomenological 
derivation of the result of Azbel’ and Kaner* for the 
surface impedance near resonance (Sec. 11). Actually 
the result appears to be valid not only near resonance 
but over a much wider range of 1.24 Throughout we 
shall assume that 6/l<<1, 6/r1, and wré/l<1 so that 
relaxation effects are negligible,® where r is the radius 
of the orbit in the magnetic field of an electron at the 
Fermi surface, w the frequency of the applied fields, 
and r the relaxation time of the electrons. In Sec, III 
we shall consider the reduction in the cyclotron reso- 
nance signal when H is not exactly parallel to the 
surface. 

As already mentioned, the result of Azbel’ and 
Kaner® indicates that a resonance should be observed 
both when E and H are parallel and when they are 
perpendicular to one another, both fields being parallel 
to the surface. However, these authors do not appear 
to have taken account of the fact that when E is 
perpendicular to H, the individual circular motion of 
the electrons is strongly coupled to the plasma oscil- 

a whole. This effect in 
semiconductors shifts the resonance considerably,’ and 
an analogous theory applied to a metal specimen would 
lead one to expect that the resonance is shifted to well 

*A. B. Pippard, Solvay Congress Report 10, 123 (1954); 


Proc. Roy. Soc. (London) A224, 273 (1954). 
’ Dresselhaus, Kip, and Kittel, Phys. Rev. 100, 618 (1955). 
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outside the ordinary range of observation because of 
the high plasma frequency in a metal. However, such a 
theory would not be valid, and in Sec. IV we will show 
by semiquantitative arguments that the cyclotron 
resonance in a metal is expected to be unaffected by the 
plasma motion of the electron gas. This difference 
between metals and semiconductors is again due to the 
different relationship between the skin depth and the 
sample thickness. 

In applying the ineffectiveness concept, the main 
part of the calculation consists of obtaining an expres- 
sion for the current density J at the surface. Because of 
the ineffectiveness assumption, this turns out to have 
the form 


J abEo, (1) 


where Ep is the electric field at the surface, and where a 
contains an undetermined numerical factor but other- 
wise depends only on the shape of the Fermi surface. 
From (1) we define an effective conductivity 

a, e (2) 
and then calculate Z,, using the ordinary skin effect 
results® in electromagnetic units: 


Za= (4mw/aort)' exp(in/4), (3) 


5= (iArwoon), 


Coeff 


where 6 is defined by 
E(z) = Ey exp(—2/S). (5) 
Eliminating 6 and oo from (2), (3), and (4), we obtain 
Z.= 2(2n*w*/a)* exp(in/3). (6) 


At first sight it is surprising that such crude arguments 
correctly give the phase in (6) in agreement with the 
rigorous theory,! but as we shal! mention later there 
are reasons for this. For instance, it is quite unnecessary 
to appeal to the formulas (3)-(5) from ordinary skin 
effect theory. The result (6) also follows directly from 
Maxwell’s equations and (1), except that (6) now 
contains an extra unknown numerical factor depending 
on the form of E(z), which incidentally does not have 
the form (5) in the anomalous skin effect.* We shall 
assume this constant to be absorbed into the constant 
in a, and thus continue to use (6). 


Il. THE SURFACE IMPEDANCE 


The current density J at any time and place in the 
metal may be written in the general form’ 


2d'*p dfo ' 
J(r,t) f es af ev(r’,t’)-8(r',t’) 
h*® d& 


Xexpl[—(t—t’)/r jdt’, (7) 


* Note added since completing the manuscript. These points 
have previously been made by R, G. Chambers, Can. J. Phys. 
34, 1395 (1956). I am indebted to Dr. Chambers for this and 
other comments. 


*R. G. Chambers, Proc. Phys. Soc. (London) A65, 458 (1952). 
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where r’ and ¢’ refer to the place and time along the 
electron’s trajectory at which the electron that finally 
has momentum p at (r,t) finds itself at time ¢’; fo is the 
Fermi distribution function; & is the energy of the 
electronic states as a function of the momentum p; v is 
the velocity of an electron, and e is the charge on a 
proton. The form (7) includes the case of a magnetic 
field implicitly through the nature of the electron’s 
trajectory. Ordinarily the limit of integration c is — ~, 
but if the trajectory of an electron cuts the surface of 
the metal, then ¢ is the latest time prior to ¢ that the 
trajectory cuts the surface. This takes account of 
diffuse scattering by the surface.' In the Appendix it 
is shown that (7) follows directly from the Boltzmann 
transport equation. We shall choose the x axis in the 
direction of the magnetic field parallel to the surface, 
the z axis normal to the surface pointing into the metal, 
and the y axis in the surface making a right-handed 
triad with 2 and x (Fig. 1). 

We shall now use (7) to calculate the current density 
at the surface. The time spent by an electron within 
the skin depth is approximately 2r¢,,/v, (Fig. 1), 
where r—F COS@m = 46, i.€., 


bm? =5/rKA, (8) 


This time is sufficiently short for the exponential factor 
in (7) to remain effectively constant at all fields HH, 
for which 


29 (H1)bm(H1)/vy =r. (9) 


For tin at 40 kMc/sec, H,= 250/(wr)*, but this estimate 
may easily be in error (probably underestimated) by a 
factor as large as y (see below). The electron travels in a 
spiral path with a period of rotation 2x/w,, where 
w, is the cyclotron frequency eH//m*. The effective 
mass m*=(1/2r)|0S,/0&|, where S, is the cross- 
sectional area of the Fermi surface in the plane p, 

constant, as can easily be shown from the work of 
Shockley” and Onsager.'’ Every revolution the electron 
returns to the skin depth, and the integrand in (7) 
changes by a factor 





A 
a ee. 


Fic. 1. Orbit of an electron passing through the skin depth at the 
surface AB. The direction of the magnetic field is along the x 
direction pointing into the plane of the paper. 


”W. Shockley, Phys. Rev. 79, 191 (1950); L. Onsager, Phil. 
Mag. 43, 1006 (1952) 





TREORY OF CYCLOTRON 


where the second term arises from the change in the 
phase of the field E. Thus the second integral in (7) 
becomes 


21bmd; 
( : Jaa be’fem4..-) 


vy 


lerdmr jh; 
v,L1—exp(—w) } 


We use suffices 7 and 7 for two directions at right angles 
in the surface, and also the double suffix summation 
convention. 

Considering a section of the Fermi surface p,=con- 
stant, we have in (7) 


dfo dk 
d*p- ; dp5(E— Ey)—pd®, 


ag Vy 


where 6(6—&y) is the Dirac delta function, p is the 
radius of curvature in the section, @ the polar angle 
with origin such that v,=0, v,>0 at ¢=0, and », is the 
component of v perpendicular to H, i.e., 1,(@=0)= vy. 
Since electrons are scattered diffusely at the surface, an 
electron can only contribute effectively to the current 
at P (Fig. 1) if it does not hit the surface, i.e., if its 
perpendicular velocity component 0, makes an angle @ 
less than ¢, with the surface. This is our form of the 
basic assumption of the ineffectiveness concept. If one 
takes only these effective electrons into account, (7) 
becomes 


é bmn in jpo2r E; 
J = f : dps, 
WJ n7[1—exp(—w) } 


where we have included a real undetermined numerical 
factor y to make up for the approximations of the 
model, The quantity po is p at @=0, and nj, nj, n, are 
the direction cosines of v. Using (8), (1), and (2), we 
obtain 

(11) 


(Oost) ij 44,0, 


= nN; polps 
eet saan 
hi n,? [1—exp(- 
whence the surface impedance follows from (6). We 
shall now define i and 7 to be the principal directions 
of (12) because actually the ineffectiveness concept 
only applies when E is along one of these directions.® 
Then our result is in agreement with that of Azbel’ and 
Kaner® although expressed slightly differently, and 2, 
for an arbitrary direction® in the surface may be 
obtained from Z,; and Z,;. The denominator in (12) 
makes the surface impedance go through a resonance 
near H=H,/n for wr>1, where H, is such that w,(H,) 

w, and n is an integer. The resonance occurs in both 
Z,, and Z,,; and, thus, for any orientation of the electric 
field in the surface. 

Near resonance, the phase factor in the impedance 
becomes very important, and to show that it has been 


where 


(12) 


w) ] 
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calculated correctly we would have to prove (1) that 
y is real, (ii) that the 6 in (11) is the complex skin 
depth 6 as in Eqs. (1) to (6) and not for instance its 
real part, and (ai) that the constant which appears in 
(6) in the general case is real. These results can be 
proved by making some general assumptions about 
E(z), but the assumptions can in turn only be justified 
by appealing to the rigorous analysis. Instead of 
bolstering up the argument in this way, we shall take 
the attitude that the usefulness of the ineffectiveness 
concept lies in its giving the correct form of the answer 
quickly rather than in any rigor. Actually the “in- 
effectiveness” model corresponds closely to the rigorous 
analysis in many, but not all, important respects. 

In (12) we cannot determine ¥ directly by comparison 
with the result of Azbel’ and Kaner® since this itself 
contains an undetermined constant. However for an 
ellipsoidal Fermi surface, and /7 much greater than 
H, and H,/wr, we can compare our result with that of 
Azbel” and obtain 


8\3 Sr 
? ( ) 
97 3v3 
Although our analysis only applies for >H,, we 


notice that (12) also has the correct form®! for 7=0, 
so that we obtain 


for large H. 


y=8nr/3' for H=0. 


Thus if the relaxation time and the effective mass are 
constant over the whole Fermi surface, we can express 
the surface impedance for an arbitrary field and direc 

tion in terms of the surface resistance R in zero magnetic 


field. 
dr 2rw ' 
1 exp i )]. (13) 


where C= lat H=0,C=8/9 at HOH, and HYH/wr, 
and where C may be expected to vary rapidly with H 


near H=H). 


Bali 


2C exp(tm/3) 


Ill. NONPARALLEL FIELD 


We shall now discuss the question, how nearly 
parallel to the surface must the magnetic field be for 
the resonance to occur? Figure 2 shows the trajectory 
of an electron when the magnetic field in the xz plane 
makes a small angle y with the surface. We shall assume 
that E is along the x direction since this avoids the 
question of polarization effects (Sec. IV). Suffices || and 
| will denote components parallel and perpendicular 
to the magnetic field and not to the x axis. /, only 
produces a translation of the trajectory in the y 
direction and will be neglected, while 4), produces an 
acceleration along H every time the electron passes 
through the skin depth. 

For unaccelerated motion in a magnetic field, p,; is a 
constant of the motion, so that an electron travels in a 
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™ Ey 


Fic. 2. Trajectory of an electron when H is 
not parallel to the surface 


helical path with its axis parallel to the field. Thus if 
the electron starts its path at the surface, it will tend 
to move away from the surface, particularly if it has a 
large v,,, so that after a while it ceases to return within 
the skin depth each revolution and therefore ceases 
to take part in the conduction process. In particular 
an electron with v=, travels a distance 6 downwards 
in the z direction in each revolution if Y=, where 


Ym=5/2a7. (14) 


For this angle and a spherical Fermi surface we 
therefore obtain the following picture of the conduction 
process. This number of electrons passing through the 
skin depth is determined as in Sec. II so that there is no 
change in the impedance on this account. However, 
half of these electrons ({2,/v,|>1) never return to 
within the skin depth of the surface and do not con- 
tribute towards any resonance. A fraction 2n/wr 
(wr>>1) of the electrons have |)/0,| <2/wr and 
return to the skin depth wr/2mx times making their full 
contribution to the resonance as in (12). The remaining 
electrons make some contribution to the resonance. 
Similarly the amplitude of the resonance at other angles 
is a function of ~/y~,, and wr which begins to fall off 
considerably at yy». This function could easily be 
calculated by using the ineffectiveness concept except 
that we do not know at what stage to introduce the 
constant y. For instance, the effect of y in (12) could 
be interpreted as meaning that the effective conducting 
surface layer has a thickness 76 instead of 6, in which 
case the angle determining the reduction in the reso- 
nance would be yy, instead of Pm. 

For a nonspherical Fermi surface, the amplitude of 
the resonance may, however, be greater for Y=y,, than 
for y=0 for the following reason. The form of the 
resonance in the resistive part of the surface impedance 
is more like a dispersion curve than a resonance one. 
Thus if m* varies by more than a factor of 1.5 over the 
Fermi surface, the different contributions tend to 
cancel one another resulting in a very much reduced 
resonance. In this case having y #0 would select a 


band of the Fermi surface for which 0, ~0 and m* = con- 
stant, so that the resonance of these electrons by them- 
selves would be observed.® 

For tin at resonance at 40 kMc/sec we obtain 
¥m~0.4° by using the effective mass corresponding to 
the resistance minima in the resonance curves of 
Fawcett,’ but the resonance may be observable at 
considerably greater angles for one or both of the 
reasons discussed. The results of the present discussion 
are at variance with Azbel’ and Kaner’s assertion® 
that the condition for an observable resonance is 
v< (6/r)'. This angle is 7° for tin under the same 
conditions, so that it may be difficult to distinguish 
between them experimentally in this case. 


IV. PLASMA EFFECTS 


In Fig. 3, ABCA represents the orbit of an electron 
which for the sake of convenience we assume has no 
velocity component along H. If the electric field E is 
applied perpendicular to H, an electron with speed v 
is accelerated in the direction of its motion as it passes 
through the skin depth, so that its speed is increased 
to v+Av. In the absence of further electric fields it 
would then describe with the same angular velocity w, 
the orbit ADEA which has a larger radius than the 
unaccelerated orbit. Thus the electron density at £ 
would increase at the expense of that at C, and a 
space charge would be set up (Fig. 3). This inhomoge- 
neity of charge and the consequent electric fields have 
not been taken into account in Sec. II, in Azbel’’s 
calculation? based on the Boltzmann equation, nor 
apparently by Azbel’ and Kaner,’ and we shall now 
do so. In semiconductors these effects, known as plasma 
or polarization effects, modify and shift the cyclotron 
resonance considerably, but we shall see that we expect 
this to be not so under anomalous skin-effect conditions 
in metals. No polarization arises when E is parallel to H, 
and we shall not discuss this case further. 

In a metal, a space charge such as shown in Fig. 3 
cannot exist and dies away in about 10~*' sec." In fact 
it could never build up, and what actually happens is 
that a small space charge is produced which sets up a 
vertical electric field. This field is strong enough to 


/ KK av 





3 


Fic. 3. Production of space charge. 


EF. Fawcett, Phys. Rev. 103, 1582 (1956). 
J. Stratton, Electromagnetic Theory (McGraw-Hill 
Company, Inc., New York, 1941), p. 15. 
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stop further electrons coming down to a depth further 
than C (Fig. 3). The resulting orbit looks like AFGA’. 
The amount of space charge required to set up these 
fields is exceedingly minute and in any case tends to 
zero as E tends to zero. To obtain the terms in the 
current linear in E, we may neglect this charge and also 
consider that A’ is within the skin depth if A is. 

Thus to calculate the surface impedance in the 
presence of polarization, we would have to include 
in the transport equation (7) an unknown vertical 
electric field EZ, which is determined by the condition 
that the resulting transport maintains the charge 
density uniform everywhere. This problem has not 
yet been solved generally. However we assert that an 
electron when it reaches the skin depth again at A’ 
(Fig. 3) after one revolution, has on the average the 
same drift velocity as it had when leaving the skin 
depth after being accelerated at A. It therefore con- 
tributes to the current as in Sec. II and is ready to be 
accelerated further, leading to repeated acceleration 
in the same direction, and thus, resonance if w=wy-. 
Although we cannot prove our assertion in general, we 
shall now show that it is correct in a simple case which 
would appear to contain all the physical essentials of 
the situation. 

Consider an electron traveling unperturbed in the 
orbit ABCA (Fig. 3) with speed v. Its position is given 
by 


Yo= (v/we) Sinwel, 


(15) 
zo= (v/w-)(1—cosw,t). 


If it receives a single impulse at A which increases its 
speed to v+ Av, its motion in the absence of polarization 
is along ADEA and is given by 


v+Av v+Av 


ata (1—cosw,t). (16) 


Sinw,l, 21 
We We 


Its speed at all times is v+ Av, so that the magnetic field 
has reversed the drift velocity in half a cycle. In 
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Fic. 4. Electric fields at resonance with polarization. Ey, is the 
applied field at the surface; L,= E,4 for O<2<0/u,., E,= Ey for 
v/we <2 <20/we. 
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semiconductors like germanium with a low carrier 
concentration, where the radius v/w, is small compared 
with the skin depth, and where plasma effects are 
absent, this leads to a resonance since E also reverses 
in half a cycle. However in the presence of polarization 
the equations of motion are 


dvy ‘dt we,, dv, ‘dt- (e/m*) E,+wery, (17) 


where £, is determined by the condition that the 
vertical charge density is the same as if the electron 
had not been accelerated, i.e., in our case by the 
condition 

(18) 


z(t) Zo(t). 


The solution of (17) and (18) is 
Z2= (v/w-)(1—cosw,t), 
Y2= (v/w.) sinwf+tAv, 
v COSw.t+ Av, 


Vy2 
E,=ewAv/m*, 


giving the orbit AFGA’. Thus the drift velocity remains 
constant as if no magnetic field were present instead of 
being reversed after half a cycle. Thus, in a semi- 
conductor like InSb with a high carrier concentration 
where plasma effects are strong but where the orbit 
radius is still less than the skin depth, we would expect 
no resonance in our approximation because the field 
accelerates an electron at A (Fig. 3) and decelerates it 
half a cycle later at G. However from (19) after a full 
cycle at A’ the velocity is again v+Av. In a metal, 
therefore, under anomalous skin effect conditions, an 
electron contributes to the surface current just as in 
Sec. II and it is immaterial whether or not the drift 
velocity is reversed at G because the electric field does 
not penetrate as deep as this. Thus if we apply the 
periodic field Ey, (Fig. 4), bunches of electrons are 
accelerated or retarded every half cycle, the field 
Eua, Exy (Fig. 4) is set up so that each bunch sees a 
constant /, on its path, and we obtain at the surface 
repeated resonance acceleration or retardation in phase, 
which is only limited by the relaxation time, r. 

Another way of stating the situation makes it clearer 
why only the drift velocity at AA’ matters and not 
that at G (Fig. 3). Neglecting polarization, the last 
integral in (7) can be written in the form 


so 


f Kol2t p)E,(t)dk, 


0 


(20) 


where Ko is the memory that an electron with 
momentum p at z has of the drift velocity it picked up 
from the field Z,(¢) at a depth ¢ below the surface. 
Ko has a large cusp at z—{=0 due to the electrons 
moving parallel to the surface at 2(v,=0), and the 
small wavelength Fourier components of Ko due to this 
cusp determine the surface impedance in the extreme 
anomalous limit.' Thus Z, is determined only by 
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Ko(z,f 30,0) for z—¢=0. In the presence of polari- 
zation effects, (20) should be replaced by 


J [Kol2,f sp) Ey (6) +K 1(2,f sp) E.(£) le, 
but since /, depends linearly on /, this can be written as 


f K4(2,f sp)E,(¢)dt. 


0 


In the example with a pulsed field HE, (Fig. 4), we 
saw that 


Ko(z,¢; 1,=0)= K2(z,¢;0,=0) for z—-¢=0 


so that the surface impedance is the same. The fact that 


Ko(z,t ; v,=0) K.(z,¢;7,=0) for 2—¢=20/y, 


is immaterial in the extreme anomalous limit. 
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APPENDIX 
Chambers* has derived the expression 


f= ford, (A.1a) 


where 


dfo 


t 
fue e)E(r’,t')-v(r',t’') 
d& e 


t di” 
exp f ) (A.1b) 
t’ r(t’’) 


for the electron distribution function /(r,p,t) in a 
transport process. The symbols have the meaning 
defined in connection with Eq. (7), and the integrations 
with respect to /’, t’ are carried out along the electron’s 
trajectory. This expression was derived by Chambers 
from “kinetic” arguments similar to Shockley’s method” 
of ‘“‘tube integrals.’”’ However in view of the generality 
and usefulness of the result (A.1) as a starting point 
for the study of many transport phenomena, it seems 
worthwhile confirming its validity further by showing 
that it is also an exact solution of the Boltzmann 
transport equation 
of of of {—fo 
tv:—+(—eE—evXH)- ' 
al or Op 7(p) 


(A.2) 


where 0//dr means grad f. This we shall now do. 
Incidentally the expression (7) for the current density 
4 Tn fact it would be rather surprising if (A.1) did not satisfy the 


Boltzmann equation since (A.1b) and (A.2) have been derived 
from the same physical principles 


HEINE 


follows directly from (A.1) and J= — (2e/h*) Sf fvd'p if 
we assume a constant relaxation time. 

We first observe that (A.1) satisfies the following 
boundary conditions which are usually required by 
physical considerations. Thus f—fo in regions where 
E=0. At a surface scattering electrons diffusely,) 
(A.1) gives f= fo for electrons leaving the surface. 
Similarly at a surface reflecting electrons specularly, f 
is the same for electrons arriving at and reflected from 
the surface. ‘ 

We next note that the independent variables in 
(A.1b) are t, r, p, t’, t’’ and that r’ has the form 


r’=r+F(T,p), 
where F is a function only of p and T=t—?’. Also 


or’ /dr=1 or’ /dt= dF /dT, (A.3) 


and 


where I is the unit tensor. Now since r’ represents the 
trajectory of an electron, the function F is determined 
by the law of force acting on the electron. Consider an 
electron traveling along its trajectory and arriving at 
the point r at time ¢ with momentum p, and suppose it 
then travels an extra distance ér in a time 6/. We have 


r’=r+F(i—/, p) 
=r-+6r+F (t+6/—1', p+ép), 
where 


ér=v(r,{)dt, d5p=[—eE(r,t)—evXH or. 


Thus we obtain 


OF 
v(r,)6t+-——61+-[ — eE(r,t) —evX H }- 
oT 


and by using (A.3) 


/ / 


or or’ 
v(r,t)-—-—[—eE(r,t)—evX H ]-—. 
al or Op 


or 
(A.4) 


We can now proceed to differentiate (A.1) and hence 
verify that it satisfies (A.2). In the following manipu- 
lation, we assume for simplicity that 7(p)= constant 
and replace fdt"’/r by (t—t’')/r, since the extension of 
the proof to the more general case is straightforward. 
Thus 


dfo ? 
= ——(—e)E(r,!)-v(r,t)—- 
18 


al r T 


Op 


dfo or a 
= | ar - —[-cE(r')-v(r',/)] 
d& at ar’ 


Xexpl— (t—t’)/r] (A.5) 


If we make the substitution (A.4) in the last term of 


4K. Fuchs, Proc. Cambridge Phil. Soc. 34, 100 (1938) 





THEORY OF CYCLOTRON 
(A.5) it becomes 

ag i 

—v-—-— (—eE—evX H)-—, 

or Op 


(A.6) 


since @ depends on rand p only through r’. We also have 


Ifo Afo dfo 
-—=—=(0 =—v, —- vXH=0. 
ol oor op d& op 


Ofo dfo 


(A.7) 


’ 
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It is now easy to verify that we really have a solution 
of the Boltzmann equation by substituting (A.1a), 
(A.5), (A.6), (A.7) into (A.2). Incidentally, if in 
(A.1b) we neglect the effect of the electric field on the 
trajectory of an electron, and thus drop the term in 
E in (A.4), then we obtain those terms in the Boltzmann 
equation which depends only linearly on the electric 


field. 
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Selection Rules for the Absorption of Polarized Electromagnetic Radiation 
by Mobile Electrons in Crystals 


MENDEL SaAcus 
Missile Systems Division, Lockheed Aircraft Corporation, Palo Alto, California 
(Received October 22, 1956; revised manuscript received April 22, 1957) 


Group-theoretical methods are employed to obtain the selection rules for the absorption of polarized 
Ei, M1, and E2 electromagnetic radiation by mobile electrons which are near energy-band extrema. Both 
the single-valued and double-valued groups appropriate to several symmetry points in the reduced zones of 
simple-cubic, face-centered-cubic, body-centered-cubic, and hexagonal-close-packed lattice symmetries are 
considered. The symmetry properties at various points in the reduced zone are also used to derive expres 
sions for the electron energy as a function of the wave vector k in the neighborhood of nondegenerate ex 


tremum states. 


The results obtained are applied to a consideration of the change in optical selection rules when single 
crystals of indium antimonide are subjected to a shearing stress 


I, INTRODUCTION 


T has been shown by Bloch! that the behavior of 

mobile electrons? in the periodic potential field of a 

crystal can be described in terms of eigenfunctions of 
the form 


Vx e* tu, (rr), (1) 


where the modulating function u(r) has the periodicity 
of the lattice, and where k is the wave vector for an 
electron with a given energy E(k). The corresponding 
energy eigenvalues fall into allowed and forbidden 
regions in k-space, with energy discontinuities occurring 
at the Bragg reflection planes 


k-n 


where n is a unit vector normal to a lattice plane. The 
lattices in k-space bounded by these planes are the 
Brillouin zones. It can be shown that, owing to the 
translational symmetry of the lattice, the k-space under 
consideration can be reduced to a single unit cell in the 
reciprocal lattice, with the electron wave functions 
being multivalued functions of k. The unit cell is called 
the first Brillouin zone or the reduced zone? 


(mm) /a, (2) 


1F, Bloch, Z. Physik 52, 555 (1929). 

2 The term “electron” will be used to denote electrons or holes. 

3 See for example J. R. Reitz, Solid State Physics, edited by F 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1955), 


Vol. 1, Chap. I 


The set of symmetry properties associated with a 
given point in the reduced zone determines the selec 
tion rules for the absorption of polarized electromag- 
netic radiation and the functional dependence of the 
electron energy on the wave vector k. The selection 
rules referred to in this paper are those which are in 
addition to the selection rule obtained from the law of 
conservation of linear momentum, 


kit+q=ky, (3) 


where k, and ky are the initial and final wave vectors of 
the electron, and q is the wave vector of the electro 
magnetic field. Only the vertical transitions (Ak=0) 
will be treated in this paper.‘ 

The contention is made that a knowledge of the 
selection rules for the absorption of polarized radiation 
by electrons near energy-band extrema could lead to 
further information about the finer details of the band 
structure. Although there are, in general, a large num 
ber of possible initial or final states, the selection rules 
could help to eliminate some residual ambiguities in the 
description of the band structure as obtained from other 
types of experiment. This point has been illustrated by 


‘Since the de Broglie wavelength of an electron near a zone 
boundary is of the order of magnitude of the lattice constant, the 
assumption of vertical transitions is equivalent to the assumption 
that the lattice constant is small compared to the photon wave 
length 
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Callen® in his analysis of some of the anomalous prop- 
erties of tellurium.*’ It is the purpose of this calculation 
to provide selection rules for radiation absorption by 
electrons at severa! symmetry points in crystals pos- 
sessing simple-cubic (s.c.), body-centered-cubic (b.c.c.), 
face-centered-cubic (f.c.c.), and hexagonal-close packed 
(h.c.p.) lattice symmetries, with the hope that they 
may be of use in further experimental investigations 
into the anisotropic properties of the band structure of 
crystals. The method of calculation described in this 
paper can be adapted to symmetry points not consid- 
ered here by making use of the results of Bell,® and the 
character tables for the point groups. Bethe’ has given 
a description of the method of calculation of the char- 
acter tables for the single-valued and double-valued 
groups. 


Il. E(k) FOR NONDEGENERATE EXTREMUM STATES 


In the interpretation of experiments designed to 
investigate the electron energy-band structure by means 
of observing the absorption of polarized radiation, it is 
necessary to know both the selection rules and the 
functional form of the expression for the electron energy 
E(k). The latter is necessary in order to calculate the 
density of states near energy-band extrema. In those 
cases in which the extremum states are degenerate, 
E(k) is obtained from the solution of a secular equation, 
in accordance with the methods of degenerate perturba- 
tion theory. 

The functional form of £(k) in the neighborhood of 
nondegenerate extremum states can be obtained by 
considering the symmetry operations which, when 
applied to the wave vector k, leave E(k) unchanged at 
the particular point in the reduced zone which is under 
consideration. The most general expression for E(k) 
can be written in the form 


h? 


yTik2+S ERR V(%), (4) 


E(k) 


2myo i=! he) pod 


where 7; is a diagonal component of the tensor (7,,;) 

(mo/m;;); mo is the free-electron mass and m,; is the 
“77” component of the effective-mass tensor, The 
argument of the spherical harmonic V,*({) is the solid 
angle subtended by the vector k in the reciprocal 
lattice, and Ry, is a complex k-independent coefficient. 
There are three constraints which can be imposed on 
the right-hand side of Eq. (4). 

1. The requirement that E(k) be real imposes the 
following condition on the coefficients Rj, : 


Ry, (—1)4R) ha (5) 


By making use of Eq. (5), the second sum in Eq. (4) can 


*H. B. Callen, J. Chem. Phys. 22, 518 (1954) 

* J. J. Loferski, Phys. Rev, 93, 707 (1954). 

7A. Nussbaum, Phys. Rev. 94, 337 (1954) 

* 1D). G. Bell, Revs. Modern Phys, 26, 311 (1954) 
*H. A. Bethe, Ann. Physik 3, 133 (1929) 
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be written in the form 


a 


A @ rz 
x L RPYvW=L LD (A+), (6) 
A=) p=——h he) pm) 
where 
Piyy = (2— by, 0) Ray Py" (cos?) cosp ¢, 


Fy, = 2Ry, R P\*(cos#)siny ¢. 


(7a) 
(7b) 


The superscripts (r) and (i) refer to the real and 
imaginary components of R,,, and P,* is an associated 
Legendre function. 

2. A consideration of the crystallographic point group 
which is associated with a particular point k in the 
reduced zone restricts the values of A and yw and the 
relation between the diagonal elements of (7;;) to 
those values which leave E(k) invariant under the 
operations of the group. 

3. In addition to the restrictions on E(k) imposed 
by the operations of the crystallographic point group, 
the requirement of the invariance of E(k) under time 
reversal’ requires that E(k) be equal to E(—k); thus 
\ must be an even integer. 

The crystallographic point groups associated with 
different points k in the reduced zones of cubic and 
hexagonal-close-packed lattices have been obtained by 
Boukaert, Smoluchowski, and Wigner," and by Bell.® 
Some of their results are given in Tables I to VI, 
together with the permitted values of A and yw and 
expressions for the electron energy E(k) in the neigh- 
borhood of nondegenerate extremum states. 


III. SELECTION RULES FOR THE ABSORPTION 
OF POLARIZED RADIATION 


The selection rules for the absorption of polarized 
electromagnetic radiation by an electron in a state |1) 
and excited to a state | f) are obtained by determining 
the states |i) and | f) for which the matrix element 


M = (f|Wint| 1) (8) 
does not vanish. 


a. Interaction Hamiltonian 


The Hamiltonian operator Kj, represents the inter- 
action between the electromagnetic field and the 
electron and is given by the expression 


Kint= (eh imc)A-¥. (9) 


The vector potential A of the electromagnetic field is of 
the form 


A=n!Ao| ei #9, (10) 


where n is a unit vector in the direction of polarization 


” Boukaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936). The expression ‘“‘group of k” was first introduced in this 
reference, and refers to the group which is made up of all sym- 
metry elements which leave the wave vector invariant. 
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TABLE I. The cubic groups O, and 7, 


(a) Application 


Orn 


f.c.c. (c)* k= (0,0,0) 

s.c. (c) k=(0,0,0) 
k = (w/a) (1,1,1) 

b.c.c. (c) k= (0,0,0) 
k = (x /a)(1,0,0) 


Ta 


f.c.c. (t)* k= (0,0,0) 
s.c. (t) k= (0,0,0) 
k = (w/a) (1,1,1) 
k= (0,0,0) 
k = (w/a) (1,0,0) 
(c) k= (w/2a)(1,1,1) 


b.c.c. (4) 


(b) E(k) 


(hPk®/2my) T+ Ril kat + hy +k! 


pA‘ }+ 


(c) Character table 


iar 
ary 


0 
0) 
0 


604 


604 


v2 
v2 
0 


Representations of Os in terms of O «/ 


A; Ag Ay 
Ay A,* Ay; 


Ay Ay Ay 
Age hs Ayt 


(e) Selection rules¢ 


Ag Bs 
Ay B, 
Ay Bs 


Aa 


® The letters (c) and (t) refer to the potential having full-cubic and full-tetrahedral symmetries, respectively. 
b The numbers (1) and (2) label the single-valued and double-valued group representations 


¢ Selection rules for Os are the same as those for O with the additional restriction: 1 


and q is the field wave vector. The interaction Hamil- 
tonian can be expressed in terms of a multipole expan- 
sion by expanding the space-dependent part of the 
vector potential." 


a 
Hint _ 2 Kiar, 


and) 


(11) 


where 

Hine”? & (mY) (q-r)’. (12) 
The types of radiation absorption to be treated in this 
paper are the electric dipole (s=0), and the magnetic 
dipole and electric quadrupole (s=1) terms. These 
will be denoted by £1, M1, and £2, respectively. 
Although EF1 transitions are most easily observable, 
the selection rules for M1 and £2 transitions are in- 
cluded in the calculation with the hope of widening the 


1 W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, New York, 1953), third edition, Chap. V. 


A+++ A>; M1, B2 

scope of experimental investigations into the anisotropic 
properties of the electron energy surfaces. A possible 
way of observing such transitions may be to observe 
radiation absorption by crystals located in suitably 
excited wave guides. 


b. Electron Wave Functions 


At a given point k in the reduced zone, the electron 
wave functions can be described in terms of the irre- 
ducible representations of the group of k. The assump- 
tion will be made that the electronic transition is a 
vertical transition (k,=ky),‘ so that the group of the 
initial wave vector k, is the same as that of the final 
wave vector ky. Identifying the states of the system 
and the interaction with the irreducible 
representations I’, of the particular point group in 
question, the condition that the matrix element given 
by Eq. (8) does not vanish is fulfilled only if the de- 


operator 
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TaABLe II. The tetragonal groups Dea, Cy, and Dar. 


(a) Application 


Dua Cw(O <a <1) Du 


f.c.c. (c)* k= (w/2a) (1,2,0) f.c.c. (c) k= (#/2a) (a,0,0) f.c.c. (c) k= (x/a)(1,0,0) 
s.c. (c) k= (2/a)(a,1,1) s.c. (c) k= (m/a)(0,1,1) 
b.c.c. (c) k= (w/a) (a,0,0) s.c. (c) k= (m/a) (1,0,0) 


(b) E(k) (Eyy: X=2n, w=4n; Ey, =0)» 


(H2/2mo) (T ht +-T shi?) + Ro PP P+ Ro MMP Eo + 2RuO KP cosdg t+ - °° 
(c) Character table 


2Cs 2. 204 4C1 
2C2 2% 7 
2C2 2S 


v2 
v2 
(d) Representations of Da in terms of Da X1 
Cy» Cu Cy ‘4 Cy 
C2 C3" Cs C," C4 
(e) Selection rules 
Fy Fy 


om WM, XY, XZ 
OR, WM, XY, XZ 
we, Y2 OR, 7M, XY, X% 
OR, WM, XY, XZ 
On, WM, XY, XZ r ° OK, WM, XY, XZ WR,OM, Y2 


Pe FP; 


On, WM, OM, XY, %% WH, OK, WM, XY, XZ, V2 
WH, TR, WM, XY, XZ, ye HM,OM, XY, %2, 08 


E, Ew Ea ft, 


om yz OR, WM, XY, XZ 
TR y2 TH, HM, XY, X2 
vz om OR, WM, XY, XZ 
TE OR, WM, XY, XZ 
On, WM, XY, X2 Cz 3 ° OR, WM, XY, XZ WR, OM, Y2 


Cw Es Ey 


WR,7R, WM,O7M, XY, X2 OR, WM, XY, XZ, 2 
On, WM, XY, XZ, V2 WH, WM,OM, XY, XZ 


™M, XY, X2 
Ce 
WM, XY, X2 
oR 
WM, XY, XZ 
oR 
oM TE WM, XY, X% 
ys TE oM OR 
oR J Xz oR WM, XY, X% OR OM, YZ 
wu, XY, X% 7 x) oR WM, XY, X% oR 7M, XY, XZ TR 
Da (sé Crt Cy 
4" WM, OM, XY, X2 OR WM, XY, XZ, yz TR, OR 
‘6 OR WM, OM, XY, XZ TH, OR ™M, XY, XZ, yz 
‘7? wu, XY, XB, ys TR,OR wM,OM, XY, X% oR 
” WE, OR WM, XY, XB, yz oR 7M,OM, XY, XZ 


* See footnotes a and b of Table I 
bk, and ky denote the components of the electron wave vector parallel and perpendicular to the crystal axis, respectively. 
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TABLE III. The tetragonal group 5, 


(a) Application 
f.c.c. (t)* k= (#/2a) (1,2,0) 
(b) E(k) (Exy and Ey,: d=2n, » =4n)! 
(h?/2mo) (T ket + Thi?) + Roo PP Y + Reo BPO +2RWORMP SE coss4ot+ 2RyVRP A sindd + « - - 
(c) Character table (« #e**/*4) 


E IC, ICs Ca 


(d) Selection rules® 
Os P, or BP, +) Py, or YPs(+-) & Py or Bpy(- ) @Py or Pel ) 


P, or °P;(+) R TR, OM, YZ on’, wu", xy on", wy", xy, L 
Py or YPo(+) WE, OM, YZ R on", au", xy, L on’, wu", xy 

“Py or PPs(—) on”, wu”, xy on’, wy", xy, L R wR, OM, V2 

"Py or ™P6(—) ox’, am®, xy, lL ox*, wu, xy ™R, OM, Y2 R 


* See footnotes a and b of Table I. 
» See footnote b of Table II. 
¢ An example of the notation used is as follows: og” means that the radiation is left-circularly polarized in /1 @ polarization (i.e., o#” « (y ~4s), 


amR®« Ly +iLs, etc.), 


composition of the direct product 'y“ XI; contains adapted here. For the purpose of identification of 


the irreducible representation T'y. Bell® has given an the electron wave functions derived by Bell with 
extensive list of the symmetry properties of the electron the irreducible representations of the groups of k, the 
wave functions associated with the group of k for many character tables will be given in ‘Tables I to VI for the 
symmetry points in the reduced zone. The method of | symmetry points treated. 

calculation used in this paper can be adapted to sym- The spin-orbit interaction has been found to have a 
metry points not treated here by making use of Bell’s significant effect on the band structure of crystals in 
results. It is for this reason that Bell’s notation will be which two allowed bands are very close in energy, and 


TABLE IV. The monoclinic group C 


(a) Application 


(c)®* k= (w/2a)(1, 2 a, @) (0 <a< 
(t) k=(9 a)(a,0,1) (O<a< 
s.c. (t) k= (w/a)(a,0,1) () <a« 


(b) E(k (Envy and Ey A=2n, up =2n)> 


(2/2mo) (Tks? +7 hi?) + Ro PP P+ 2Re PP? cosdo+ 2RyuV PP? sin2e+ Ro PMP E+ 2R a KP 2 cosdp 


+2RWVKP?2 sindgt+-2Ry IVP  coss4g+2RyQQVh'P 4 sindad4 


haracter tablee 


*T; ( TJ BI], ( tT) 
*F,(—), "U—) l 


(d) Selection rules 
To, Us, or ®T1(+),FUs(+) Tp, Up, or *Ts( —), PU a( —) 
T,, Us, or °T3(4+), 29U3(+) Tk, OM, V2 On, WM, 2, XY 


°T,(—), °Us(—) OK, ™M, XZ, xy WR, OM, Y% 


* See footnotes a and b of Table I 
» See footnote b of Table 
¢ The representations 7 and U refer to the cases (c) and (t), respectively, in part (a) of this table 
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Tasie V. The hexagonal group Day. 


(a) Application 


h.c.p. k= (0,0,0) 
k=2(1/c,0,0) 


(b) E(k) (Eyy h=2n, wp =6n; Eyy =0)* 


(H?/2mo) (T kat + T ki?) + Ro PPP + Ro MP E+: >: 


(c) Character table 


C1 Cr 


0 
0 
0 


(d) Selection rules 
ap 
oR, yz WM, XZ, XY 
TE oR, yz wm, XZ, xy 
TR j WM, XY, XZ TK, y% 
om WM, XY, X12 oR, YZ 
on, Y2 WM, %2, xy oR,OM, ¥2 WR, 7M, XZ, XY 
WM, XY, XZ on, ¥2 WE, ™M, XY, oR, OM, V2 


ay as ay 
wM, OM, %2, XY WH, OR, Y% oR, WM, XY, 3 


WH, OR, V2 WM,OM, XZ, XY OR, WM, XY, 
On, WM, XY, XZ, Ye oR, WM, XY, X2, V2 7K, OM 


* See footnote b of Table II 
b See footnote b of Table I 


TasLe VI. The orthorhombic group Cp. 
(a) Application 


h.c.p. k= 2r(1/2c,0,7) (O<7S 1/av3) 


(b) Bik) (Eyy A=2n, wp =2n; Ey =()) 


(h2/2mo) (Treks? + Tyyky? + Tak?) 4 boo OMAP P+ 2Re PF cos2ot Ryo OMPP+2RwOKP F cos2pt2RykKP |S cosa - -- 


(c) Character table 


E E 


2 
(d) Selection rules» 


d, dy da dy 


"RK on’, wm", XY om, yz on, Wu", XZ 
on", wu", TY TR og’, wu", X2 om, Y2 
om, yt og’, wu", x2 TR on’, 7M", XY 
on”, wu", Xf om, Yt on’, wu", XY TR 
all polarizations of 


Fl, £2, M1 


* See footnote b of Table | 


» An example of the notation used is as follows: ¢#* means that the radiation is parallel to the s axis in £1 @ polarization. 
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TABLE VII. Atomic orbitals corresponding to representations of the crystallographic point groups 


(a) Single-valued group representations 


\Group Ta Cw Da 


Las |imi), 
(0, 0) 
|1, 0) 
|1, +1) 
1, —1) 
|2, 0) 
|2, +1) 
|2, —1) 
|2, +2)+|2, —2) 
(2, +2)—|2, —2) 
|3, 0) 
|3, 2)—|3, —2) 
|3, 2)+]3, —2) 
a(|3, 3)4]3, —3)) 


es’. 
~ ~~ 
~~ “~ 
6S 


? 
~ 
s 


A 
= 


=: > 
~ 

= 

= te 


~~ ~~ 


My Ps. 


+ay(|3, 1)+|3, 
a2(|3, 3)+|3, 
Fa;(|3,1)+13, 


--1)) 
—3)) 
an 1 )) 


—a|3, —3)+a2|3, 1) 

a |3,3)—a2|3, —1) 
a;3|3+1) tay|1+1) 
Orbital 1, 
Dur 
C2 


+1)+ ]1, —1) 


d, 


as({3, 1)4+13 
+aa({1,1)+ {1 


1)) 


Orbital 1)) 


Dir 


C2 d, d4 


|2, 2)+/2~—2) 


da d, 


13, 2)4+13—2) 3, 3)+13 
ds, 


d, d, 


(b) Double-valued group representations 


\\ Group On Ta 


Zai| jmj)i* 

#/1/2, +1/2) 
3/2, +1/2)* 
|3/2, +3/2)* 

a |5/2, +5/2)*—a»| 5/2, F3/2)* 
a3|5/2, +5/2)*+a1|5/2, #3/2)* 
|5/2, +1/2)* 
a3|7/2, +7/2)*+a4|7/2, 1/2)* 
a4|7/2, 47/2)* —as|7/2, 1/2) 
a|7/2, +5/2)*—a2|7/2, #3/2)* 
a|7/2, +5/2)*+a1|7/2, #3/2)* 


Lai| imi |5/2, +3/2) 
Dar % 
Coo ds 


a1|3/2, 
+as| 3/2, 


T3(+), Us(+) 


+3/2) 


Lai| jmid 1/2, +1/2) £1/2) 


C2 T3(+), Us(+) 


|7/2, 


ay % 
dy 


Ce Dra Se Da 
Es 
Es 
ky 
Ey 
E; 
Ks 
is 
is 
ky 
ky 


Fs 
Fs 
F; 
I 7 
F, 
Fs 
Is 
I 
F, 
F, 


P,(¥) 
Ps(F) 
P(t) C7* 
Po(F) C7* 
Po6(+) C7* 
Ps(+) Ce 
Ps(+) Cot 
Ps(+) Ce 
P4f +) C7* 
Po(F) C7 


as|7/2, 45/2) 
tae|7/2, #7/2) 


Ce 


Ce 


ae|7/2, 
—a|7/2, 


+ 5/2) 


+ 1/2) 17/2, 43/2) # 7/2) 
asa 


dy 


ain|7/2, 
au|7/2, 


as 


ds 


7/2) +ai8|7/2, 
+3/2) +a16|7/2, 


Ty(+), Us(+) 


dy 


5/2) 


ag|5/2, +5/2)+an0|5/2, # 3/2) 
) #1/2) 


taii| 5/2, 41/2 


Ty(+), Us(+) 


* The (+) superscript on the wave functions and representations A and C refer to even or odd parity. The (4) in brackets following the P, T, and U 


representations correspond to the values --mj 


in which the energy shifts produced in both bands are 
not the same.” The introduction of the spin-orbit 
operator into the electron Hamiltonian necessitates the 
use of double-valued group representations.’ Thus, 


2 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955) 


3 R, J. Elliott, Phys. Rev. 96, 266 (1954) 
“R. J. Elliott, Phys. Rev. 96, 280 (1954). 


the character tables of the double-valued groups will 
be included in Tables I to VI together with the selection 
rules for radiation absorption by electrons whose wave 
functions belong to the single-valued as well as the 
double-valued group representations. An identification 
of the irreducible representations with the proper linear 
combination of atomic orbitals is also given (‘Table 
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VII). The identification is made for orbitals up to /=3 
for the single-valued group representations, and up to 
j=} for the double-valued group representations. 
The degeneracy of the representation, being equal to 
the character of the identity class of the group, is 
observed to be the number in the column under £ in the 
character tables. In two of the cases treated here (.S, and 
C,) some of the representations are degenerate by time- 
reversal symmetry.'*!® These will be denoted by similar 
Greek-letter superscripts. 


c. Selection Rules 


The selection rules given in Tables I to VI are ar- 
ranged in a matrix form. If there is no entry at a par- 
ticular matrix position, then £1, M1, and £2 transitions 
are forbidden between the two states. The following 
notation is used for the types of allowed transitions. 

(Fl, M1): (we, omw)—The electric field vector is 
parallel to the symmetry axis of the crystal. (oz, mss) 
The electric field vector is perpendicular to the sym- 
metry axis of the crystal. 

£2: xx;—The radiation is directed along the x; axis 
with the electric field vector parallel to the x; axis, or 
vice versa. ‘The x coordinate denotes the direction 
parallel to the symmetry axis of the crystal. 

(R, L): Right- or left-handed circularly polarized 
radiation is directed along the symmetry axis of the 
crystal. 

In order to conserve space, the character tables for 
O, and Dy, will not be given. One merely has to note 
that O, equals OX/, and D4, equals D,X/, where J is 
the inversion group. Thus, each irreducible representa- 
tion of O and D, goes into an even and an odd represen- 
tation of O, and Dy, respectively. The selection rules 
for O, and Dy, are the same as those for O and D, with 
the additional restriction that for £1, even « odd, and 
for M1 and £2, even «» odd. It is also noted that for 
the groups O, and 74, the three coordinates axes x, y, 2 
are equivalent with respect to the lattice symmetry ; 
therefore, there can be no distinction between mw and a 
polarization. In these cases, the allowed transitions will 
be denoted by the symbols £1, M1, and £2. 


IV. APPLICATION 


‘The symmetry properties of the electron energy-band 
structure and the selection rules for the absorption of 
polarized radiation could be utilized in an investigation 
of the effects of applying a distorting force to a single 
crystal. The effect of the distorting force would be to 
change the symmetry properties about a given point k 
in the reduced zone from one point-group classification 
to another, and thereby produce a possible change in 
the selection rules for the absorption of polarized 
radiation. 

As an example, consider the effect of applying a 
shearing stress to the normally cubic indium antimonide 


“WE, Wigner, Gdttingen Nachr. p. 546 (1932) 
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crystal. This example has been chosen for the reasons 
that both theoretical and experimental investigations 
have revealed a great deal of information about InSb, 
and the optical absorption experiments have indicated 
that the valence band-conduction band transition is 
almost a purely vertical transition (Ak=0), so the 
results of this paper can be applied most fruitfully. 
The InSb crystal has a zinc blende structure; the sym- 
metry properties of the zinc blende structure have been 
investigated by Parmenter'® and by Dresselhaus.!’ 
Cyclotron resonance measurements'* and magneto- 
resistance measurements” indicate that the conduction- 
band minimum occurs at k= (0,0,0). Optical absorption 
measurements” indicate that the minimum valence 
band-conduction band separation is 0.175 ev at room 
temperature and increases to 0.23 ev at T=0°K.”! 
According to the work of Parmenter'® and Dresselhaus,!” 
the valence-band maximum occurs at k= (0,0,0), with 
the energy surfaces being ellipsoids of revolution about 
the (111) directions. In view of these results, Kane” 
has calculated the energy-band structure of InSb, 
taking into account the influence of the spin-orbit 
coupling effects and the influence of the valence band- 
conduction band interaction. 

‘The symmetry about the point k= (0,0,0) is described 
by the tetrahedral point group Ty in the zinc blende 
structure,'® and the wave functions appropriate to the 
conduction and valence bands belong to the irreducible 
representations of the double group 74. The symbol 
«[.,"4(T) will be used to denote an energy band. The 
orbital momentum (or collection of orbital momenta) 
assigned to an energy band is denoted by L, the total 
angular-momentum quantum number is J, My denotes 
the collection of magnetic quantum numbers belonging 
to the band, a is the degeneracy of the band, and I 
is the irreducible representation to which the energy- 
band wave function belongs. According to Kane,” the 
conduction and valence bands at k= (0,0,0) are *S,*4 (Be) 
and 4P,t!+4(Bs), *Py*4(Be), respectively. At the 
minimum valence band-conduction band separation, 
the *?*!+4(Bs) valence band is 0.23 ev below the con- 
duction band (at T=0°K) and the */;*!(Bs) valence 
band is around 1.13 ev below the conduction band. As 
|k| increases from zero, the conduction and valence 
bands become k-dependent mixtures of S and P bands, 
the upper valence band (J =) splits into a high-mass 
band (M;=+34) and, below it, a low-mass band 
(M ,= +4). In the following paragraphs, only the im- 
mediate vicinity of |k| =0 will be considered. 


1©R. H. Parmenter, Phys. Rev. 100, 573 (1955). 

7G. Dresselhaus, Phys. Rev. 100, 580 (1955) 

'* Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955). 

Tanenbaum, Pearson, and Feldman, Phys. Rev. 93, 912 
(1954) 

”H. Y. Fan and G. W. Gobeli, Bull. Am. Phys. Soc. Se. II, 1, 
111 (1956). 

*1'V. Roberts and J. E. Quarington, J. Electronics 1, 152 (1955). 

™ E. O. Kane, Phys. and Chem. Solids 1, 249 (1957). 





SELECTION 


According to Table I(e), the excitation of electrons 
from the valence band (Bs) to the conduction band 
(Bs) by electric dipole radiation absorption is inde- 
pendent of polarization. This, of course, is a conse- 
quence of the tetrahedral symmetry which requires 
that the three mutually perpendicular axes x, y, and z 
are equivalent with respect to the lattice symmetry. 
However, if the crystal were subjected to a shearing 
stress applied parallel to any of the cube edges [say 
along the (100) direction ], a preferred axis of symmetry 
would be established [in the (100) direction] and the 
tetrahedral symmetry group 7, about k= (0,0,0) would 
be replaced by the tetragonal symmetry group Dog. 
Under these conditions, the wave functions for the 
conduction and valence bands would now belong to the 
irreducible representations of the tetragonal symmetry 
group Deg (see Table II). According to Table VII(b), 
the conduction band *S;*!(Bs) would now be de- 
noted by *S,*4(#'5), and the uppermost valence band 
‘P,*-44(Bs) would split into two bands, *Py*!(F7) and 
*P *4(F.). According to Table II(e), electric dipole tran- 
sitions are allowed in both og and mg polarizations for 
the transition *Py*!(F7)—*S;*!(F'5), but the transition 
*Py*4(F5)—S,*4(F 5) is allowed only in the og polariza- 
tion (the electric field vector of the radiation field being 
perpendicular to the (100) direction). 

If the shearing stress has the effect of causing the 
*Py*4(F5) valence-band edge to lie higher than the 
*P*1(F7) valence-band edge at the minimum energy- 
band separation, the threshold energy for o¢-polarized 
electric dipole radiation absorption would be less than 
the threshold energy for the wx polarization. If one 
can consider the shearing stress to produce a small 
perturbation on the electron Hamiltonian (considered 
by Kane”), the *P;*!(/s) band edge would cross the 
*P,+1(F;) band edge near |k|=0. ‘The difference be- 
tween the o and a threshold energies could then, com- 
bined with the unperturbed band structure,” be used 
to obtain an approximate value for the slope of the 
*P+4(F,) valence-band edge near the point |k| =0. 
On the other hand, if the shearing stress has the effect 
of causing the *Py*!(F7) valence-band edge to lie higher 
than the *Py*4(/s) valence-band edge at the minimum 
energy-band separation, the threshold energy for elec- 
tric dipole radiation absorption would not exhibit a 
polarization dependence. Thus, an experimental ob- 
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servation of the absorption of polarized electric dipole 
radiation by shear stressed InSb crystals would reveal 
information about the way in which the deformation 
splits the valence band near the minimum valence 
band-conduction band separation. 


V. CONCLUDING REMARKS 


It should be pointed out that it is only in the mon 
atomic lattices that the electron wave functions belong 
to the same representations about each nucleus in the 
lattice. Examples of monatomic lattices are the b.c.c. 
lattices Na, Cs, and Ba, and the f.c.c. lattices Ca, Cu, 
and Pb. The sodium chloride and zinc blende-type lat 
tices are made up of two interpenetrating f.c.c. lattices, 
the CsCl-type lattice is made up of two interpenetrating 
s.c.-type lattices, and the h.c.p. lattices are always 
made up of two interpenetrating lattices based on 
(0,0,0) and (¢/2, 0, a/v3). In these cases the wave func- 
tions at the different points k in the reduced zone belong 
to different representations about each type of nucleus. 
A method of assigning the proper representations to the 
different nuclei in such lattices, together with many 
examples, has been given by Bell.* 

It should also be pointed out that there is another 
type of lattice which has not been discussed here. ‘This 
is the lattice whose symmetry elements contain a screw 
rotation. Examples are tellurium and selenium. ‘The 
character tables for several symmetry points in the 
reduced zone of the tellurium-type lattice have been 
calculated by Asendorf.* As he has pointed out, the 
tellurium lattice consists of three interpenetrating 
simple-hexagonal lattices, with each lattice contribut 
ing one nucleus to the unit cell. Thus, also in this case, 
the electron wave functions at different points k in the 
reduced zone belong to different representations about 
each of the three nuclei. 
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In the presence of an extraneous oscillatory field, the frequency at which transition probabilities are 
maximized in magnetic resonance experiments is shifted. Experimental measurements of this shift are 
described. An extension of the theory underlying this effect is given and the results of an experiment verify- 
ing the theory are presented. A distortion of molecular beam resonances occurring under certain circum- 
stances when oscillating fields of excessive magnitude are used is also described, and some experimental 


work on this effect is summarized. 


I. EXTRANEOUS RADIO-FREQUENCY FIELD IN THE 

SEPARATED OSCILLATORY FIELD TECHNIQUE 

N studies of the quantum transitions produced by an 

electromagnetic field, as for example in molecular 
beam or nuclear resonance experiments, an extraneous 
radio-frequency field is often present. If the frequency of 
the extraneous field is different from the resonant fre- 
quencies of the system under analysis, one is tempted 
to say that it has negligible effect. Recently, however, 
Ramsey' has pointed out that quite large shifts in 
resonant frequency can occur when such an extraneous 
field is present. Moreover, under some circumstances 
the shape of the absorption curve will not change 
noticeably even though a large shift in its position 
occurs; thus shifts of this sort can occur unnoticed and 
can lead to significant errors in reducing data. Similar 
distortions can occur in electric resonance experiments, 
and some examples of these have been reported by 
Autler and Townes.’ 

Extraneous radio-frequency fields can arise in reso- 
nance experiments in a number of ways. Sometimes 
they are due to avoidable experimental procedures, 
such as the presence of undesired harmonics not ade- 
quately filtered from the transition-producing radio- 
frequency current. At other times the extra radio- 
frequency field is almost inherent in the method. In a 
sense almost all molecular beam experiments fall into 
the latter class because the simple relation used to 
analyze such experiments, hv= AE, is correct only for a 
rotating radio-frequency field. In actual experiments 
the field is oscillatory, which is equivalent to the super- 
position of two oppositely rotating fields. One of these 
rotating fields produces transitions; the other is ex- 
traneous. Early in the development of the molecular 
beam method, Bloch and Siegert® and Stevenson‘ de- 
veloped first-order expressions for the shift in resonant 
frequency to be expected from this particular extrane- 
ous oscillatory field. They found that the shift arising 
in this way should normally be negligibly small. 


* Now at Operations Evaluation Group, Navy Department, 
Washington, D. C 

t Now at Imperial College of Science and Technology, London, 
England 
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The quantitative results of Ramsey! agree with those 
of Bloch and the others’ for the special case Bloch 
considered. In addition, Ramsey’s! more general treat- 
ment indicates that much larger shifts can occur with 
extraneous oscillatory fields of different frequencies. 
In the following sections, a survey and an extension of 
of the theory is given, and an experiment supporting 
the theory is described. Finally, it is shown that the 
agreement between theory and experimental results is 
good. In the last two sections a different distortion of 
the resonance by excessive oscillatory fields is described. 


Il. THEORY OF EXTRANEOUS FIELD 


The separated oscillatory-field technique® in molecu- 
lar beam experiments offers a particularly simple means 
of investigating the effect of an extraneous radio- 
frequency field since the extra radio-frequency field 
can be introduced into the region between the two 
separated rf strips. The experimental inconvenience of 
driving a single line with two parallel oscillators is then 
avoided and the problem of calculating the effect is 
also simplified. However, as discussed by Ramsey'® 
a similar distortion occurs with the Rabi method. 
Suppose that in the absence of a perturbation, a system 
can exist in either of two energy levels. Consider a 
time-dependent perturbation producing transitions be- 
tween the energy levels p and q for which the non- 
diagonal elements of the Hamiltonian are V,,=hbe*', 
V op=hbe-'. The time-dependent Schrédinger equation 
for this system is: 


ihC >=W CotVnLa 


1 
ih = Vag pt W Ceo. (1) 


In a magnetic-resonance molecular beam experiment, 
for example, the perturbation is due to an interaction 
between the net magnetic dipole moment of the mole- 
cule and the applied oscillating field. Then 2b=yH, 
where ¥ is the gyromagnetic ratio of the molecule and 
H, is the magnitude of the field oscillating with angular 
frequency w. In the separated oscillatory-field method® 
the oscillatory field is first applied for a time 7 while the 
molecule is in the first oscillatory-field region, it is then 

5 N. F. Ramsey, Phys. Rev. 78, 695 (1950). 


®*N. F. Ramsey, Molecular Beams (Oxford University Press, 
New York, 1956). 
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Fic. 1. The shift in the resonant frequency as a function of the 
amplitude of the extraneous oscillatory field. The frequency of 
the extraneous field was 2112 cycles per second greater than wo, 
and wo= 632 800 cycles per second. 


removed for a time 7 while the molecule is in the inter- 
mediate region, finally it is reapplied for a time r in the 
last region. 

Equations (1) may be solved by standard methods.‘ 
In the usual separated-field technique the following 
conditions apply : 


V pg =hbe“! 0<t< 


=F of 
or T+7<t<T+2r, 
r<i<T+r, 


for all ¢. 


when 
V pg=0 when 

V pp=Vqqg=9 
In the present experiment, we are interested in the 


effect of introducing a radio-frequency field in the region 
between the separated fields. That is: 

when O<t<r 

or T+7<St<T+2r, 
r<l<T+r, 


for all ¢. 


hbe'*' 


V vg 


V pg=hbre'2**)* ~=when 


V pp=Vqg=9 
From the above, it can be shown that the maximum 
transition probability occurs when 


i) ame 4) 


Ww wot (wo ~we){{1 t (2b,)? (wo Ww»)? |! 


providing that the restrictions |wo—wy|7>>1 and T>>r 
are fulfilled. A derivation of Eq. (2) subject to more 
stringent restrictions than those above has been given 
by Ramsey,’ but Lewis’ has shown that the less re- 
strictive conditions now stated are sufficient. The same 
analysis’ shows that in the limit as wo- 
Eq. (2) is not applicable, w= wy. 

It is clear from Eq. (2) that for values of wy rather 
close to wo, but not within the normal line width, the 
resonant frequency can be displaced considerably from 
its position in the absence of the extraneous electro- 
magnetic field. 


>we, for which 


III. EXPERIMENTAL METHOD 


The radio-frequency lines in the molecular beam 
apparatus were arranged in the following way along the 


7H. R. Lewis, Ph.D. thesis, Harvard University, 1956 (un 
published). 
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Fic. 2. The shift in the resonant frequency as a function of the 
frequency of the extraneous oscillatory field 


gap of the homogeneous magnet. About five inches 
from the end of the magnet there was a short rf strip 
about one and one-eighth inches long made of four 
turns of copper sheet. This was followed by a very short 


gap and then a second rf strip about 45 inches long. 
This strip was made of a single loop of copper sheet 
and was normally used only for line-up purposes 
Finally, there was a second short rf strip identical to 
the first. In normal operation the two end strips are 
driven by a single oscillator. A measure of the transi 
tions produced by these fields is obtained by shifting 
their relative phases by 180 degrees and observing the 
change in beam intensity. To study the effect of an 
extraneous rf field, the usual method was used except 
that a second rf current was introduced onto the usually 
unexcited central strip. 

The experimental procedure was the following: the 
large resonance resulting from unit change of the nu- 
clear magnetic quantum number of deuterium molecules 
in the state J=0, J =2 was observed with no additional 
oscillatory field. The resonance was then observed with 
extra oscillatory fields of various frequencies and ampli 
tudes. With the long-time constant Pirani detector, the 
observation of a single resonance took about half an 
hour. Magnet stability was checked by remeasuring the 
resonant frequency in the absence of the additional field 
about every two hours 


IV. EXTRANEOUS OSCILLATORY FIELD RESULTS 


The J/=0, /=2, Am, 
observed with the source gas at liquid nitrogen tempera 
ture. Figures 1 and 2 show the data taken in a field of 
about 900 gauss. By moving the extraneous frequency 
to within about one kilocycle of the normal resonance, 
shifts in resonant frequency as large as one kilocycle 
were produced, Several attempts at producing much 


+1 resonance of deuterium was 
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larger shifts by reducing |w2:—wo| substantially below 
one kilocycle were unsuccessful; no recognizable reso- 
nance was then observed. Since the normal line width 
for this apparatus is about 350 cycles, these trials 
represented a violation of the condition |w2—w»|T>>1 
which applies to the theory outlined above. 

The probable errors in the data are fairly large. 
While each frequency was measured to better than one 
part in ten thousand, frequency differences were never 
measured to better than five percent since these dif- 
ferences were small compared to the frequencies from 
which they were derived. Despite this limitation, the 
evidence is strong that Eq. (2) is an accurate descrip- 
tion of the process. As expected, both positive and 
negative shifts were produced and the dependence of 
the shift on the frequency and amplitude of the ex- 
traneous rf field is as predicted. Unfortunately, the 
data on positive shifts were taken using a different rf 
ammeter than that used for the negative shifts measured 
some weeks later. ‘Thus, although there is internal 
agreement in the two sets of data, there is a small but 
definite systematic disagreement between the two sets. 
This is attributed to a difference in calibration of the 
two meters. A check of similar rf ammeters shows that 
differences in calibration large enough to produce this 
error are common. 

From these measurements the magnitude of the 
perturbation due to the extraneous rf field can be 


computed and, indirectly, the magnitude of the radio 


frequency magnetic field can be found. 


V. RESONANCE DISTORTIONS DUE TO 
EXCESS rf FIELDS 


When the amplitude of the rf field is very much 
larger than the value required to maximize transition 
probabilities, there is, in the separated-field method of 
molecular beams, a possibility of serious misinterpreta- 
tion of the resonance curve as first shown theoretically 
by Ramsey.® This arises as follows. The probability of 
a transition as a function of frequency is given by the 
following expression® ; 


Ue 4bl AL 
Hs) 
oie a a 
1 4bl XL 4bl AL 
(eof 
4 a a a al. 


I (x)= for exp(—y*)y¥* cos(x/y)dy, 
h=((Wy-W,)/h]—«, 


L is the diatance between rf strips, a is the most prob- 
able velocity, and / is the length of the rf strip. 

This is the transition probability in th neighborhood 
of the resonance after averaging over the molecular 
beam velocity distribution. It has been assumed here 
that the two separated oscillating fields are in phase. 


where 


QUINN, AND 


RAMSEY 


The function /(x) is oscillatory with a maximum at 
x=0. The envelop of this function decreases mono- 
tonically and rapidly so that the first relative maximum, 
which occurs at about x=9, is only one-sixth as large 
as the maximum at x=0. This function has been tabu- 
lated by Ramsey and Kruse and others.** 

An examination of Eq. (3) shows the following con- 
ditions for large extrema: 


(a) A=wo—w=0: a maximum, 
(b) AL/a~3.8: a minimum, 
(c) AL/a=+4bl/a: 
a minimum flanked by two smaller maxima. 


No other large extreme values should occur. The ex- 
tremum (c) is rather curious for several reasons. First, 
its position is dependent upon the magnitude of the 
perturbation (b). In addition, in the separated-field 
method one normally thinks of all secondary maxima 
and minima as being averaged out by the velocity 
distribution. But the secondary minimum noted above 
is about half as prominent a feature as the principal 
resonance peak, 

When the rf amplitude is adjusted to its optimum 
value, the first and second minima coalesce. As the rf 
amplitude increases, the second minimum moves out 
from the central maximum. Roughly speaking, when 
the rf amplitude is N times optimum, the second mini- 
mum occurs .V times as far from the central maximum 
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Fic. 3. Theoretical transition probabilities as a function of the 
amplitude of the oscillatory field in the separated field method 
L is the distance between the mid-points-of the separated fields 
and ais the most probable velocity of the Maxwellian distribution 
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as the first minimum. Thus when a fairly large excess 
rf current is used, as for example in producing multiple- 
quantum transition, such minima may be observed so 
far from the correct resonance that they may be mis- 
taken for the resonant frequency or for additional 
transitions. Figure 3 illustrates this point. The transi- 
tion probability is symmetric about the true resonant 
frequency. 


VI. EXCESSIVE OSCILLATORY FIELD 

To investigate the effect on the shape of the absorp- 
tion curve of an oscillatory field of excessive amplitude, 
an experiment was performed using the J/=0, Am,= +1 
transition of the HD molecule. This resonance is very 
easily observed at liquid nitrogen temperatures where 
the statistics of HD favor the occupation of the energy 
levels involved. In addition, the magnitude of the 
optimum oscillatory field is inversely proportional to 
the gyromagnetic ratio of the nucleus associated with 
the transition. This made it advantageous to work with 
the very large gyrometric ratio of the proton to reduce 
rf current requirements. The experiments were per- 
formed in a field of about 150 gauss and involved vary- 
ing the amplitude of the oscillatory field from the value 
calculated to be optimum to ten times that magnitude. 
For each current setting, the resonance curve was 
examined over a very wide frequency band. At ampli- 
tudes up to three times optimum, the results were in 
accordance with theory. At about three times optimum, 
secondary minima appeared, as expected. Above this 
value, however, departures from the simple theory 
occurred, Additional maxima began to appear, Fig. 4, 
and these became more pronounced as the amplitude 
of the rf current was increased. The distortion of the 
pattern produced in this fashion was so large that it was 
not possible to check the expected dependence of the 
position of the second minimum on the magnitude of 
the radio-frequency field. 

A number of possible sources of the anticipated dis- 
tortion noted above were considered. The possibility of 
a large difference between the static field strength in 
one of the oscillatory-field regions and the average 
field strength between the two oscillatory-field regions 
was eliminated for both experimental and theoretical 
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Fic. 4. Resonance curves as a function of rf current. The six 
ampere curve was not observed during the same run as the other 
curves shown here. 


reasons. A more likely cause of the complicated pattern 
observed may be a rather large inhomogeneity in the 
static field in one (or both) of the regions in which the 
oscillatory field is applied. In the separated-field tech 
nique one may think of the resonance curve as an inter 
ference pattern between the transitions produced in the 
two separate oscillatory fields. If, instead, one has three 
oscillatory-field regions, the pattern becomes more 
complicated. In this case each pair of transition regions 
tends to produce an interference pattern centered on a 
frequency determined by the average field between 
them. Thus a very inhomogeneous field in the region 
of the oscillatory fields might produce additional 
maxima beyond those expected. Furthermore, since 
the amplitude which maximizes the transition proba 
bility is inversely proportional to the length of the 
region in which the perturbation is applied, the appear 
additional maxima can be current 


ance of these 


dependent. 
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Previous work is extended so as to provide a determination of 
the shortest wavelength at which plasma oscillations can be 
sustained by a degenerate electron gas. The collective oscillations 
are treated without introducing collective coordinates, thereby 
avoiding possible complications associated with subsidiary con 
ditions, Instead the Hartree self-consistent field method is used to 
provide a direct quantum-mechanical analog to the Bohm-Gross 
derivation of the dispersion relation. The effect of electron ex 
change, calculated by replacing the Hartree by the Hartree-Fock 
method, somewhat decreases the dependence of the plasma fre 
quency on wave number. The maximum wave number corresponds 
to the momentum just sufficient to cause an electron at the surface 
of the Fermi sea to make a real transition, absorbing one plasma 


I, INTRODUCTION 


N a previous paper' a qualitative estimate was made 

of the smallest wavelength, or alternatively, of the 
argest wave number, ¢ ich plasma oscillations can 
largest number, at which plasma oscillatior I 
be propagated by a degenerate electron gas. (There 
and in the present work the usual simplification of a 
uniform fixed background of positive charge is made.) 
Although the determination of this cutoff is a problem 
which can probably be handled satisfactorily within 
the frame work of the full Bohm-Pines’ theory of 
Coulomb interactions, we prefer to give here a more 
limited treatment which is, however, somewhat simpler 
and more directly suited to the specific problem at hand. 
The method is that of the Hartree self-consistent field, 
and is used in Sec. II to obtain the plasma dispersion 
relation in a way completely analogous to the classical 
derivation of Bohm and Gross.’ The resulting quantum- 
mechanical dispersion relation is identical to that of 
Bohm and Pines. Following Bohm and Gross, we re- 
move the time dependence of the self-consistent field 
by working in a coordinate system moving along with 
the traveling plasma wave. In Sec. III, on the other 
hand, we give the corresponding time-dependent cal- 
culation, working entirely in the laboratory system. 
This method of the time-dependent self-consistent field 
has already been presented by Zyrianov and Eleonskii,* 

* Research supported by the U. S. Atomic Energy Commission 
and by the Office of Naval Research. 

t The central result of this investigation has been reported at 
the March Meeting of the American Physical Society [R. A 
Ferrell, Bull. Am. Phys. Soc. Ser. II, 2, 146 (1957) ]. 

1R. A. Ferrell, Phys. Rev. 101, 554 (1956). 

? 1D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 

*D. Bohm and E. P. Gross, Phys. Rev. 75, 1851 (1949), 

‘P. S. Zyrianov and V, M. Eleonskii, J. Exptl. Theoret. Phys 
30, 592 (1956) [English translation: Soviet Physics JETP 3, 620 
(1956) }. The present author is indebted to Dr. A. A. Broyles for 
bringing this article to his attention. Note added in proof.—A time 
dependent Hartree derivation of the Bohm-Pines dispersion rela 
tion similar to that presented in Sec. III of the present paper has 
recently also been given by M. Nogami (to be published) 


quantum of energy. This criterion agrees well with Watanabe’s 
measurement of the maximum angle by which electrons under- 
going the characteristic energy loss are scattered. The previous 
work on the intensity of the characteristic energy loss as a func- 
tion of angle is supplemented by a study near cutoff, where is is 
shown that the intensity drops rapidly to zero as the maximum 
angle of scattering is approached. By use of the generalized sum 
rule of Noziéres and Pines it is also possible to study the con- 
tribution of one-electron excitation to the differential stopping 
power. Varying as the fourth power of the angle of scattering, this 
contribution is negligible at small angles and first becomes 
dominant as the cutoff is approached. 


and as they point out, also shows promise as a way of 
treating collective oscillations in nuclei without the 
introduction of collective coordinates and subsidiary 
conditions, 

One result of both Secs. II and ILI is simply the dis- 
persion relation already established by Bohm and 
Pines. The present alternative derivation has, however, 
the advantage of being free of any possible uncertainties 
connected with the difficulty of giving a rigorous 
treatment to the Bohm-Pines subsidiary conditions. 
An additional advantage of the present simple approach 
is that it lends itself quite readily to a study of the 
effect of electron exchange. This is carried out at the 
end of Sec. Il, where the Hartree is replaced by the 
Hartree-Fock method. It is shown that exchange de- 
creases the dependence of the plasma frequency on 
wave number. 

A serious shortcoming, the neglect of correlations, 
also appears at this point. This is an inherent approxi- 
mation in the Hartree-Fock method and is satisfactory 
in the limit of weak interaction, or high density. In the 
range of electron densities encountered in normal metals, 
metals, however, the electron-electron correlations are 
quite strong and should not be neglected. Since the 
effect of these correlations is to keep the electrons sepa- 
rated it is clear that the present work overestimates 
the effect of the exclusion principle on the dispersion 
relation. A correction for correlation is suggested but 
not rigorously established. To do so would require a 
more powerful theory, such as that of Bohm and Pines, 
which includes correlations from the start. 

In the last half of Sec. III the connection is estab- 
lished between the degree of excitation of a plasma 
oscillator and its amplitude of vibration, and also be- 
tween the degree of excitation and the average number 
of excited electrons. The number of excited electrons 
per plasma quantum is found for all but the very long 
wavelengths to be relatively small (greater than, but 
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of the order of magnitude of unity). This suggests the 
“momentum-exciton” model which is worked out in a 
paper which follows. The numerical value of this ratio 
is also utilized in Sec. IV, where the angular dependence 
of the eigenloss® (characteristic energy loss) intensity 
is studied in the vicinity of the cutoff. This cutoff 
results when the wavelength of the plasma oscillation is 
sufficiently short to convey to individual electrons the 
momentum needed to enable them to make real transi- 
tions. They then absorb energy from the oscillation and 
damp it out. This cutoff criterion reduces essentially to 
the requirement that the phase velocity of propagation 
of the plasma should become small enough to coincide 
with the velocity of the electrons at the surface of the 
Fermi sea. This determination can be made more pre- 
cise and the result is exhibited in Fig. 2 below. The 
cutoff angle obtained in this way for inelastic electron 
scattering by the plasma is larger than the Bohm-Pines 
value by 30-50% for naturally occurring electron densi- 
ties, and is in good agreement with the measurement of 
Watanabe on aluminum.® Of special theoretical interest 
is the behavior of the cutoff momentum in the high- 
density limit. While the Bohm-Pines cutoff parameter 
varies as r,, where r, is the radius of the unit sphere in 
Bohr radii, the presently determined cutoff parameter 
has a more complicated dependence. While still passing 
to zero, it does so more slowly and becomes considerably 
larger than the Bohm-Pines parameter in the limit 
r,— 0. 

A further result obtained in Sec. IV is the variation 
as a function of angle of the intensity of the inelastic 
electron scattering. It is found that the angular de- 
pendence determined in reference 1 is modified by a 
reduction factor which is essentially unity for small 
angles but drops rapidly to zero as the cutoff angle is 
approached. In Sec. V, with the help of the generalized 
sum rule of Noziéres and Pines, excitation into the 
continuum of low-lying one-electron states is studied. 
The total contribution of these transitions to the 
differential stopping power is found to be negligible 
except near the cutoff and beyond. Thus, for angles of 
scattering less than the cutoff angle, an incident fast 
electron loses energy almost entirely by collective ex- 
citation of the electron plasma. 


II. SELF-CONSISTENT FIELD METHOD 


Suppose that a running wave of density fluctuation 
with angular frequency w and wave vector k is pro- 
pagated through a degenerate electron gas, which is 
assumed to be at rest in the laboratory system (i.e., 
to have zero average electron momentum). Consider 
the coordinate system which moves uniformly relative 
to the laboratory system with velocity equal to the 
phase velocity (w/k*)k. In this system the density wave 


5 The terminology of reference 1 will be assumed throughout. 
6H, Watanabe, J. Phys. Soc. Japan 11, 112 (1956). 
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is at rest and sets up an electrostatic potential of the 
form 
¢(x)= 2 cosk- x, (1) 


where ¢ is a constant. On the other hand, the elec- 
trons have an average velocity in the moving system of 
— (w/k*)k. Aside from the perturbing effect of the 
sinusoidal potential the electrons occupy states corre- 
sponding to a sphere in momentum space of radius equal 
to the Fermi momentum, but centered at — (mw/k®)k. 
Let the unperturbed plane waves be designated by 
¢i(x)= V~-exp(ik,-x) (where V is the volume of 
quantization), and the perturbed wave functions by 


¥i(x)= 9i(x) (1+ A Me 2+ A Oem), (2) 


First-order stationary-state perturbation theory’ gives 


—~€po 


E(k.) — E( kik)’ 


A(t) = 


(3) 


where /:(k,;)=h?k?/2m is the energy of a free electron 
of momentum hk,. Equation (2) thus simplifies to 


ego/h 
thk,-k/m-+ hk? /2m 


A,‘P =- 


(4) 


According to the above expressions, the contribution 
of the electrons to the total charge density at the point 
x is —e times 


> | pi(x) |?= VY 142A, cos(k-x)], 


where we have dropped terms higher than the first 
power in A,‘* and have introduced 


— egok?/m 
A=AM+A,O = - (5) 
(hk,;-k/m)?—h?k*/4m? 


The constant term in the electron density is canceled 
by the uniform positive background. Hence, according 
to Poisson’s equation, the potential set up by the 
electrons at point x is 


g(x) = 2(—4e/k?V) (3° 4A,) cos(k- x). (6) 


This equation is of the same form as Eq. (1). Hence the 
amplitude of the potential wave, in terms of the per- 
turbations in the electron wave functions, is 


pom — (4re/k?V)> (Ai. (7) 


If N is the total number of electrons, Eqs. (5) and (7) 
constitute a set of N+ 1 homogeneous linear equations. 
The general condition that such a set have a nontrivial 
solution is the vanishing of the secular determinant. 
The special case at hand can, however, be handled 
much more simply. We substitute from Eq. (5) into 
Eq. (7), and divide by go. (All the A,’s are of the same 


7L. T. Schiff, Quantum Mechanics (McGraw-Hill Book Come 
pany, Inc., New York, 1955), second edition, p. 153. 
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sign. Hence go cannot vanish unless the A/’s all do, 
which is assumed not to be the case.) We further 
substitute 


hk;/m= vi — (w/k*)k, 


where the velocity vectors v, are distributed throughout 
the volume of a sphere of radius equal to the Fermi 
momentum divided by the electron mass. Thus the 
condition for a self-sustaining wave reads 


wfN> OL (o—k-v,)*—Wk/4m™}=1. (8) 


Here we have introduced the customary symbol for 
the plasma frequency at infinite wavelength, wy 
= (4rne*/m)'. n is the average electron density, V/V. 
Equation (8) is just the dispersion relation first de- 
rived by Bohm and Pines [ Eq. (57) of reference 2]. It 
formally differs from the classical dispersion relation 
[ Eq. (9) of reference 3] only in the appearance of the 
additional term* —h’k*/4m*, which vanishes in the 
classical limit as h — 0. (Of course, the distribution of 
velocities is much different in the degenerate and non- 
degenerate cases. In this respect the degenerate case is 
simpler, because of the absence of the Boltzmann tail 
which in principle produces a singularity in the dis- 
persion relation and requires a treatment of electron 
trapping at all wavelengths.) As Bohm and Pines ob- 
serve, it is a straightforward matter to obtain from 
Eq. (8) an expansion for w in powers of k. Although 
they present expressions to fourth order in k, we repeat 
the calculation here, since there is an additional fourth- 
order term which they do not seem to have included. 
Designating the velocity average by (), we find for 
the coefficient of w,* in Eq. (6) (odd powers of velocity 
average to zero), 
(L(w@— k- vi)? — 8k /4m? |!) = w+ wh? (0*) 
tos *hhu*) + Wk /4m?+ ++ -, 
Substituting into Eq. (8), multiplying by w,’, solving by 
iteration, and introducing Av*= ((v‘)— (v”)*)!, we obtain 
w= wy? + h?(v*) + wy 7h (Av*)?+h?k*/4m?+ ---. (9) 
It is convenient to introduce the Fermi momentum 
hko= mv, the Fermi energy Ko=h*ko?/2m, and the 
ratio of the Fermi energy to the plasma quantum of 
energy, y= Eo/hw,. Then Eq. (9) reads 
ww = wp" 1-4-4770" / 09") (R/ ko)? + 16y4 (Av?/19?)*(k/ Ro) 
+77(k/ko)*+ +++]. 
Substituting (v®/vo?) =} and (Av?/ve?) = 12/175 and tak- 


(10) 


* This term is of considerable importance for the short wave 
lengths and is essential to a correct treatment of the cutoff. A 
Hartree-type derivation of the dispersion relation which uses the 
Bohm-Gross transformation and is similar to the present work has 
already been given by Wolff [P. A. Wolff, Phys. Rev. 92, 18 
(1953) }. But to solve the Hartree equations Wolff uses the WKB 
method, which is not valid for short wavelengths. He therefore 
does not find this nonclassical term in the body of his paper. It is, 
however, implicit in Eqs. (6b) of his Appendix B, which is equiva- 
ient to the present treatment. He also discusses there the effect 
of exchange. (See reference 13.) 
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ing the square root gives 


6 
w/w»= a hal 


6 1 
+ (-<r4t 98 )b/iat (11) 
35 2 


The coefficient of (k/ko)* is the same as Bohm and 
Pines’s, but for the coefficient of (k/ko)* they have only 
y’/2. Our coefficient is consequently smaller than theirs 
by the factor (1—12y?/35)=(1—0.385/r,), where 1, 
= (3/4rag'n)' is the radius of the unit sphere in Bohr 
radii. Here we have used the free electron expressions 


Ey= 3.67 ry/r,’, (12a) 


hin p= 3.46 ry/r,, (12b) 
which yield 


y= 1.061r, St (12c) 


Recently, by studying the dependence of the char- 
acteristic energy loss, hw, of 25-kev electrons passing 
through metal foils as a function of scattering angle, 
hk/p, where p is the momentum of the incident elec- 
trons, Watanabe® was able to establish experimentally 
the value of the (k/ko)? and (k/ko)* coefficients in Eq. 
(9). (For additional discussion of this experiment, see 
the review articles by Pines.’”) He was able to measure 
(k/ko)? coefficients for several metals, and these will 
be discussed further below. For the moment, we want 
to consider briefly the (k/ko)* coefficients he found for 
the two metals aluminum and magnesium. In both 
cases, his experimental values are somewhat smaller 
than y’?/2. The correction of the preceding paragraph, 
however, reduces y*/2 by 19% and 15% in the cases 
of Al and Mg, respectively, and thereby brings the 
experimental and theoretical values into agreement, 
within experimental error (which is, to be sure, rather 
large). A word of caution must, however, be injected 
at this point concerning the significance of this agree- 
ment. In the following paragraphs is shown that there 
are non-negligible exchange corrections to the Bohm- 
Pines dispersion relation. The effect of exchange on the 
(k/ko)* coefficient of w/w, is estimated, but evaluation 
of the (k/ko)* exchange correction is not attempted. 
Since the effect of exchange always appears in higher 
order in k/ko, the dominant (k/ko)* term, (y?/2)(k/ko)4, 
will be unaffected. For this reason it is unlikely that 
inclusion of exchange will significantly alter the value 
of the theoretical fourth-order coefficient. Agreement 
with the experimental value cannot be definitely estab- 
lished without a quantitative estimate of the effects 
both of exchange and of the positive-ion lattice on the 
fourth-order coefficient. 

To take into account the effect of electron exchange 
on the second-order coefficient, we simply replace the 

*D. Pines, Solid State Physics (Academic Press, Inc., New 


York, 1955), Vol. 1, P. 437. 
1). Pines, Revs. Modern Phys. 28, 184 (1956). 
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above Hartree self-consistent field method by the 
Hartree-Fock method. The wave function for the 
N-electron system is a product of two Slater deter- 
minants of the one-electron wave functions y;. (Since 
none of the interactions involved in the present problem 
is spin-dependent, we are free to consider the spin 
“up” electrons as distinguishable from those with spin 
“down”.) The Hartree-Fock equation for y,(x) is the 
free-electron time-independent Schrédinger equation 
(we continue to work in the moving coordinate system), 
perturbed by —e¢g(x) the energy of interaction with the 
Hartree field, and in addition by the integral operator 


e 
—} EWhs(x) fex.t(x) = 
|x—x’| 

The centered dot indicates that the expression is to be 
multiplied by y.(x’) before the integration over x’ is 
carried out. The summation is over all electrons, while 
the factor of one-half allows for the fact that only half 
of these can exchange. The above operator can be 
expressed in powers of the A;‘* by substituting the y, 
from Eq. (2). The term independent of the A,‘*? is 
known, from the work of Pines," to affect the free- 
electron motion only very slightly, provided electron- 
electron correlation is taken into account. We therefore 
neglect this term, as well as those quadratic in the 
A;‘*), The effect of the remaining linear terms on the 
one-electron function y; can be taken into account by 
perturbation theory. 

This calculation is carried out in Appendix I [which 
contains Eqs. (13)—(23) ]. The result depends on Eex, 
the exchange energy per electron," and is given by” 


w= wy? + h*(0") + Eexk?/m. (23a) 
Solving for w in terms of w,, one obtains in place of 


Eq. (11) 


(24) 


6 5 Bows 
w/wy=1+ (1 + =) (he 
5 6 Eo 


According to reference 12 


Eex= —90.916 ry/1,. (25) 


Substituting from Eq. (12a), we find for the correction 
factor due to exchange 


1+8(E../Eo)=1—0.208r,. (26) 
Thus we see that exchange reduces the value of the 
dispersion coefficient and thereby decreases the de- 
pendence of the plasma frequency on wave number. 
1]. Pines, Phys. Rev. 92, 626 (1953). 

2 F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 341. 

4’ This result agrees with an estimate given by Pines [reference 
10, Eq. (22) ], except for sign, the short-range modification dis 
cussed below, and the trivial omission of the mass factor. Wolff 
(reference 8), has noted that exchange contributes a (k/k,)? term 
to the dispersion relation, but does not give a numerical result. 
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Before applying the correction factor of Eq. (26) to 
normal metals it is necessary to examine the range of 
validity of the present Hartree-Fock calculation. An 
inherent approximation in the Hartree-Fock method is 
the neglect of correlation. Such an approximation is 
justified for weak interaction, or high density. There- 
fore Eqs. (24) and (26) can be relied upon for electron 
densities corresponding to r,<1, and we conclude that 
exchange has no effect on the dispersion coefficient in 
the high-density limit. 

For the electron densities encountered in normal 
metals, corresponding to values of r, greater than unity, 
electron-electron correlation is important and its neglect 
is not justified. Since the correlation tends to keep the 
electrons separated so that the Pauli exclusion principle 
will have less influence, it is clear that the present 
calculation errors in overestimating the effect of ex- 
change. For these comparatively low densities exchange 
can be handled correctly only by means of a more 
powerful theory, such as that of Bohm and Pines, which 
takes into account correlation. The reader should con- 
sult the work of these authors (reference 2) for a dis 
cussion of this and related questions. In particular it 
should be mentioned that the random-phase approxima- 
tion used by Bohm and Pines is closely related to our 
Hartree self-consistent field calculation. The Hartree 
calculation can be considered as an exact treatment of 
the Hamiltonian obtained by neglecting all terms in 
the Fourier expansion of the Coulomb interaction 
except those corresponding to a given momentum 
transfer. This might be called the “strong-random 
phase approximation.” It is not clear that it is identical 
to the Bohm-Pines random-phase approximation, which 
neglects terms in the kinetic energy part of the Hamil- 
tonian. In any case, the results are identical, at least in 
regard to the dispersion relation for plasma oscillation. 
As Bohm and Pines state, when one makes such a 
random-phase approximation, “no ‘exchange’ contribu 
tions to the dispersion relation appear up to order k*.” 
The present Hartree-Fock calculation is an attempt to 
go beyond these approximations and include the effect 
of interactions corresponding to momentum transfers 
other than that associated with the wavelength of the 
plasma oscillation being studied. Our procedure suffers, 
however, from neglect of correlation and we can only 
conjecture here what the correct result for normal elec- 
tron densities would be. By virtue of the correlation 
“ach electron is surrounded by a screening cloud, so 
that electron-electron collisions only take place for 
close collisions. The sum in Eq. (21) of Appendix I 
should therefore be restricted to large momentum 
differences, which simply replaces the Coulomb ex- 
change energy by the exchange energy for a screened 
Coulomb potential. According to Appendix I of refer- 
ence 11, this is equivalent to reducing /. by the factor 
g(8)=1—48/3+-6°/2—6'/48, where B is determined 
below from Eq. (43) and Fig. 2 of Sec. IV. It must be 
emphasized that this correction for correlation is in no 
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way proved in the present work. The exchange correc- 
tion to the coefficient of (k/k»)*, which we call the 
“dispersion coefficient,” is therefore conjectured to be, 
instead of Eq. (26), 


1+ $(L../ Eo) = 1—0.208r,¢(). (27) 


Numerical values for the dispersion coefficient both 
with and without the exchange correction are listed in 
Table I for the four values of electron density corre- 
sponding to the metals measured by Watanabe.* The 
experimental values were obtained by multiplying 
Watanabe’s parameter a by 2y. 

It will be noted from Table I that the exchange cor- 
rection computed above by no means improves the 
agreement between theory and experiment. It is only 
weakly dependent on 7, and amounts roughly to a 10% 
reduction in the dispersion coefficient. The agreement is 
best in the case of beryllium. The dispersion coefficients 
for the other metals should theoretically be smaller than 
the beryllium coefficient, whereas experimentally they 
are larger. The discrepancy is worst in the cases of 
germanium and magnesium, where it amounts to about 
a factor of two. It is natural to suppose that the dis- 
crepancy is due to departures, caused by the positive- 
ion lattice, from free-electron behavior. An extension 
of the Bohm-Pines theory to include the effect of 
lattice on the dispersion coefficient has been made by 
Noziéres and Pines."* The present Hartree-Fock ap- 
proach, or rather that of the next section, may also be 
extended to take the effect of the lattice into account.'® 
It would be highly desirable to have a quantitative 
estimate of the extent to which the lattice affects the 
dispersion. In general this would require detailed 
knowledge of the Bloch waves and the energy-band 
structure of the metals. Only in the case of the alkali 
metals can a relatively simple theoretical treatment be 
expected. Unfortunately it is just these metals which 
are most difficult to handle experimentally. 


Ill. TIME-DEPENDENT SELF-CONSISTENT FIELD 


The method of Bohm and Gross, used in the preceding 
section, of working in a moving coordinate system is not 
generally applicable to the problem of calculating the 
frequency of collective oscillation of a system of many 
particles. Only in the case of a free interacting gas does 
it seem to be useful. Treating the plasma oscillations in 
metals more realistically and taking the lattice into 
account would already select out the laboratory system 
as preferred. The Bohm-Gross transformation would 
be of no advantage in this case, since in the moving 
coordinate system the lattice would set up a rapidly 
fluctuating time-dependent potential. Therefore, it is 
necessary in the general case to work in the laboratory 
system and to cope directly with the time dependence 


“4 P. Noziéres and D. Pines (to be published). See also D. Pines, 
reference 10. 

'® Some work along this line has already been carried out by 
R. D. Myers (private communication). 
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TasLe I. Theoretical and experimental (Watanabe, reference 
6) values of the eigenloss and of the dispersion coefficient for 
various metals, The entries under “Exch.” are computed from a 
conjectured formula for the correction due to electron exchange, 
and are not rigorously established in the present work. 


Dispersion coefficient 
Theory 
No exch. Exch. 


0.72 0.64 
0.65 0.58 
0.65 0.58 
0.51 0.44 


Kigenloss 
Metal hwp 


Be 18.2 
Al 15.7 
Ge 15.6 
Mg 10.9 


Exp. 


0.654-0.06 
0.744+0.07 
1.22+0.22 
0.814+0.05 


Exp. 


19.0 
15.0 
16.5 
10.5 


of the self-consistent field set up by the collective oscil- 
lations. A procedure for accomplishing this has been 
provided by Zyrianov and Eleonskii,* who have noted 
that it is possible to make a very simple generalization 
of Hartree’s equation to the time-dependent case. In 
this section we sketch briefly the derivation of the 
plasma dispersion relation by this method, and show 
that it is equivalent to the derivation given in Sec. II. 
In addition we derive a relation between the amplitude 
of the oscillating self-consistent field and the quantum 
number of excitation of the corresponding plasma 
oscillator (i.e., the number of plasmons present). This 
result will be used in Sec. IV to study the short-wave- 
length cutoff in the excitation of plasmons by electron 
scattering. 

The one-electron wave functions are now time- 
dependent. If the unperturbed plane waves are desig- 
nated by 


¢i(x,t)= V~4 exp{iLk,- x— E(k,)t/h J}, 
the perturbed wave functions will have the form 


¥i(x,t) _ ¢i(Xx,t) 
XLI+A Pete wt 4 en i( eee #8) ), (28) 


The self-consistent potential is in the form of the travel- 
ing wave ¢(x,t)=2¢ cos(k-x—wt). The Hamiltonian 
operator which acts on the individual electrons is 
therefore time dependent and of the form Ho+H', 
where H’= —eg(x,t) and Ho is the free-electron kinetic- 
energy operator. The time-dependent generalization 
of Hartree’s equation is consequently 


thoy (x,t)/dt= (Hot H’)y(x,!). 


Substitution of Eq. (28) into Eq. (29) and collection of 
first-order terms yields 


(29) 


—€o 


A,;PYP=- oe 
E(k,) — E( ki Ak) +hw 


ego/h 


=— — - , (30) 
+hk,- k/mFw+hk?/2m 


Recalling that the present electron momentum hk, 
differs from that of Eq. (4) by the term (mw/k*)k, one 
sees that Eqs. (30) and (4) are identical. Thus the 





CHARACTERISTIC 


requirement of self-consistency is the same as before, 
and results in the same dispersion relation.'* (There is 
only a minor change in the Hartree field set up by the 
electrons; the additional time factors in the wave func- 
tions result in a running instead of a standing wave.) 
Zyrianov and Eleonskii have already sketched a some- 
what different derivation in their note, and as a matter 
of fact, give an extension of the dispersion relation to 
any interaction which perturbs the particle plane 
waves only slightly. They also briefly discuss the ex- 
tension of the time-dependent method to include the 
effect of exchange. We do not need to go into this here, 
since the work is straightforward and the results are 
the same as those of Sec. II. 

Now that we have found a solution to the time- 
dependent Schrédinger equation corresponding to a 
collective oscillation of the system, it is desirable to 
determine the degree of excitation which the solution 
describes. The wave function for the complete system, 
VW, in terms of the one-electron wave functions, y;, is 
given by 

v= AJ] i(x;,1), (31) 


where A is the antisymmetrizing operator. It is clear 
that if the y; are substituted from Eq. (28) into Eq. 
(31) and multiplied out, a large number of terms (i.e., 
Slater determinants) will be obtained. If these are 
collected according to the power of e~' which accom- 
panies them, then will assume the form of a general- 
ized wave packet, in which each stationary-state wave 
function appears in the superposition with its own time 
factor. The time factor is simply the exponential func- 
tion of —it/h times the energy eigenvalue associated 
with the stationary state of the system. The wave 
packet peaks at a certain energy of excitation. Sig- 
nificantly larger energies will not be present with 
appreciable probability in the expansion because the 
additional factors of e~“*' bring in further factors of 
A;*, (It is assumed that A,“*)<«1.) On the other hand, 
an energy appreciably smaller than the mean energy is 
improbable because of the smaller number of terms in 
Eq. (31) which correspond to such an energy, The 
situation is similar to the competition between the 
Boltzmann factor and the entropy, so familiar in sta- 
tistical mechanics. In the present case, the most prob- 
able energy of excitation, which we write as vhw, is 
easily determined from the equation 


a) 0 
v= (hw) |(wi v)- (wan v)! 
f at al | Aj(t) =O 
é 0 
= (hw) | (vai v) — ( esi e) (32) 
al al 


=Di(|Ai|? 


16 The Bohm-Pines dispersion relation can also be derived from 
the Lindhard theory of the dielectric constant [J. Lindhard, Kgl 
Danske Videnskab. Selskab, Mat.-fys. Medd. 28, No. 8 (1954) ] 
The condition that a plasma oscillation of a given wavelength 
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In arriving at this result it is first necessary to normalize 
the ¥; by dividing by (1+|A¢@|*+|4,|*)!. In 
addition, use is made of the orthogonality of y, and y; 
for i#j. The latter follows from Eq. (29), which can 
be used to show that (,,w,) is a constant independent 
of time. It follows that the constant must equal zero 
except in the special case of resonance, E,— E;= +-hw, 
which does not arise in the present problem. Note 
added in proof.—The y; defined by Eq. (28) are not 
strictly solutions of Eq. (29), since solving Eq. (29) 
to second order furnishes an additional time-dependent 
factor to every y;. The contribution which these factors 
make to Eq. (32) is canceled by the total interaction 
energy, which must be subtracted whenever the 
Hartree-Fock method is strictly adhered to, so as not 
to count the pairwise interactions twice. Equation (32) 
can, of course, also be derived by simply adding to the 
total kinetic energy the total interaction energy. 

It is desirable to note at this point that the degree 
of excitation or number of plasmons,!’ vy, can be calcu- 
lated in an alternative way which exhibits more clearly 
the fact that the Pauli exclusion principle has been 
satisfied. It might be claimed that the term in ¥; which 
contains the factor A,“ e*:* should not contribute if 
the state kj=k,+k is already occupied. Similarly, the 
term in W; containing A;“~e'** should be omitted. 
But the energy denominators in the expressions for 
A; and A;~ are identical except for sign. Therefore 
these two contributions do indeed cancel from Eq. 
(32). The same.is true for the quantity > >,A, 
=) i(Ai+A,™), which appears in Eqs. (6) and (7) 
of the preceding section. 

Returning to Eq. (32), substituting from Eq. (30), 
4rNe*/mV, we find 


v= (V gh? /2rhw,)G(w,k), 


and from w,” 


(33) 
where 
(w k: v,)w,* 
G(w,k) V-! F 


[(w 


h’k*/4m?* ie 


k-v,)? 


Since the dispersion relation [ Eq. (8) | determines w, 
in terms of w and k, G can be considered a function 
only of the latter two quantities. The general behavior 
of this function will be discussed in the next section. 
Let us here study only the limit of k—» 0, where G~= 1, 
Then the energy of excitation is 


hia y= V pork? / 2m. (34) 
This result is in complete agreement, as must be ex- 
pected for the long-wavelength limit, with the following 
simple classical calculation: According to Poisson’s 


equation the charge density is (k’/4a) ¢(x,t). The total 


and frequency should be self-sustaining is that the dielectric con 
stant, K(w,k), should vanish. This follows from the equation 
D= KE when the electric displacement D vanishes but there is 
present a nonzero fluctuating electric field E. See also J. Hubbard, 
Proc. Phys. Soc. (London) A68, 441 and 976 (1955), 

17 The term “plasmon” has been introduced by D. Pines (refer- 
ence 10) for the quantum of energy in a plasma oscillation. 
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potential energy is therefore 
1rk 

fee dolxnas 

2S 4n 


gk? 


ln 


f cos*(k- x—wl)d*x = V ph? /4m. 


This is exactly one-half the total energy of excitation, 
as must be the case for a harmonic oscillator. 

We are now in a position to investigate the validity 
of the assumption A,‘*)<1. As a rough measure of 
A,‘*, consider the quantity ego/hw,. From Eq. (34), 


we have 
(*) vry ( A ) dg 
<| : 
hw» the,\L? L 


where \= 27/k is the wavelength, do is the Bohr radius, 
and the cube of quantization has edge of length L. The 
inequality is always satisfied if the excitations to be 
studied are restricted by v<L/ay. This is, however, no 
real restriction and can be alleviated by using a larger 
volume of quantization. In the limit of an infinite 
number of electrons occupying an infinite volume, the 
above perturbation treatment of the self-consistent 
field equations is completely rigorous. 

We conclude this section by studying the collective 
nature of the plasma oscillations. More specifically, 
we ask the question, how many electrons are excited 
per plasmon? Designating the expectation value for the 
number of electrons to be found outside the Fermi sea 
by v’, we have 


P=D AMPED MAO, 


where the primed and double-primed summations are 
performed over regions of the Fermi sea restricted by 
the exclusion principle. According to reference 1, Sec. 
III, the number of terms in each of these restricted 
sums is, for small k/ko, (where ko is the Fermi wave 
number) approximately 3Nk/4ko. According to Eq. 
(30) A, is accurately given for small k by Fe¢go/hw». 
Thus the number of plasmons per excited electron is 


V pir?h? 2ko (=) 

2rhw, 3NR\ ego 
This ratio is very small for long-wavelength plasma 
oscillations. In this case each plasmon corresponds to 
the excitation of a very large number of electrons. On 
the other hand, as one passes to shorter wavelengths 
the smaller energy denominators in A,‘ cause the 
first term in Eq. (36) to predominate over the second. 
Eventually (at the cutoff—see Sec. IV), the second 
term can be neglected compared to the first. The same 
approximation applies to Eq. (32), so that the ratio 
v/v’ becomes in this case unity. In this limit only one 
excited electron will be found on the average outside 


(36) 


&y k 
; (37) 
3 ky 
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the Fermi sea, for each plasmon of excitation. This 
simple result suggests an idealized quantum-mechanical 
model for the electron plasma, in which the ground 
state is represented by the unmodified Fermi sea and 
the excited state of one short-wavelength plasmon is 
represented by one-electron excitation.'* It should be 
emphasized that a small v/v’ ratio is in no way essential 
to or connected with the collective nature of the oscilla- 
tions. The latter is due solely to the large number of 
electrons which are available to participate in the 
oscillations. At the short-wavelength limit, for example, 
a large fraction of all the electrons in the system par- 
ticipate. This is not inconsistent with the fact that, in 
this case, if a measurement of the electron momenta 
were carried out, only one electron per plasmon would 
be found with momentum in excess of the Fermi value. 
Speaking somewhat more pictorially, for a collective 
oscillation to be possible it is only necessary for an 
excited particle to be able to interact with the others in 
the system, so as to be able to pass along its excitation. 
It is not necessary for more than one particle to be 
excited at the same time. This is especially evident in a 
recent treatment of nuclear collective oscillations by 
one-nucleon excitation." 


IV. SHORT-WAVELENGTH CUTOFF 


Equation (8) of Sec. II can be employed to calculate 
the plasma frequency for a given wavelength provided 
the summand is a well-behaved function of v,;. This 
ceases to be the case when the energy denominator 
vanishes in at least one of the A; of Eq. (30). Then 
the excitation of some of the electrons conserves energy. 
This results in real transitions, which damp out the 
plasma oscillation. Letting p and v be the components 
of the electron momentum and velocity in the direction 
of propagation of the plasma wave, and using a crude 
approximation for the energy of transition, AZ, we have 


AE= (0E/dp)hk=vhk. (38) 


Introducing the phase velocity of the plasma wave, 
V=w/k, and requiring conservation of energy upon 
absorption of a plasmon by an electron we find vk ~hw, 


or 

v= V. (39) 
This equation is well known in classical plasma theory? 
as the condition for Landau trapping, and indicates 
that those waves will be damped whose propagation 


‘6 The consequences of this model have been reported by J. J. 
Quinn and the present author [ Bull. Am. Phys. Soc. Ser. II, 1, 
44(1956) ]. See also a paper which follows. Note added in proof. 
Using the present self-consistent field treatment as a guide it has 
proved possible to include in this ‘‘momentum-exciton” model the 
effects of three-, five-, etc., electron excitation. By taking into 
account Feynman graphs in which the excitation makes a “jog” 
and travels backwards as well as forwards in time, one can derive 
the Bohm-Pines dispersion relation and the other results of the 
present paper without the necessity of working in the classical 
limit and invoking the correspondence principle. 

1 R.A. Ferrell and W. M. Visscher, Phys. Rev. 102, 450 (1956) ; 
104, 475 (1956). 
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velocities coincide with some of the electron velocities 
of translation. In the present case of the degenerate 
electron gas v is limited by the Fermi value, vo. On the 
other hand, V is roughly proportional to wavelength, 
(since w is only weakly dependent on wavelength and 
can be approximated by w,), and increases without 
limit as one passes to very long wavelengths. Thus, 
damping only occurs for the short wavelengths, and 
first sets in for uhtho(k/ko) ~hw,. Designating the cutoff 
ratio by k/kyo=6, and noting that voftko is twice the 
Fermi energy, Eo, we have 


Be (2y)=0.471/1,. (40) 


This can be compared with Pines’ expression,”° obtained 
from the Bohm-Pines theory, 


Bap=0.353\/r,. (41) 


Equation (40) gives a cutoff ratio 33% larger than does 
Eq. (41). No real inconsistency exists between these 
two expressions. Equation (41) refers to the optimal 
number of collective variables to be introduced into the 
Bohm-Pines theory, so as to best describe, (with a 
certain variational trial wave function), the long-range 
correlations in the ground state. There is nothing in the 
Bohm-Pines theory a priori to prevent shorter wave- 
length plasma oscillations from taking place, even 
though no variables have been introduced to describe 
them. 

A cutoff determination which is more accurate than 
Eq. (40) is obtained when AE of Eq. (38) is equated 
to the actual transition energy, (28+ ")Fo, and when 
the functional dependence of w on k is taken into ac- 
count. Figure 1 shows a plot of the transition energy 
and of hw” for the case r,=2 (nearly aluminum, for 
which r,= 2.07). The continuum is due to electrons of 
less than the maximum velocity of v. As k/ko is in- 
creased the cutoff is encountered at the moment that 
the fw curve touches the continuum. The dashed line 
represents the approximate expression, Eq. (11). As 
seen from the figure, this terminated series expansion 
fails adequately to reproduce the fairly rapid rise in 
hw near the cutoff. The actual cutoff ratio is 0.73 
while the approximate value is 0.68, corresponding to 
an error of about 7%. [ Equation (40) gives the slightly 


*” Reference 9, Eq. (6.8). 

*1 This function has been calculated from Eq. (8), and does not 
include the effect of exchange, which has been found in the pre 
ceding section to reduce the dispersion coefficient by the relatively 
minor amount of about 10% (for r,=2). Since the effect of ex 
change on the dispersion relation as a whole has not yet been 
worked out, we are forced to neglect it. This is, however, not a 
serious handicap in the present section, since the goal here is to 
illustrate how, once the correct relation is known, it can be used 
to determine the cutoff. For the present purposes it is of no great 
consequence how this dispersion relation is obtained. One can 
even use the experimental dependence of w on k, whenever this 
has been measured to sufficient accuracy. See, for example, 
reference 25 below. 

22 The behavior near cutoff has been obtained from Eq. (51) 
below. It is interesting to note that the eigenloss curve becomes 
tangent to the continuum at the point of contact. 
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Fic. 1. Collective and individual electron excitation energies 
(in units of the Fermi energy), as functions of momentum (in 
units of the Fermi momentum) for r,= 2. The dashed curve repre 
sents the three-term approximation to the series expansion of the 
Bohm-Pines dispersion relation. The cutoff occurs for the mo 
mentum at which the collective excitation merges with and is in 
resonance with the continuum of individual electron excitation 
energies 


worse value of 0.666. | Fortunately, accurate values for 
B as a function of 7, can be obtained from the exact 
Bohm-Pines dispersion relation much more readily than 
the function w(k) itself. It is only necessary in Eq. (8) 
to replace tw by A= (28+-6") Fo and k by Bko. Since 
w, is a function of r, the resulting expression is a rela 
tion between 8 and r,. Breaking the summand up into 
partial fractions and letting uo be the component of 
the electron velocity along k, we have 


Mw »* : 1 
toy z( 
k? hu —hkvgu, 


h’k?/2m 


1 
hw —hkigu 4 re, 


hwy\? 1 1 1 
(a) 4 ) 
Ey7 4p 1-4, 1—u,;+, 


3 +1 1 
f ( Ja u’)du 
167°8°4_,; \1l—u 1—u+, 


(3/1678) (2+) In(1+2/B)—2). (42) 


Substituting for y from Eq. (12c) and solving for r,, 
we obtain 


r,=6.026"{ (24-8) In(1+2/p)—2}". (43) 


Since it is not possible to invert this relation and find # 
explicitly as a function of 7,, we have computed the 
latter as a function of 6 and have plotted the results in 
Fig. 2. From the curve thus obtained, one can read off 
6 for any desired value of r,. The significance of the 
upper portion of the curve, where # takes on values 
greater than unity, may well be questioned. The average 
electron spacing already becomes equal to a _half- 
wavelength at about k/ko=0.82. It is not clear whether 





RICHARD 








Z 
es 


























r 


s 


hic. 2. The cutoff momentum (in units of the Fermi momen- 
tum) as function of r,, the unit-sphere radius (in Bohr radii). 
The curve labelled “BP” is determined from Pines’ expression, 


Eq. (41) 


or not this is a relevant comparison. More conclusively, 
the large values of 8 correspond in turn to large values 
of r,, or very low electron densities. For these densities 
the ‘‘condensation” of the electrons into a body-centered 
cubic lattice can be expected to set in. There will be 
strong electron-electron positional correlations in the 
ground state of the system” and the simple Fermi sea 
description, which is at the basis of the present work, 
will no longer be applicable. 

On the other hand, in the passage to the high- 
density limit, Eq. (43) can be expected to become quite 
reliable. As can be seen from Fig. 2, for small r, the 
cutoff ratio becomes very much larger than the Bohm- 
Pines cutoff parameter, which is also plotted for com- 
parison, Since 


r, ~3.018? Ins", (44) 


the ratio of the cutoff parameters is asymptotically 
equal to (2.67 In@~')' and becomes infinite as r,— 0. 
The ratio is already considerably greater than unity 
in the range of the naturally occurring electron densities. 
This removes a discrepancy which was encountered in 
the first comparison™ of the experimental results of 
Watanabe with the Bohm-Pines theory. The latter 
gave for the maximum angle of scattering in aluminum 
Bup(2o/E)'=11.0 milliradians, where FE is the energy 
of bombardment (25 kev in Watanabe’s experiment). 
But according to Fig. 2, in place of Bgp=0.507 one 
should use 6=0.74. This increase of 46% raises the 
cutoff angle to 16.0 milliradians.2* Watanabe reports 


™ See, for example, J. S. Plaskett, Phil. Mag. 45, 1255 (1954). 

* See reference 6, p. 117 and reference 9, p. 493. 

2» Ag mentioned above (reference 21), this calculation neglects 
exchange, which may be expected to lower the cutoff. On the other 
hand, the large dispersion coefficient found experimentally by 
Watanabe seems to indicate that the positive-ion lattice has an 
effect on the dispersion relation which more than compensates 
for that of exchange. If one uses Watanabe’s experimental (4/ko)? 
and (k/ko)* coefficients one finds a cutoff ratio of 0.70 and a cutoff 
angle of 15.1 milliradians. Note added in proof.—G. Meyer, [Z. 
Physik 148, 61 (1957) ], has recently also completed an experi 
mental investigation of the 15-ev eigenloss in aluminum. With his 
incident energy of 30 kev the cutoff should be expected at 14.6 
milliradians. This is consistent with his measurements which 
exhibit the (somewhat broadened) eigenloss at 11.1 milliradians, 


A. 
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that the eigenloss fades into the background at 15-18 
milliradians. 

The peculiar high-density behavior of the cutoff 
expressed by Eq. (44) is unexpected and bears closer 
examination. In particular, we want to study in detail 
the manner in which hw approaches and merges with the 
continuum of one-electron excitation energies.”* This is 
facilitated by a simplification which the high-density 
limit introduces into the Bohm-Pines dispersion rela- 
tion, By steps similar to those yielding Eq. (42), Eq. (8) 
can be integrated and put into the form 

(u—z)?—1 


(SNES 
a 64772? 22 ¥ u—s+1 


(u+z)?—1 u+z+1 
+- in( 
22 u+z—1 


) - 2] (44a) 
Here we are using Lindhard’s”’ variables z= k/2ko and 
u=w/kvo. Thus, u is the ratio of the plasma phase 
velocity to the Fermi velocity. At high electron densities, 
z is restricted to very small values. Expanding the 
quantity inside the brackets in powers of z and keeping 
only the first nonvanishing term yields 2u In{ (u+1)/ 
(u—1) ]—4. Hence the plasmon energy, iw, depends on 
the wave number only through the combination 4yz 
=2yk/ko. This dimensionless variable measures the 
top of the one-electron continuum in units of hw,. In 
terms of it we have w/w,=u(2yk/ko). Equation (44a) 
reduces, with the above high-density approximation, to 


3u u+1 4 
2rb/ho=|— in( - )-3]. 
2 


u—\ 
From this simplified dispersion relation, it is possible to 
obtain the plot of w/w, as a function 2yk/ko shown in 
Fig. 3. The cutoff determined by Eq. (44) occurs at a 
very large value of 2yk/ko, for the high-density case. 
But for values greater than two, the plasmon energy 
lies very close to the top of the continuum (shown by 
the straight line in Fig. 3). Thus the tangential portion 
of the eigenloss curve already noted in reference 22 in 
reference to Fig. 1 now accounts for most of the interval 
of variation of k/ko. [It should be mentioned that the 


(44b) 


but show only the broad excitation to the continuum at 14.9 
milliradians. Meyer himself claims to calculate 11 milliradians by 
using the mean separation of the electrons as a cutoff criterion. 
As explained above, this criterion has no sound basis and is 
actually incorrect for values of 7, less than three, for which it 
yields too large a cutoff angle. In the present case it would give 
16.2 milliradians, so that we are forced to the conclusion that 
Meyer’s calculated cutoff angle must be numerically in error. Of 
further interest is the value of the dispersion coefficient which 
can be inferred from Meyer’s Fig. 5. We find 0.53+40.10, which is 
significantly less than Watanabe’s value and agrees with the 
theoretical value including exchange (see Table I). 

*© The author wishes to thank Professor K. A. Brueckner for 
interesting discussion on this point. 

7 Equation (44a) can also be obtained from Lindhard’s equation 
(37) (reference 16) by setting his expression for the dielectric 
constant equal to zero. 
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approximations made in deriving Eq. (44b) are not 
valid in the vicinity of the cutoff.] In this tangential 
region the stability of the plasma oscillations with 
respect to damping might well be questioned. A small 
perturbation might shift the plasmon energy down into 
the one-electron continuum. More conclusively, as 
shown at the end of Sec. V, such plasma oscillations are 
not excited by inelastic scattering of fast electrons. An 
expression for the fractional contribution of plasmon 
excitation to the sum rule is derived there and plotted 
as the lower curve in Fig. 3. It will be noted that this 
has already dropped by a factor of about two at 
2yk/ko=2, or k/ko=y™. This value of k/ko is twice 
that given by Eq. (40), and can be taken as the effec- 
tive “cutoff” at high density. The eigenloss intensity 
relative to the lower-lying continuum is considerably 
less than one-half at this point, since the sum rule 
weights the intensities according to their excitation 
energies. Thus it must be concluded that the cutoff 
determined by Eq. (44) is of a rather artificial nature 
at high density. The actual eigenloss scattering intensity 
undergoes a gradual “cutoff” at momentum values 
given by a factor of the order of r,) times the Fermi 
momentum. 

We conclude this section with a discussion of the 
variation of the intensity of the eigenloss beam as a 
function of scattering angle, in the vicinity of the 
cutoff. An incident electron, passing through a metal 
foil in which there is present a plasma oscillation of the 
type treated in Sec. III, experiences the interaction 


—ey(x,t)= —egoet(es #!) — @poe i(k-x—wt) 


The second term can cause the incident electron to lose 








2Tk/k, 


Fic. 3. Dispersion relation and angular dependence of eigenloss 
intensity for high electron density. The upper curve gives the 
ratio of the plasma frequency, w, to the classical frequency, wp, 
as a function of 2y times momentum (in units of the Fermi 
momentum). + is the ratio of the Fermi energy to hw, and equals 
1.061 r,~4, where r, is the unit-sphere radius (in Bohr radii). The 
straight line represents the energy (in units of hw,) at the top of 
the continuum of one-electron excitations. Note how the plasma 
excitation energy approaches the continuum asymptotically. The 
lower curve gives the fractional contribution of plasma excitation 
to the sum rule limit. 
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energy. The squared matrix element for this process is 
eyo", and corresponds to the excitation of the plasma 
oscillator from the vth to the (v+1)th state, where v 
is the quantum number of excitation, determined in 
Sec. HII above. From Eq. (33) we can eliminate ¢o° in 
terms of v, to obtain for the squared matrix element an 
expression proportional to v. This simple linear de- 
pendence on the excitation quantum number is char- 
acteristic of the harmonic oscillator. Although the 
present method is only able to handle the case of large 
v, corresponding to the classical limit, we can treat 
also the small v case by applying Bohr’s correspondence 
principle. A quantum-mechanical approach, (such as 
that of reference 1), will yield the same linear depend- 
ence on v and according to the correspondence principle 
must in addition agree with the present result for 
large v. The proportionality constant is thereby deter- 
mined, and one is able to write down the squared 
matrix element for absorption of energy by the plasma, 
or in other words, plasmon creation. An important 
special case is plasmon creation in the ground state. 
By dividing e’go? by v, (or, actually, v+1 but the 
difference is inappreciable for large v), we obtain the 
following squared matrix element: 


| Hy! |?=G"2ee*hw,/ VR. (45) 


G is the function defined in Sec. III [following Eq. 
(33) |. For small k, G~ 1, and Eq. (45) becomes identical 
to Eq. (5) of reference 1. Equation (8) derived there 
for the angular dependence of the intensity of the 
eigenloss beam consequently still holds for small angles, 
but is reduced at larger angles by the factor G™'. 

To estimate the reduction in plasmon production as 
the angle is increased, we can make a series expansion 
similar to that leading to Eq. (9) in Sec. II. Working 
to order k*, we find 


( wp? (w -k-v,) ) 
G= 
[(w—k- v,)?—hk*/4m? 


(wp/w)*+2(wp/w)*wy 7k*(v?) 

+3) thu") +k /2miw,?+ +++. (46) 
Substituting from Eq. (11) "and_ taking” the _inverse 
yields 


G'=1 


6 18 1 
(k/bo+( — 7) i ho)+e++. (47) 
5 35 2 


The function represented by the first three terms has 
been plotted as a dashed linefin Fig. 4, for the case of 
r,=2. As k/ko is increased this approximation becomes 
inaccurate and G~! decreases more rapidly than the 
first three terms of Eq. (47) would indicate. In the 
vicinity of the cutoff G~! drops rapidly to zero. The 
asymptotic behavior at the cutoff is conveniently 
found from the top line of Eq. (46) by factoring the 
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Fic, 4. Eigenloss-intensity reduction factor as function of 
plasmon momentum (in units of the Fermi momentum) for r,= 2. 
The dashed lines represent approximate expressions. Note the 
rapid decrease in scattering intensity in the vicinity of the cutoff 
k/kom0.73 


denominator and by making the replacements k-v, — 
kvy and w —> kvy+-hk?/2m in the nonsingular parts of G. 
Introducing y=@—k/ko for the distance from the 
cutoff, we have asymptotically 


G ~ (mw y*/2hk*®)((w— k-v;—hk*/2m)-*) 
~(mhiw,*/2h?k*) [ho — 2Eo(k/ ko) ui— Eo(k/ko)* }*) 
~16'y*98-*((14+ f(y) —u,)~*). (48) 


Here we have replaced  (ko/2k)[hw/o—2(k/ko) 

(k/k)* | by f(y). This function is a measure of the 
amount by which the eigenloss lies above the continuum. 
The definition of u; has been given earlier in this sec- 
tion. Near the cutoff the dominant contribution to G 
comes from electrons near the surface of the Fermi sea, 
with « ~1. Therefore it is desirable to introduce the 
new variable u’=1—u. The average in Eq. (48) can 
now be expressed as the integral 


4 4 


| ko +1 
()=N- afk f du (1 —u?) 
Ka 4? nv _; 
3 7’ 
- fae wa—w'/2 
2/5 


In the present case, the upper limit can be left indefinite, 
and the second factor in the integrand neglected. Thus 
we obtain the asymptotic equivalences 


7 udu’ 
2S (u' +f)? 


The behavior of the reduction factor in the vicinity 
of the cutoff is therefore given by 


rt ~ 327'84/3 In(f™). 


The numerical coefficient in Eq. (49) is of the order of 
unity, so that small values of G~ occur only very near 
the cutoff. The function f(y) can be determined by 
explicitly carrying out the summation over velocities 
which is indicated in the dispersion relation, Eq. (8). 


(L1+f(y)—u, *)- ~$In(f-). 


(49) 
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Substituting w=1+2+ f and z=k/2ky into Eq. (44a), 


we find 
rs ia Cara) 


3 (- 
167” ko 
- 2k/ko— (2f+f?) In(1+2/f) | =1. (50) 


i 
f+k/ko 


Making approximations suitable for small y reduces 
this [by means of Eq. (42) | to 


f In(f) = (248)"[24+-87'6*(44+-B)/3 ly. 


Since it is not possible to solve this simple relationship 
explicitly for f as a function of y and then substitute 
into Eq. (49), we have instead solved for f from Eq. 
(49) and substituted into Eq. (51), thereby obtaining 
y as a function of G~'. For the particular case of r,= 2 
the resulting equation has also been plotted in Fig. 4, 
again as a dashed line. The solid line has been drawn 
to join on smoothly to the two dashed lines in their 
regions of validity, and represents the inferred behavior 
of the reduction factor for all values of k/ko. The error 
involved in drawing this interpolation curve could be 
avoided by explicitly carrying out the integration im- 
plicit in the definition of G. This can be accomplished in 
terms of elementary functions, but the labor involved 
does not seem warranted at present. The above approxi- 
mate results are sufficient to establish that the angular 
dependence derived in reference 1 is substantially cor- 
rect, except near the cutoff, where the intensity of the 
eigenloss beam drops abruptly. This conclusion does 
not apply to the case of high density, however, which 
requires special study and is discussed at the end of the 
next section. 


(51) 


V. PREDOMINANCE OF COLLECTIVE EXCITATION 


As emphasized in reference 1, a fast electron passing 
through a metal foil can lose energy by either of the 
two alternatives of collective or one-electron excitation, 
Having studied collective excitation in the preceding 
sections we now want to conclude our discussion with a 
quantitative treatment of the alternative mechanism 
of one-electron excitation. This is facilitated by a sum 
rule which was encountered in Sec. III of reference 1 
(where it was noted that the differential stopping power 
was independent of the interaction between electrons), 
but which seems to have first been recognized by 
Noziéres and Pines.'®* In the notation of reference 1, 
their sum rule requires 


Dd afaot=N, 


fno* = (2mw no/hk?) | V (px) no | *. 


(52) 
where 

(53) 
The matrix element is taken between the ground state 
and the mth excited state, and the sum is over all 
excited states. As they state, the proof is quite straight- 
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forward. It is most easily carried out by considering 


Dal fno*+fno ad 
=—(2m/Wk)((CH,Vox],Vp-.]o=2N. (54) 


Equation (52) then follows, since there is no preferred 
direction in the ground state and the individual sums 
for +k and — kK are equal. Equation (54) is a generaliza- 
tion of the Noziéres-Pines sum rule to excited states 
where this equality of individual sums no longer holds. 
Designating the one-plasmon state of momentum hk 
by n=1, let us now evaluate the oscillator strength 
fio*. From Eq. (45) and the definition of H’ in terms 
of p,2* we find 
| (pun)10|?= (R*hw,/8reV)G", 
giving 
fio* (55) 
wo has been replaced by w, the frequency of a plasma 
vibration of wave number k. Both w/w, and G" 
approach unity as k—+ 0. Thus in this limit the sum 
rule is exhausted by the collective excitation alone. 
by substituting from Eqs. (11) and (47) into Eq. (55) 
we can determine for any particular value of k the 
fraction of the sum-rule limit accounted for by the 
plasmon state. The sum rule itself then gives the fraction 
of the total contributed by one-electron excitation : 


Z, Jaa®/N 


n#l 


(w/wp)G'N. 


(w wW,)G 


(192/175)y4(k/Ro)' +--+. (56) 
It is interesting to note that, to order (k/ko)*, the falloff 
in eigenloss intensity is just that required to compensate 
for the rise in w/w, and avoid exceeding the sum-rule 
limit. To this order, the collective excitation continues 
to exhause the sum rule—failing to do so first in order 
(k/ko)*. The first term of Eq. (56) is an accurate repre- 
sentation of the one-electron contribution only for rela- 
tively small k/ky. It yields about 10% at the cutoff, 
for r,=2, while the actual one-electron fraction must 
increase much more rapidly in the neighborhood of this 
value of k/ko and becomes unity when it is attained. 
For the case of high electron density the one-electron 
to the sum-rule limit has a 
momentum dependence, and 


excitation contribution 
considerably different 
assumes almost the entire value of the sum already 
for momentum values much smaller than the cutoff 
momentum, as determined from Eq. (44). The eigenloss 
therefore undergoes an effective cutoff in the region of 
these much smaller momentum values. The fading out 
of the eigenloss intensity can be studied in detail by 
making the high-density approximation of neglecting 
the —h’k*/4m? term in the expression for the reduction 
factor and by carrying out an integration similar to 
that in Eq. (42). Using the variables already introduced 


24 See reference 1, p. 557 
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in the preceding section for treating the dispersion 
relation at high density, one finds 


wp? 
G~{ ) 
(w—k- v,) 


; 2u u+l1 
nf ) . ton) 
4(2yk/ko)*lu?—1 u—1 


From this equation and Eq. (44b) the fractional plasma 
contribution to the sum rule, (w/w,)G', has been 
computed as a function of the dimensionless variable 
2yk/ko and plotted as the lower curve in Fig. 3. The 
plasma contribution drops below 50% at a momentum 
value approximately equal to r,' times the Fermi 
momentum. 


VI. SUMMARY 


Although the work in this paper has been carried out 
outside the framework of the Bohm-Pines theory, we 
feel that the latter provides the only complete treat- 
ment of all the properties of metals connected with the 
Coulomb interactions of the electrons (cohesive energy, 
specific heat, etc., as well as plasma oscillations), We 


have not employed in the present work the theory of 
Bohm and Pines simply in the interest of simplicity, 
and are confident that the results obtained can also be 
deduced from their more general theory. In addition 
we have been motivated to treat the plasma oscillations 
without the introduction of collective coordinates so as 
to avoid some of the uncertainties associated with the 
subsidiary conditions. We do not regard the latter as 
serious difficulties and feel that the Bohm-Pines theory 
is valid in its essentials. The relatively small cutoff 
wavelength found in Sec. IV does, however, focus 
attention on the question of the subsidiary conditions, 
With these larger values of 8 the plasma oscillations 
account for an appreciable fraction of the total number 
of degrees of freedom in most metals. It would also 
seem that the range of the residual screened Coulomb 
potential must be shorter than determined by Pines, 
since it is intimately related to the cutoff wavelength. 

It should be emphasized that all of the results ob 
tained in Secs. III, [V, and V are subject to corrections 
due to electron exchange and to the positive-ion lattice. 
The first type has been estimated in Sec. I in con- 
nection with the dispersion relation and has been found 
to be relatively minor. The second type can, on the 
other hand, radically affect the nature of the plasma 
oscillations. These cannot only be shifted in frequency 
but in some cases be severely damped. This latter is 
easily understood on the basis of Fig. 1, which indicates 
the ideal case where the lifetime of a plasmon would be 
infinitely long. This is because, for momenta smaller 
than the cutoff value, the plasmon energy is cleanly 
separated from the lower lying continuum of one 
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electron transition energies.” This ceases to be the case 
when the lattice sufficiently modulates the electron 
wave functions that it furnishes to the electrons to an 
appreciable extent multiples of the reciprocal lattice 
vectors. By virtue of this additional momentum con- 
veyed by the lattice, the one-electron transition energies 
are no longer limited to smal! values but instead form 
a continuum which extends up to and beyond the 
plasmon energy. As a consequence the plasma excita- 
tion will show up in the electron energy-loss experiments 
as a broad eigenloss which may in some cases lose its 
identity and merge with the background of the one- 
electron continuum. In these cases both collective and 
one-electron transitions are involved and a point of 
view which took only one aspect of the phenomenon 
into account would be inadequate. A quantitative 
treatment of some actual cases of this type would be 
quite desirable, but must remain a subject for future 
study. 


APPENDIX I. EXCHANGE CORRECTION TO 
DISPERSION COEFFICIENT 


We follow the procedure outlined in the text and 
linearize the integral exchange operator which appears 
as the first mathematical expression following Eqs. 
(12a~c). Assuming the A ,‘*? to be real and calculating 
only to lowest order in k, we find that the matrix ele- 
ment of this perturbing operator for the transition 
between the unperturbed state yg, and the state g,e***'* 
is 


(2me*/V) LiA i/ \ke— k; |. 


Therefore in place of the matrix element for the Har- 
tree field alone, —ego, which appears in Eq. (5) and is 
given in Eq. (7), we should have 


(4me?/k*V) > arie| 7 SisAy, 


fig=H?/2\ ev — ey |*. (13) 


* Throughout this work we have ignored the damping of the 
plasma oscillations by two-electron excitation—via short-range 
collisions. Although this becomes appreciable at the short wave- 
lengths, according to the estimate of Noziéres and Pines [reference 
10, Eq. (28) ], it varies smoothly with wavelength and is unlikely 
to obscure the much more abrupt cutoff discussed in the present 
work, which is due to one-electron excitation. (In this equation 
the quantities r; and w, should evidently be replaced by their 
reciprocals). In any case, the cutoff determined here is the maxi 
mum possible. 
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If we further introduce 
F,=([(w—k- v,)?—W7k*/4m? }}, 

a;= F Aj, 
Ly=NOF OF 7, (16) 
Lif = —Lisfis, (17) 
A=wp’, (18) 


(14) 
(15) 


we obtain from Eq. (5) the homogeneous linear 
equations 


Dd (List Lij a= day. (19) 


A set of a,’s which satisfy these equations can be con- 
sidered an “eigenvector” of the linear self-adjoint 
operator L;;+L,;', associated with the eigenvalue X. 
Purely for the purpose of solving the formal mathe- 
matical problem posed by Eq. (19) w and k can be 
considered as given, and, in searching for an eigen- 
solution, \ can be considered to vary. This is permissible 
since the electron charge appears only in \ and nowhere 
else in Eq. (19). The procedure thus amounts to finding 
what strength of interaction will sustain a plasma oscil- 
lation of a specified frequency and wavelength. Once 
the relationship is established, it can be used to find 
the plasma frequency as a function of wave number, 
for the naturally occurring value of the electron charge. 

Since we are interested here only in solving Eq. (19) 
for small k, we can use perturbation theory to evaluate 
the shift in \ caused by the perturbation L,,’. The 
“zero-order eigenvector”’ is given, to sufficient accuracy, 
by a;= N~!, so the perturbation in ) is 


A\= LaLy'aj=N- DL, 
tJ 1) 


hb? 
(20) 


2u* NV? 


It is not necessary to evaluate here this double sum 
over the Fermi sea, since it is essentially identical to 
the well-known expression for the exchange energy per 
electron," 


2rne* 
ee - = 


Ex “4 (21) 
Thus we find 


Aw,?= —\7*AA= — wp AA = — Exgh?/m, (22) 


which, in conjunction with Eq. (9), yields 


wy? ot — BY 02) — Egg h?/m. 


(23) 
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The problem of the kinetics of the diffusion-limited reaction 
A+B-—AB has been formulated in terms of the pair probability 
densities of the reacting particles (every A taken with every B). 
The alteration of these pair densities due to diffusion and reaction 
have been considered. The competition of every A for every B 
and the removal of particles from the system upon reaction have 
been appropriately accounted for. The formulation leads to a set 
of coupled differential equations that can be solved for a variety 
of boundary conditions. The problem has been solved in detail 
for a random initial distribution. The rate of reaction at any 
time is just the probable rate at which a single A and a single B 


I, INTRODUCTION 


HE major factors determining the rate of a 

bimolecular chemical reaction are: (1) the prob- 
ability that the reactant particles will encounter one 
another in their random movements and (2) the 
probability that the energy and steric factors will be 
appropriate for reaction at the instant of encounter. 
It often occurs in solid solutions and solutions of viscous 
fluids that the reactant particles must move from site 
to site many times before reaching one of their reactant 
counterparts and that the activation energy for this 
motion is comparable in magnitude to the activation 
energy for reaction. When this situation prevails, the 
rate of reaction is dominated by the first factor above 
and the reaction process may be described, for the 
purpose of kinetics, as the diffusion together of the 
reacting particles. 

Several attempts to solve the problem of the diffusion- 
limited reaction A+B-+AB have been made in the 
past.'~* In all of these treatments, however, a large 
degree of independence in the distributions of the 
reacting particles has been assumed. Consequently, the 
correlation between the distributions of the A’s and 
the B’s due to the reaction process and the effects of 
this correlation on the reaction rates have not been 
thoroughly understood. The treatment of this problem 
is complicated by the fact that many A’s compete for 
each of the B’s (and vice versa) and that one or both 
of the particles are removed from the population upon 
reaction. These problems have been treated here by 
dealing directly with the joint probability distributions 
for each of the AB pairs (every A taken with every B). 
Higher order probability distributions (A BB triplets, 
etc.), when required, have been approximated by the 
superposition technique. That is, one assumes that the 
correlation between the distributions of the individual 
particles arises from the independent interaction of each 


1M. V. Smoluchowski, Z. physik. Chem. 92, 192 (1917). 
2 F. Collins and G. Kimball, J. Colloid Sci. 4, 425 (1949). 
7H. L. Frisch and F. Collins, J. Chem. Phys. 21, 2158 (1953). 


diffuse together (with an appropriate boundary condition for 
reaction on close approach) multiplied by the product of the 
number of A’s and the number of B’s present at that particular 
time. The rate of the reaction A+B-+AB will be second order 
and the reaction A+B-+B will be first order after times long 
compared to a transient whose form is given explicitly. More 
general equations are obtained to permit the treatment of non 
random initial distributions, as occur, for example, in the anneal 
ing of radiation damage. In such cases the irregular transients 
may account for a major portion of the reaction 


pair of particles. The differential equation for the 
alteration of the joint distribution of each of the pairs 
has been derived.‘ These differential equations may be 
solved for a wide variety of boundary conditions. 
Consequently, a fairly general and complete mathe- 
matical description of the diffusion-limited bimolecular 
reaction is possible. In particular, it is found that, for a 
random initial distribution of the particles, the rate of 
reaction at any time is just the probable rate at which 
a single A and a single B diffuse together (with an 
appropriate boundary condition for reaction on close 
approach) multiplied by the number of A’s and the 
number of 4’s present at that time. This has been 
assumed in the past without proof.' 

It is believed that the equations derived here have 
considerable practical application in treating experi- 
mental data. Section II deals with the definitions. 
Sections III, IV, and V reduce the kinetics problem to 
a set of differential equations. Section VI deals with 
the boundary conditions for the differential equation. 
Sections VII and VIIT formulate the general problem 
as a boundary value problem. The simplest and most 
common solutions are given [ Eqs. (47) -(50), (55) 
(58) ]. Section IX summarizes some of the conclusions 
and gives a few remarks on the practical applications 
of the theory. The following article in this journal 
illustrates the technique by an application of the theory 
to the annealing of radiation damage in solids. 


II. DEFINITION OF THE PROBABILITY DENSITIES 


In order to avoid mathematical complexities, it will 
be convenient to restrict the treatment to those cases 
in which the distributions of the A’s and the B’s depend 
only on the distance of each A from each B (and vice 
versa). The probability distributions will be assumed to 
be otherwise uniform over the entire medium (..e., 
random distributions). As a consequence of their 

‘ Differential equations similar to those derived here have also 
been derived recently by Monchick using a different technique 


but the same approximation. Monchick, Magee, and Samuel, J 
Chem. Phys. 26, 935 (1957) 
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interdependence, it will be necessary to deal with a 
number of distinct probability distributions. These 
will be defined as follows: 


bailta)dV 4/V =probability that A, is in the 
volume element dV 4 at ry, t. 

pawns) (ta,t; t2)dV 4/V =probability that A; is in dV4 
at ry, ¢ given that B, is at ra, b. 


These probabilities may be related to the macroscopic 
properties of the systems by noting that the macroscopic 
density of A particles, C4, is given by 


1 Na* 


Calta) ° V 7. bai(ta,t), 


(1) 


where V 4° is the number of A particles at t=0. Simi- 
larly, the average concentration of A’s at ra, ¢ given 
that B, is at ry can be expressed as a sum of the paicasy’s. 
Under the assumption that the distributions depend 
only on the relative positions of the A’s and B’s, the 
pai’s are independent of position and are functions of 
time only. On the other hand, the pa.c#j) are functions 
of r4,¢ and of the given position of the B atom, rg. 
The corresponding probability distributions of the B,’s, 
fay and pyjcai) are defined similarly. 

By a well-known theorem from probability theory,® 
we may define pair probability distributions : 


(2) 


Pi PAi(B)) PB PAPBI(ADs 


such that 


pis(ta,tab)dV 4dV p/V*=probability that A; is in dV 4 


at ry, /and that B; is in dV, at rg, ¢. 


This latter probability density is the joint probability 
distribution for A, and B;. The p;,’s may also be related 
to the macroscopic properties of the system. Consider 
all of the AB pairs in the system, every A taken with 
every B. The average number of pairs having the A in 
dV 4 at r4,¢ and the B in dV x at rg, ¢ is given by 


1 Na* No® 


Can(tatn,t)dV dV, 7 > S& pij(ra,re,)dVadV zp. (3) 
: 4 


The purpose of this paper is to show how the p,,’s vary 
with ry, ry and / due to the diffusion and reaction of the 
A’s and B’s. This in turn will determine the rate of the 
diffusion controlled reaction, since this rate depends on 
the number of pairs having the appropriate AB sepa- 
ration for reaction. 


Ill. CHANGE OF THE JOINT PROBABILITY 
DENSITIES DUE TO DIFFUSION 


Consider the six-dimensional hyperspace formed by 
the combination of the Cartesian laboratory coordinates 

®W. Feller, Probability Theory (John Wiley and Sons, Inc., 
New York, 1950), p. 78. 
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of A, and the Cartesian laboratory coordinates of B;. 
This is the space in which p;;, the joint probability 
density, is properly defined. One desires to find the rate 
of change of p,,; in the hypervolume element dV 4dV g. 
This rate, dp;;/ dt, is just the change due to the probable 
flux of A, and B; into dV 4dV xg through the hyperfaces 
of dV 4dV x plus the change due to the probable rate of 
destruction of A; and B; within dV sdV z. 

By summing the change in p;; due to the flux of 
particles through each of the twelve hyperfaces of 
dV 4dV gz, one obtains 


—[ValVapaicey ba) +VB(Vappjcavpai) |, (4) 


where V4, is the divergence with respect to the coordi- 
nates of A, and vy, is the probable vector velocity of 
A; at ra given that B; is at rg. The definitions of Vz 
and vz are similar. If one further defines (0p;;/0t) chem 
as the probable rate at which p;; changes due to the 
reaction of A; or B; in dV 4dV xz, one obtains 


Op/Ol= (0p/ 0b) chem _ [Va (v4pi;) + Va(Vppis) |. (5) 


It should be noted that this differential equation 
applies only to that region where |r4—rg| >ro, where 
ro is some AB separation within which A and B react. 

The probable velocity of an A particle at ra given 
that there is a B particle at rg is well known from the 
theory of stochastic processes.® If we restrict ourselves 
to particles exerting only short-range chemical forces, 
so that the potential of an unreacted particle is inde- 
pendent of position, this velocity is 


Va=—DaVa Inpaicey); (6) 


where Dy, is the diffusion coefficient of the A’s. Particles 
with known interaction potentials, e.g., ions, can be 
treated by including a force term in (6); however, the 
mathematics become correspondingly more difficult. 
For simplicity one also assumes that D4 is independent 
of position. Substituting (6) and the corresponding 
expression for vg into (5), one obtains 


Da Va pis t+ DaV w' pis + (Opi; /Ob) chem _ Opi;/ Ot. (7 ) 


It should be noted that Eq. (6) and therefore all 
subsequent equations have been derived on the assump- 
tion® that p;; does not vary appreciably within distances 
comparable to the random-flight jump distance. This 
poses one of the most serious limitations on the theory 
developed here. 


IV. CHANGE OF THE PROBABILITY DENSITY 
CAUSED BY REACTION 


A. Diffusion-Controlled Reaction 


One desires to determine the rate of change of p;; in 
dV adVy caused by the reaction of A; or B;. Noting 
that the pair A,B; is destroyed if either A; or B; react 
with any other B or A and that A; or B; cannot react 


®S. Chandrasekar, Revs. Modern Phys. 15, 1 (1943). 
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with each other in the. region in which Eq. (7) applies 
(\r4—fg!| >ro), one concludes that 


— (Opi;/Ob)chemdldV adV p/V? 
=probability that simultaneously A; is in dV, at 
r4,¢ and that B; is in dV, at rg, ¢ and that either 
A; reacts with B, (k#j) or B; reacts with 
A» (mi), during the interval dt. 


Since the possibilities of reaction of A; with each of the 
B, are mutually exclusive, we may sum the contribu- 
tions to the above probability due to the reaction of A, 
with each of the B, (k# 7). The same is true for the 
reaction of B; with the A» (m#¥i). The possibility of 
both A; reacting with By, (k# 7) and B; reacting with 
Am (m#i) simultaneously is not excluded, however, so 
that a summation of the probabilities for each of the 
possible reactions is legitimate only if the probability of 
both particles reacting is negligible with respect to the 
probability of one reacting. This can be achieved by 
making dt, dV4, or dV» arbitrarily small. One can 
proceed, therefore, to determine the probabilities of the 
individual reactions and sum them. 

The probability that A; is in dV 4, B; is in dVg, and 
that A; reacts with a particular 4, during di may be 
expressed as a product of probabilities. It is just the 
probability that B; is in dVy at rg given that A, and 
B, are reacting in a small volume element at ra, times 
the probability that A; and B, react irrespective of 
where B; is located. The first of these is a conditional 
triplet probability. It may be approximated by a 
superposition technique in which one assumes that the 
correlation between the particles arises owing to the 
independent interaction of each of the pairs. Since two 
B particles interact only by volume exclusion and 
indirectly by their mutual correlation with the A’s, one 
would expect the direct chemical interaction of A; with 
the B’s to dominate the required triplet probability. One 
may therefore approximate the probability that B; is in 
dV, at fp given that A; and A, are in a small volume 
element at ta by pajcaydVe/V or (pi;/paddVn/V. 
Therefore the required probability is 


(8) 


dt 


Pij ~—| 
pai V 


y’ 


dpai d Va 
i Pit 
Bk 


where —[dj4,/dt |g.dtdV 4/V is the probability that A, 
and B, react in dV 4 during dt irrespective of where B; 
is located. Summing these probabilities for the reaction 
of A; with all By (kA 7) and the probabilities for reac- 
tion of B; with all A,, (m1), one obtains 


(Opi;/Ob) chrom = fis Opis, (9) 


1 8" dpa; 1 Na dpp; 
ful=—E|—“] ~— 5 |" | 


pai **iL dl pajymril dt 


where 


(10) 


DIFFUSION 


LIMITED REACTIONS 


Substitution of (9) into Eq. (7) yields 
DaV Cpt DaV w'pist fis (Opis = Opi; ‘Al. 


It may be noted that f;;(¢) is never positive. 

If (11) can be solved for p,;, one can immediately 
determine the probable rate of the reaction A,+B;-> 
AB, It is merely the flux of A, into B; or vice versa. 
This flux is given by’ 


[7] ge — 4a’ (Dat sal ~) 17 
ee et ie (12) 
dt Jp; dt Sai V Or Ino 


where r= |r4—rg| and ro is an AB separation outside 
of which the AB interaction is independent of r, but 
inside of which the interaction potential rapidly in- 
creases to its value for the AB bond. The total rate of 
the reaction A+ B-—AB is given by 


dC, dCz 1 Na? Nat dpai 
dt dt Vt it dt Jp; 


(11) 


4ory?(Da } Dr) : “ Opi; 
5| | . (13) 
V2 ‘é i Ll Or Jro 


This result may be modified to account for the reaction 
A+B-B, simply by allowing [Apy;/dt|,; and dCp/dt 
to equal zero rather than the values given by (12) and 


(13). 


B. Sinks and Sources Due to Other Reactions 


Sometimes in physical situations in which diffusion- 
limited reactions occur, other reactions which alter the 
concentration of the reactants will occur simultane 
ously. It is often possible to describe these phenomena 
mathematically and to include their effects in the 
differential equations for the rates of change of the 
probability densities. However, no attempt will be 
made to include general sink terms in the present 
treatment. It is simply noted that the inclusion of 
specific sink terms in the formulation is not impossible, 
but the resulting mathematics problems become some- 
what more formidable. 


V. DIFFERENTIAL EQUATION FOR THE JOINT 
PROBABILITY DENSITY 

The N4°NV,° equations of the form (11) are the 
differential equations for the pair distribution functions. 
In their present form they are not particularly amenable 
to solution. However, a number of simplifications are 
possible. These simplifications are presented below with 
a discussion of the general procedure for solving the 
equations. 

Since the cases of interest are those in which the 
distribution of A’s and B’s depend only on the relative 

TIf Eq. (12) is not self-evident it may be obtained by using 


Green’s theorem to integrate Eq. (16) once over the entire volume 
and considering the significance of the individual terms. 
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positions of the A’s and B’s, it will be convenient to 
transform the variables in Eq. (11) as follows: 

Dpxa +Daxp 
DatDp 
Daya +Dayp 
= ew, ae 
Dat+Dpa 
Dptat+-Datp 
Dit+-Dp 


= %2=XA—Xh, 


(14) 


2Ze=Za—Zp. 


a 


Because of the importance of this mew coordinate 
system, it will be convenient to deal with an infinite 
medium only. Use of a finite medium causes the limits 
of the variable x, to depend on the value of x, etc. Use 
of an infinite medium need not limit the applicability of 
the results, since nearly all laboratory experiments 
involve dimensions which are essentially infinite with 
respect to atomic dimensions. This will not be the case, 
of course, if the flux of particles to the surface of the 
sample is an important matter. 

Substituting the new variables of (14) into Eq. (11), 
one obtains 


D,Dpz Opi; 
Vitpiyt (Da +Da)V 293; + fis (Opi =—, (15) 


DatDsp at 


Since p,j is independent of x, y;, and 2, it follows that 
V*oij= 0. If one further transforms x2, y2, and z, into 
spherical coordinates and assumes no angular depend- 
ence, Eq. (15) takes the form 


Opis 2 Opi; Opi; 
o|— + “+ fulOeumm— 


or or Or 


(16) 


where 


D=Da+Daz. (17) 


The N4°N;z° differential equations of the form (16) 
are coupled through the functions f;,(¢). This coupling 
may be simplified by the substitution 


Wij $ . 
ij=— exp| f fut] 
r 0 


The differential equations for the w,; are no longer 
coupled and become 


(18) 


Ow; Owiy 
D—=—. (19) 
or? al 


The problem, therefore, centers around the solution of 
the equations of the form (19) with the appropriate 
boundary conditions. At first sight, it might seem that, 
even if (19) were solved, for each of the w,;, Eq. (18) 
could not be solved for the p;j, since the fi; depend on 
the piy in a complicated manner. This problem is greatly 
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simplified, however, if one takes advantage of a few 
facts demanded by the physical situation. 

One notes that the differential equations for the p;; 
are all identical. One expects, therefore that all of the 
pi; will be the same unless special boundary conditions 
exist for certain of the pairs. It will become apparent 
in the next section that these boundary conditions can 
be different only if the initial knowledge of the various 
A,B; pairs is different. If all of the particles are initially 
randomly distributed with respect to one another, all 
of the pi are identical and the treatment is quite 
straightforward. In general there will be at most only 
a very few types of the p;j;. In the remainder of this 
paper we shall deal in detail with the case for which all 
of the p;; are identical. More general cases may be 
handled, however, as will be shown in the following 
paper in this journal. 

Another factor which simplifies the solution of (18) 
and permits the evaluation of the f;; is that Cag, the 
sum of the pi; [see Eq. (3) | must become independent 
of r for large values of r. Since the system is infinite, 
this limiting value, Cap(,t), is just the average value 
over the system. We have, therefore, 


CaCp=Cap(@ ,l) 


1 Na* No 


“hn 2 - ex( f fut Ua i), (20) 


where 

Vis (7,t) = wi;(9,h)/r. (21) 
This single equation resulting from the boundary 
condition on the p,; at large values of r will go a long 
way toward the determination of the /;;. If all of the 
pij are identical, equation (20) completely determines 
fiz. In this case, (20) becomes 


t 
CaCn=Ca'CpU is( ,t) exp| f fut] (22) 
0 


where 


C,o= N 4°/ f i C,°= N,°/ V. (23) 


Elimination of f;; from Eqs. (18) and (22) leads to 


CaCr 


pij>- Ui;(r,1). 
CAC PU ii( L ,t) 


(24) 


The effect of the coupling due to competition is then 
simply to supplement the boundary condition at time 
t=0 by a stronger condition requiring p;; to approach 
CaCp/Ca°Cpx! at large values of r at all times. One may 
evaluate C4 and Cy by integrating Eq. (13) which 
takes the form 


dC A dC B Op; j 
a tert DCACal ; . 
at dl or ro 


(25) 
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Taking the derivative of (24) and substituting into 
(25), one obtains 


dC, dCy 
——=—— = — 47 3D 


dt dt 


CaCp [ 
Ui;(@ ,t) 


amass =| , (26) 
or ro 


which can be integrated by taking advantage of 


(27) 


Ca=Cp—[Ca°—Ca]. 


One may, therefore, readily obtain C4, Cg, and Caz 
from Eqs. (24), (26), and (27), if Eq. (19) can be 
solved for w;;. It should be noted that Eqs. (22) through 
(27) were derived on the assumption that all of the pj; 
were identical. The situation will be slightly more 
complex, if the initial knowledge of all of the pairs is 
not the same. However, the technique will be similar. 
Such a case is treated in the following paper on radiation 
damage in solids. 


VI. BOUNDARY CONDITIONS 


In order to solve the differential equations for the 
joint probability distribution, three boundary condi- 
tions are required. These will be determined from the 
physical situation as follows: 


1. piz—Peq AS b->~%, where peg is the equilibrium 
probability density determined from the equilibrium 
concentrations of A’s and B’s. 

2. pij=g(r) when t=0, which is determined from the 
initial distribution of each A; with respect to each B; 
(or vice versa). 

3. A boundary condition at some small AB separa- 
tion, ro, which adequately describes the mechanism of 
reaction of an A and a B and their subsequent removal 
from the population of A’s and B’s. 


The first boundary condition must be determined 
from each experimental situation. It will not in general, 
greatly complicate the mathematical problem involved, 
for it can always be reduced to the boundary condition 
pi;*=0 by the substitution p;;*=pij—peq. The second 
boundary condition must also be specified for each 
particular case. By far the simplest case mathematically, 
and probably the most common, is a random initial 
distribution of the A’s with respect to the B’s. This 
leads to the boundary condition p;j= 1 when ‘= 0. More 
complex initial distributions can be dealt with, however, 
and sometimes occur as is illustrated in the following 
paper. The third boundary condition above is by far 
the most difficult to formulate. In order to avoid 
unwieldly complications in the mathematics, it is 
necessary to oversimplify the problem grossly. Some of 
the more acceptable formulations of this boundary 
condition are discussed below. 

If one assumes that the irreversible combination of 
an A and a B occurs when they approach one another 
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to within a distance ro, but that no chemical interaction 
occurs when their separation exceeds ro, one is led to 


the following boundary condition on pj;: 


pj=0 for rSro. (28) 
This boundary condition was first proposed by 
Smoluchowski.! It is not so unrealistic as it might at 
first seem. It implies that the force between an A and a 
B follows a step function with the step occurring at ro. 
This is in fair accord with the strong, short-range forces 
of a chemical bond. If one desires to account for the 
reversibility of the reaction, a fair approximation is to 
require that 

Pij=Poq for rSro. (29) 
This can be simplified to the previous case by the 
substitution p;;*= pij— peg. 

The major objection to the Smoluchowski boundary 
condition, outside of its idealization of the AB inter- 
action potential, is that it cannot account for the 
possibility of reflection upon collision of an A and a B. 
If, as suggested in the introduction, the reaction rate is 
determined in part by the energy and steric factors at 
the instant of collision, a more elaborate boundary 
condition at ro will be required. Collins’? has suggested 
that we may define a pair separation, ro— Aro to fo, 
within which the rate of reaction is no longer diffusion 
controlled, but proceeds according to first-order chem- 
ical kinetics. He suggests that the probable rate of 
reaction of A, and B, be given by 


(* Fa 
dl Bj dl Ai 
where k is a chemical rate constant. Since this rate of 


reaction must also be equal to the flux through the 
sphere of radius ro, we have 


Opi; 
| =Bpis(ro,t), 
or ro,t 


B kAro /D. 


pis(To,t) 


=k (Amr Ary) P ( 30) 
V 


This boundary condition will be referred to as the 
radiation boundary condition since it accounts for the 
“reflection” of the particles on collision and since the 
resulting boundary value problem is quite similar to 
the radiation problem in heat flow theory. 

A further modification of this boundary condition 
may be necessary for the reaction A+B-—B. This is 
due to the growth of the B particle as in the growth 
of colloids and in precipitation from solid solution, 
Here either the Smoluchowski or radiation boundary 
condition may be used, but the value of ro will vary 
with time depending on the rate of reaction. 
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VIL. SOLUTION FOR THE SMOLUCHOWSKI 
BOUNDARY CONDITION 


A. General Solution 


The mathematical formulation of the problem may 
be made by summarizing our previous conclusions as 
follows: 

1 Na* Noe 

Can(r,l) - } ) Oe pis(7,h), 

Py e4 


[from (3)] (33) 


dC, dy AaréD Na* rE a bead 
or 


dt dt 


{from (13) and (17) } 
[Cx°—Ca ], (from (27) } 


Wij , 
exp f fut), 
r 0 


Ca 0 We* . | 
or TO 


C,° Na® - 


t 


Ca=Cp!° 


{from (18) | 


C4 ki 


4rr(’ Dl Opm; 
CR mei V | or |. 
[from (10) and (12) | 
Dew, ;/ 0x7 = dw;,,/dl, x=1—19. [from (19) } 
The boundary conditions on the pi; are 
pis 
pis(7, t=0) = 


pis(? 


as 
h(r) 
To, t) 0, 


Ll 7D, 
for r>Tfo, 
The corresponding boundary conditions on w are 
WwW, ;—0 
(x+-ro)h(x 


Wj (x= 


as 
+19) = g(x) 
0, )=0 


la, 


w,;(x, t=0) = for x>0, (40) 


The general solution of (38) with the boundary condi- 
tion (40) is well-known from the theory of heat flow® 
and is 


1 ” 
f g(x+2(Dt)'a) exp(—a*)da 
V WY 2/2( D1)! 


1 7) 


_ f g(—x+2(Di)'a) exp(—a*)da. (41) 
Vr 2/2(Dt)* 


wy;(x,t) 


The general solution of the above set of equations is 
difficult because of the set of coupled integral equations 
(36) and (37). But as remarked earlier, these equations 
may often be reduced to a few algebraic equations by 
virtue of additional knowledge of the physical situation. 


*R, Churchill, Fourier Series and Boundary Value Problems 
(McGraw-Hill Book Company, Inc., New York, 1941), p. 120. 


WAITE 


For example, when all of the p;; are identical, we replace 
Eqs. (33), (34), (36), and (37) by the following: 


CaCp 
Can(r,l) = U(r), 
U;( ,f) 


(42) 


wi;(r,1) 


UVis(7,)=- , [from (21)] (43) 


rT 
es 
dl 


dC 


di 


Uj(@ f) 


4nr°C aCe WU ii(", "| 
or = 
{from (26)] (44) 


The simultaneous solution of (35), (41), (42), (43), and 
(44) is elementary. We have, therefore, a complete 
solution to the diffusion-controlled reaction, if all of the 
pi; are identical and the Smoluchowski boundary 
condition is valid. 


B. Detailed Solution for the Uniform 
Initial Distribution 


Consider the problem outlined in the previous section 
when the initial distribution of A’s with respect to the 
B’s at time (=0 is uniform. That is, pi;(r, /=0)=1 for 
all p:j. In this case, all of the p;; are identical. The 
initial boundary condition on w,; is 


w,;(x,0) = (x+10). 
In this case, (42) takes the form 


2ro rr” exp(—a’) 
Cy a= Catal — “f in), (46) 
F “(yr —r0)/2(Dt)? Vr 


and (44) becomes 
La) 


da _& B 
= --{1 +— |escn, 
dt (rDt)* 


dt 
k=49r)(Dat+Dap). 


(45) 


(47) 


where 
(48) 


One may readily integrate (45) by taking advantage of 
(35). The result, for the case in which C4°=C,', is 


1 1 1 2ro 
=—= te 14 . 
Cy Ci (xDt)} 


For the case in which C4°#C,°, the result is 


(CA A — CCA 


‘ (49) 
Ca 


C,4=————— 
2ro 
Ca — Co! ACY we aaa * 
(Dt)! 
(Cp°—C4°)Cp° 
———, (50B) 


Git Cat exp| ~H(C —K(Cp°—C. oft “| 
(xD1)} 


Cr 
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Substitution of (49) or (50) into (46) gives Cag, the 
density of AB pairs, as a function of r and ¢. Both 
(49) and (50) reduce to second-order kinetics for times 
long compared to ro?/D. If either C4 or Cz is much 
greater than the other, Eq. (50) will reduce to a first- 
order kinetics. 

The above solutions may be modified readily to 
account for the reaction A+B-—B, such as occurs in 
the growth of colloids. In this case, Cz is constant and 
equal to C,°. This reaction follows first-order kinetics 
after times long compared with ro?/D. 

The joint AB probability density as a function of the 
AB separation after various times is shown in Fig. 1 
for the case in which C4°=C,° [Eqs. (46) and (49) ]. 
It should be noted that the rapid depletion of AB pairs 
with separations of a few ro is a direct consequence of 
the assumed diffusion-limited mechanism. 

A consideration of the above reaction at times of the 
order of ro?/D shows that the apparent second-order 
(or first-order) rate constant is time-dependent and 
becomes very large as ¢ approaches zero. It appears 
that the transients will be longest for particles which 
diffuse slowly and have a large capture radius. However, 
the ratio of the length of the transient period, 1o°/D, 
to the mean life of the A’s, r4, is a better measure of the 
significance of the transient. An order of magnitude 
approximation for this ratio is given by 


r°/D 


(51) 


tar y*( 'p’. 
TA 


This approximation is valid for both A+ B-+AB and 
A+B-—B. It should be noted, however, that this 


cB 


Cas es 
Ca jw cM 


mr3cg=i09 


P 
t=1000 


DENSITY OF B’S ABOUT AN a;{ 


© 1% 20 25 30 35 40 45 50 55 


Distance from the central A ‘ 
0 


Fic. 1. Probable distribution of B’s about a central A particle 
after various times for a diffusion-limited bimolecular reaction. 
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transient is a consequence of the assumed boundary 
conditions. The postulated uniform initial distribution 
existing right up to the capture radius ro caused an 
infinite initial gradient in p. This is, of course, impossible 
experimentally so that the very early stages of the 
transient will never be observed. Furthermore, the 
validity of Fick’s law in the region of the large gradient 
is not at all certain. The objection applies, however, 
only at the very earliest time so that the form of the 
transient given above should be at least qualitatively 
correct. Collins*® has suggested that Fick’s law will be a 
more valid approximation if the radiation boundary 
condition is used, This is undoubtedly true since the 
postulated infinite initial gradient can be achieved only 
if there is a barrier to reaction upon collision, Further, 
the large gradient in the p,; existing at the barrier is no 
longer in the region to which Fick’s law is applied. 
This modified boundary condition is treated in the 
following section. 


VIII. SOLUTION FOR THE RADIATION 
BOUNDARY CONDITION 


The radiation boundary condition requires that: 


Opi; 
| Bpi;(rot). [from (31)] (52) 
ro,t 


or 


The mathematical formulation of the problem is 
identical with that for the Smoluchowski boundary 
condition (Sec. VITA) except that (40), the boundary 
conditions on w, become 


wiz0 as Low 


(53) 


Wi; (x, t= 0) £ij(%), 


OW; 1 
|: | (04 JO). 
Ox Jot r 


The boundary value problem is familiar in heat-flow 
theory as the radiation boundary condition for a 
solid.® The 


that of the Smoluchowski boundary condition by the 


substitution 
1 OW; ; 
Vij=Wij- ) : 
p + 1/ To 0 r 


After a solution is obtained for 2,;;, however, (54) must 


semi-infinite problem is simplified to 


(54) 


be integrated. This is not in general difficult so that it 
is possible to obtain solution for the w,, for any simple 
initial distribution of the A’s with respect to the B’s. 
For a uniform initial distribution of the A’s with 
respect to the B’s, all of the p;; are identical and the 


*H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
(Clarendon Press, Oxford, 1947) 
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reaction rate is given by 

dC 4 | 

—— = —4arP DC 4Cp} B— 
dt | 


rift 


rp+l 


* exp(—a’) 
x| 1-200 f 7" dal}, (55) 


(mt) T 


rhit+1\? 
m=v(— -). 
To 


For very short times such that m/~0, the rate is 


where 


(56) 


dC ,4/di= — 4ar’ArokC 4Cp. (57) 


For very long times, such that ml—~, the rate is 
dC 4 


B 
— = tere (- - Jew 
dt rpt+1 


(58) 


Both of these rates are simple second-order rates. 
However, the rate constants are different unless r8<1, 
in which case the reaction is not diffusion-limited. 
Consequently a transition period will exist in a naive 
chemical-kinetics treatment of a truly diffusion-limited 
reaction. 

One may consider how the form of the rate equation, 
(55), varies with 6. When ro8<<1, the rate (55) takes 
the form (57) and the reaction follows simple second- 
order kinetics, i.e., the reaction is not diffusion-con- 
trolled. When ro3>>1, the rate becomes identical with 
(47), the rate when the Smoluchowski boundary condi- 
tion is valid. ‘This is to be expected since the radiation 
boundary condition becomes the Smoluchowski bound- 
ary condition as 8 approaches infinity. 

Because of the increased complexity of the equations, 
the treatment of experimental data assuming the radi- 
ation boundary condition would require more effort 
than would be required if the Smoluchowski boundary 
condition were assumed, However, a better fit of the 
data should be obtained with the radiation boundary 
condition since it is more general. Therefore the 
radiation boundary condition should be applied to cases 
in which a definite activation energy for reaction upon 
collision is expected. 
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IX. CONCLUSIONS AND CONSIDERATION 
OF APPLICATIONS 


Physical situations in which diffusion-controlled reac- 
tions occur are well known. They occur, for example, 
in the growth of colloids, the quenching of fluorescence, 
chemical reactions in solids, and annealing of defects 
in solids. Approximate descriptions of the diffusion 
process and even the assumption of simple second-order 
kinetics have often been used with moderate success in 
the treatment of data obtained in such experiments. 
The present treatment shows the conditions in which 
these approximations are expected to be valid, and 
offers an explanation of the transients observed. A 
valid interpretation of the experimental parameters is 
possible. 

The problem of the diffusion-limited bimolecular 
reaction has been formulated in terms of the joint 
probability densities of the pairs of reacting particles. 
The formulation leads to differential equations which 
may be solved for a variety of boundary conditions. 
The problem has been solved in detail for a random 
initial distribution of the reacting particles. It is found 
that the rate of reaction at any time is just the expected 
rate at which a single A and a single B diffuse together 
(with an appropriate boundary condition for reaction 
on close approach) multiplied by the number of A’s 
and the number of B’s present at that particular time. 
If the barrier for reaction upon collision is of the same 
order of magnitude as the barrier for diffusion, the rate 
of the reaction A+B-—>AB will be of second order and 
the reaction A+ B—B will be of first order after times 
long compared to r°/D (or 42r’Cz° mean lives). The 
rate constants are expressible in terms of the capture 
radius, ro, and the diffusion constant, D=D,4+Dpz. 
The solution to the kinetics problem may be obtained 
for other initial distributions, as will be illustrated in 
the following paper in this journal on the annealing of 
radiation damage in solids. 
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The theory of the previous paper in this journal was used to treat the annealing of radiation damage in 
n-type germanium as studied by Fletcher, Brown, and Wright, and by Augustyniak. The damage was pro 
duced by 3-Mev electrons to a density of 10'° defects per cubic centimeter. The damage was assumed to have 
consisted of vacancy-interstitial pairs which annealed by the diffusion together of interstitials and vacancies 
A reasonable fit of the data has been obtained for the initial 50% of the annealing. The data of Augustyniak 
were fit for a]l stages of the annealing process. Choice of parameters to fit the data led to the following con 
clusions: (1) The sum of the diffusion coefficients of interstitials and vacancies is given by 10" ro? exp(—31.6 
kcal/RT), where ro is the capture radius; (2) the average separation of the interstitial and the vacancy of the 
pairs produced by 3-Mev electrons is approximately 1.5 ro, and (3) the first 65% of the annealing occurs by 
the recombination of each interstitial with the vacancy from which it was originally dislodged. Fair agree 
ment of the activation energy with the previously accepted activation energy for vacancy diffusion sug 
gests vacancy-diflusion annealing. Absence of a more rapid interstitial diffusion indicates that the inter 


stitial does not possess the contracted electron cloud of a positive ion 


I. INTRODUCTION 


HEN solids are bombarded by high-energy par- 
ticles, such as electrons, protons, or neutrons, 
their physical properties are known to change. Upon 
heating, however, a large number of such radiation- 
damaged materials are found to recover their original 
properties. In the simpler cases, the damaging process 
is believed to be due to the displacement of atoms or 
molecules from their appropriate crystal sites by the 
incident radiation, thereby producing large numbers of 
yacancies and interstitials. These defects are responsible 
for the change in physical properties observed. The 
annealing which occurs at high temperatures is believed 
to be due to a destruction of these defects either by a 
direct recombination of vacancies and interstitials or 
by their annihilations at dislocations. 
If the radiation damage were produced in such a 
vay as to consist of a fairly low concentration of fairly 
well-isolated interstitials and vacancies, it would seem 
that the annealing process would correspond closely to 
a diffusion-limited chemical reaction, in which the 
reacting species were vacancies, interstitials, and dis- 
locations. These conditions are just those which Brown, 
Fletcher, and Wright' have shown appear to exist in 
germanium bombarded by electrons with energies not 
many times greater than the threshold energy for 
interstitial-vacancy pair production. Furthermore, these 
workers have been able to obtain a measure of the 
number of defects present after bombardment and after 
annealing. Consequently, an attempt has been made to 
analyze the results of Brown, Fletcher, and Wright! 
and the preliminary results of Augustyniak? on the 
annealing of radiation damage in germanium, under 
the assumption that the annealing process is a diffusion- 
controlled chemical reaction. The treatment is based 
on the theory developed in the preceding paper in this 


! Brown, Fletcher, and Wright, Phys. Rev. 92, 591 (1953) 
*W. Augustyniak (private communication) 


journal. The diffusion on the germanium lattice is 
approximated by diffusion in a continuum, 

Fletcher and Brown* have actually given an excellent 
theoretical discussion of the annealing process. The 
present approach differs from that of Fletcher and 
Brown in that they divided the annealing process into 
three stages corresponding to three distinct mechanisms 
of annealing. The present treatment combines the two 
stages which appear to be the most significant, This 
reconsideration of the problem seems justified because 
(1) the data of Augustyniak have further illuminated 
the problem, (2) some new conclusions are reached, 
and (3) a test of the theory developed in the previous 
paper is desirable. 


II. EXPERIMENTAL PROCEDURE AND RESULTS 


The experimental technique employed by Brown, 
Fletcher, and Wright is described in detail in their 
original report of the work.' A brief summary is pre 
sented here. Single-crystal samples of 1.4-(ohm cm)! 
n-type germanium (;¢ in.X 7g in.X4 in.) were bom 
barded with 3-Mev electrons at room temperature. The 
samples after bombardment and room-temperature 
annealing were approximately 0.8-(ohm cm)"! n-type 
The results of auxiliary experiments indicated that the 
change in conductivity was proportional to the number 
of defects introduced at the low-defect concentrations 
studied. The samples were annealed at various tempera 
tures in air. The resistances were measured periodically 
at room temperature by the four-point-probe technique. 
The fractions annealed were determined from the con 
ductivity changes by the equation: 


y(t,7') = (Aap— Aa) /Aao, (1) 


where Aq is the change in conductivity due to irradia- 
tion and annealing at temperature T for time ¢ and Aap 
is the initial change in conductivity due to irradiation 
Fletcher and W. L 92, 585 (1953 


'R.C Brown, Phys. Rey 
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Tasie I. Annealing of radiation damage in n-type germanium 
(data of Brown, Fletcher, and Wright*).» 


Anneal 
Time temp. 
(sec) (°C): 160 


Fraction annealed (percent) 

180 200 220 240 260 280 
6A 
70 
73 

75.3 
77 


29.5 
37.4 
40.0 
41.3 
42.0 


42 

47.5 
48.6 
49.4 
50.3 


2.4 

6.3 

90 
10.4 
11.5 
13.3 
14.6 
18.0 
24.6 
29.4 
32 
33.5 
34.2 


15.5 
22 

27.5 
30.8 
32.5 
34.3 
364 
38.5 
41.6 
43.7 
44.8 
454 
45.8 


@ 
120 
180 
240 
300 
300 
420 
600 
1200 
1800 
2400 
3000 
3600 


51 
57.5 
58.3 
62 
66 
69.5 
72 


45.5 
44.8 
48 
50.5 
52 
52.5 
56 


C2 <A me Mm Gd Gd HD ee 


* See reference 1, 

+ Conductivity before bombardment «1.4 (ohm cm). Conductivity 
after bombardment 0.8 (ohm cm)™'. Initial concentration of bombard 
ment defects —1.05 10'* cm, 


and room-temperature annealing only. Their results, in 
terms of y, are summarized in Table I. 

Augustyniak? has recently conducted similar experi- 
ments on 1,5-(ohm cm)! n-type germanium. His 
technique differed from the above only in that the 
annealing was carried out in a peanut-oil thermostatic 
bath and the resistances were measured through four 
soldered contacts. His preliminary results? are sum- 
marized in Table I]. Augustyniak’s work, carried out 
in the same laboratories as that of Brown ef al., was 
believed to have eliminated some of the major sources 
of experimental error in the earlier work. 


Ill. MICROSCOPIC DESCRIPTION OF THE SAMPLES 


The interstitials and vacancies produced by displace- 
ment of atoms from their appropriate lattice points are, 
of course, produced in pairs. These pairs are produced 
by a fairly monochromatic beam of electrons; therefore, 
one might expect that each interstitial atom would be 
dislodged about the same distance from the vacancy 
which is produced simultaneously. Since, however, the 
collisions of the bombarding electrons with the atoms 
of the lattice are random and only a portion of the 
electron energy is transferred on each collision, it 
seems more appropriate to expect a distribution of 
displacements of the interstitial atom from the corre- 
sponding vacancy. This distribution is, however, 
unknown. 

Further, since the electron energy (3 Mev) is only a 
few times the threshold energy for interstitial pair 
production, it seems likely that the pairs will be pro- 
duced singly rather than in groups as is often believed 
to be the case with heavier high-energy particles. Since 
the electron beam was uniform over the sample and the 
samples were quite thin, it seems reasonable to assume 
that the pairs were randomly distributed with respect 
to one another. 

The role of dislocations in the annealing process will 
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depend on the relative densities of the radiation defects 
and the dislocations. The radiation-induced defect 
densities in these experiments were about 10'* cm-*. 
The density of dislocation sites in sound crystals is 
expected to be much less than this, so that the reaction 
of defects and dislocations may be neglected. This will 
not be the case, of course, if the radiation-induced 
defects are oriented along the dislocations as may occur 
if stable defects are produced much more readily near 
dislocations than elsewhere. Since no positive evidence 
that the extent of damage depends on dislocation 
density has been reported, it has been assumed that the 
dislocations play no significant part in the processes 
described here. 


IV. MATHEMATICAL FORMULATION 


In order to formulate the problem mathematically, 
one denotes the ith interstitial as A, and the jth 
vacancy as B;. As in the previous paper, for every pair, 
A,B;, one defines a probability distribution p,; such 
that: pijV-*dV 4dV x gives the probability that A; is in 
dV, at ra, ¢ and that simultaneously B; is in dVg at 
rp, t. One specifies that for a particular pair A,;B;, the 
condition i= 7 indicates that this pair was produced 
from a single collision of a bombarding electron with 
the lattice. These pairs will have nonrandom initial 
distributions given by the distribution of displacements 
by bombardment of an interstitial from the vacant site 
which it previously occupied; all other A,B; pairs 
(i#7) will have a uniform (random) initial distribution 
such that 


(2) 


where r= (r4—rg). It would be desirable to determine 
the form of p(r,/=0) from the experimental data. 


p(t, t=0)=1 for iF), 


TaBLe IT. Annealing of radiation damage in n-type germanium 
(data of W. Augustyniak*), 


Anneal 
temp. 
(°C): 


Fraction annealed (%) 


205.2 236.7 


2 ; 6 
5 ; 11.2 


17.5 
25.5 
36.5 
43.5 
50.5 
56.5 
60.5 
63 

66 


10 
20 6 
50 22 
100 19 
200 27.5 
500 39 
1000 46.5 
2000 52 
5000 56.5 
10 000 58 
20 000 59.2 
50 000 60 
Conductivity before bombardment, 1.49 
(ohm cm)™!: 
Conductivity after bombardment, 
(ohm cm)”?: 
Initial concentration of bombard 
ment defects, cm™ 


1.40 
0.705 0.665 


1.44 10" 1.39 10% 


* See reference 2, 
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This is not impossible but the experimental data are 
not adequate to justify such a process. Therefore, it 
has been assumed that 


a 4s 
piu(r, =0)=VN exp| -(~) | r>To (3) 
Aro 


where \ is a parameter to be determined from the ex- 
perimental data and JN is a normalization constant. 
This is equivalent to the assumption that the proba- 
bility of an interstitial and a vacancy produced as a 
pair being separated by a distance r is given by 


9 


: out 
p(r)dr=N exp| = ( ) |r. (4) 
Aro 


This function is shown in Fig. 1 for various values of the 
parameter A. The normalization constant N is found by 
requiring the integral of (4) from ro to infinity to equal 
unity. 

The diffusion-limited reaction is simply A+B— AB 
where AB is a normal lattice point so that A and B are 
both destroyed upon reaction. The process is irreversible 
and the equilibrium concentration of vacancies and 
interstitials is negligible, so that 


py70 as tom, (5) 


One does not expect an activation energy for recom- 
bination of an interstitial and a vacancy so that the 
Smoluchowski boundary condition is valid: 


pi (r Sro, t) =0. (6) 


Equations (2), (3), (5), and (6) provide the boundary 
conditions on the p,j. The equations necessary for the 
complete formulation of the problem are given in Sec. 
VIIA of the preceding paper. 


V. RATE EQUATION 


Using Eqs. (36), (39), (40), and (41) of the preceding 
paper in this journal and the boundary conditions ex- 
pressed in Eqs. (2), (3), (5), and (6) of this paper, one 
readily obtains the p;; in the following form: 


‘ 2ro 1—T 
exp| f fail ert( | for iA~j, (7) 
0 r 2(Dt)s 
VN ' | ie 
: exp| J fidl | i) [r+2(Dt))s | 
T 0 TV» 


Xexp{—s’—alr+2(Dt)'s P yds 


1 oa 
- -f [—r+2r9+2(Dt)4s] 
1!’ » 


Xexp{ —s?— al —rt-2ro+-2(Dt)'s rs] (8) 
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Fic. 1. Postulated one-parameter radia] distribution for inter 
stitial about vacancy from which dislodged by 3-Mev electron 
(ro= capture radius.) 


where 
exp( a’) 


erf(x) J 
z V ‘1, 


r)/2(Db)4, 


da, 


a 1/Ar’, p (7 
and the fi; and f;; are given by Eq. (37) of the previous 


paper. One notes that: 


t 
pij resol f fut] as r—>o for i#j, (9) 


pi O as (10) 


One may now evaluate /;; (147) just as the fi; were 
evaluated in the previous paper when all of the p,; were 
identical. Substituting (9) and (10) into Eq. (33) of 
the preceding paper, one obtains 


if CrCp 
exp( f jut) for 
CAC x? 


0 


iF J, 


and therefore 


CuCp 2ry r 7% 
Puy [ ert( ) | for 17%] 
CAC p? r 2(Dt)} 
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The fi; may now be evaluated directly from the pi; 
(i#7) by using Eq. (37) of the preceding paper. The 
result is 

1 1 
+ — 


fu e 
(rDt)$ 


4ar (D(C, + Cr) | (13) 


To 


By differentiating (8) and (12) with respect to (r) and 
substituting the results into Eq. (34) of the previous 
paper, one finds that the rate of the reaction A+B— 
AB is given by 

dC, 


nie 2B T% 


4err D0 | 1 + 


| —4nriDNC 4° 


dt dt (rDt)4 


( 


‘ ) exp(—ar,) 4aD1 
xenr| f ja ( - 
0 (wDT)* 4aD1-4 


4aD1 
exp - ara(i ) | 
4aDi+1 2 


4aD1 
! bore, 
(4aDi+-1)! ry 4aDi+1 


4aDt \? 4aD1 4 
sar(1 ) | ex vr ) | . (14) 
4aDt+1 


The first term on the right hand side of Eq. (14) gives 
the rate of the reaction A;+B;-—> AB with i#7. The 
remaining term gives the rate of the same reaction with 
i=j, that is, it gives the rate of annealing due to the 
recombination of each interstitial with the particular 
vacancy from which it was originally dislodged. It is 
obvious that the second term will be dominant at early 
times if the initial distance between the interstitial and 
the vacancy of the pair A,B, is small compared to the 
average distance between pairs. 


J 


4aDt+1 


VI. TREATMENT OF THE DATA 


For early times such that 4D&«<(Aro)’, the rate given 


by Eq. (14) reduces to 
1 1 
1 as 
MSL (wDt)! 


in which it has been assumed that Arg[1/C,4°]*. This 
integrates readily to give 


¥ K (Dt), 


dC 
dar DC 4°N exp 
dt 


(16) 
where 
(17) 


K = 89'ry?N exp(—1/d?) 


and ¢ is the fraction of the initial defects annealed at 
the time ¢, The data of Brown, Fletcher, and Wright 
taken at early times and the data of Augustyniak are 
are shown in Fig. 2 as a graph of ¢ versus ¥/t. The 
curves are linear for early times, in agreement with the 


WAITE 


theory. The fact that linearity extends to large values 
of ¢ confirms the assumptions that Ar¢<(1/C 4°)! and 
that the initial reaction corresponds to recombination 
of interstitials with the vacancy from which they were 
originally dislodged. This follows from Eq. (51) in the 
previous paper which gives the duration of the transient 
t4 dependence due to reaction of A’s with randomly dis- 
tributed B’s. This transient is of the order of 4ar’C 4° 
mean lives. This is of the order of 10-7 mean lives if ro 
is of the order of 5 angstroms. The long transient ob- 
served here must therefore arise from a strong initial 
correlation of the A’s and B’s, i.e., Aro (1/C 4°)!. 

The initial slopes of the curves in Fig. 2 give K for 
each temperature. If one assumes that the capture 
radius ro is independent of temperature, then K is 
temperature-independent and the change of slope with 
temperature in Fig. 2 gives the temperature dependence 
of D. The value of D is given by the sum of the diffusion 
coefficients of the interstitials and the vacancies. If 
one of these is much greater than the other, then D will 
have the form 


D= Do exp(— E*/RT). 
It follows from (16) and (18) that 
log (slope of Fig. 2)=const— E*/2RT. 


(18) 


(19) 


Equation (19) is shown graphically in Fig. 3. From the 
slope of the curve in Fig. 3, one obtains: 


E* = 31.6 kcal/mole. (20) 


This is somewhat smaller than the value of 39 kcal 
obtained by Brown e/ al. in the treatment of their data. 
This difference is believed to arise from the fact that 
the present treatment deals exclusively with the early 
stages of annealing and therefore was restricted to the 
experiments at temperatures below 250°C. The tech- 
niques of Brown et al. emphasized the comparison of 
data for two annealing temperatures only in the range 
where the annealing process had an easily measurable 
rate at both temperatures. This range was limited in 
the work of Brown, Fletcher, and Wright. Both tech- 
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Fic. 2. Initial annealing of radiation damage in germanium. A data 
of Brown, Fletcher, and Wright.! © data of Augustyniak.? 
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Fic. 3. Initial annealing rate as a function of temperature. 
y= K (Dt)'=fraction annealed. 


niques give the same activation energy (31.6 kcal) 
when applied to the data of Augustyniak for values of 
y less than 0.6. There is, however, some evidence to 
indicate that the apparent activation energy increases 
in the later stages of annealing. 

One important fact should be noted with regard to 
the rate of annealing given by Eq. (14). If one intro- 
duces the variable 


x=Dt (21) 


into Eq. (14), both D and ¢ are eliminated. It appears, 
therefore, that the annealing data taken at various tem- 
peratures could be reduced to a single curve in a graph 
of Ca or ¢ versus x. This assumes, of course, that ro, 
C4°, A, and D(T) are the same for all samples, which is 
to be expected since they were prepared under nearly 
identical conditions. A similar conclusion regarding the 
superposition of the data was reached by Brown, 
Fletcher, and Wright. All of the data are shown in 
Fig. 4 [(a) and (b)] on a graph of y versus (Dt)!, 
under the assumption that D is given by (18) and (20). 
The data for ¢ less than 0.45 are adequately super- 
imposed. These data correspond to seven samples 
annealed below 250°C. The data for ¢ greater than 0.45 
scatter considerably and the data for particular samples 
appear to diverge systematically. Qualitatively it 
appears that the temperature coefficient of annealing 
increases in the later stages of the annealing process. 
However, this trend is not quantitative and is obscured 
by the scatter of the experimental data so as to make its 
existence uncertain. 

The divergence of the data for ¢ greater than 0.45 is 
not fully understood. It may arise from a failure of the 
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assumptions of the theory which predicts superposition 
of the curves or it may arise from errors in the experi- 
mental preparation of identical samples and in the 
determination of temperature and ¢. The assumptions 
necessary to predict superposition of the curves on a 
reduced plot such as Fig. 4 are less restrictive than those 
already introduced. It appears sufficient to make the 
following assumptions: 


(1) The rate of annealing is limited by the diffusion 
together of interstitials and vacancies according to 
Fick’s law. 

(2) The only significant forces between reactant 
entities are short-range attractive forces, 

(3) D is given by an equation of the form of (18) 
with a constant activation energy. 

(4) ‘The capture radius is temperature-independent. 

(5) The initial distributions are identical for all 
samples. 


It would not be surprising if some of these assump- 
tions were not valid. However, experimental errors 
appear to be more likely candidates for explaining a 
good deal of the divergence of data in Fig. 4. There is 
considerable scatter in the data and there is a lack of 
agreement between the results of Augustyniak and 
those of Brown, Fletcher, and Wright for samples 
annealed at the same temperature. In short, the present 
data are not sufficient to indicate exactly in what re 
spect the above assumptions fail. 

For further treatment of the data, one may introduce 
new variables into Eq. (14) so as to make it directly 
comparable with the data in Fig. 4. The result is: 
dg 

2rroi(1 o(1 + —zZ ') 
dz | 


+ Qari N 


{? exp(—1/)*) 
| 


wi 
} ‘ evo 
A(2?+)?)! 2? 


? 
ofae(_*.)-4f 
2?-+-)? f 


“a 


where 
¢= (C4°—Ca4)/Ca’, 


2= (4D1/r;7)8. 


(23) 
(24) 


The only parameter appearing in the first term of (22) 
is ro. The only parameter in the second term is A (ex- 
cept for ro appearing in f;;) since the normalization 
constant N is inversely proportional to ro. There is 
also an unknown scale factor Do/r«’ necessary to adjust 
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Fic. 4. Annealing of radiation damage in germanium. Curves given by Eq. (22) of text. (a) Data of Augustyniak.? 
(b) Data of Brown, Fletcher, and Wright.! 
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the variable z in (22) to the independent variable in 
Fig. 4. 

If one assumes that ro is of the order of 5X107* cm 
and that C° is about 10'® cm~, as given by the initial 
change in electron concentration, the coefficient of the 
first term is found to be about 10~*, This term, corre- 
sponding to A,+B;—> AB (i# 7), will not make a sig- 
nificant contribution to the annealing process until z is 
greater than 100, The second term, on the other hand, 
corresponding to A,+B,— AB, will make its contribu- 
tion for z equal to or less than A. Furthermore, this 
second term will account for the annealing of 70% of 


the total damage for \=1, but will account for only a 


7 
~ 


few percent or less, if \ is five or greater. We are forced 
to the conclusion, therefore, that the initial rapid 
annealing in Fig. 4 is due to the first term (A;+B;—> 
AB;i#j) or the second term (A;+-B;— AB), but not 
due to both, unless ro is orders of magnitude greater 
than the lattice constant. 

If one assumes that the annealing is due primarily 
to the first term in Eq. (22), the functional dependence 
of ¢ on z does not agree with the experimental results 
and the value of Do required is about 250. This leads 
to an abnormally high vibrational frequency of 10" 
sec". The assumption that the annealing is due pri- 
marily to the second term in (22) leads to the correct 
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functional dependence and a reasonable value of Do. 
Under these conditions the exponential involving fi; is 
essentially unity. Four curves using slightly different 
values of the parameters are shown in Fig. 4. The best 
values of the parameters used were 


A=1.0, D/re?=7.8X 10" exp(— 31.6 kcal/RT), 


and 


h=1.2, D/r?=1.6K 10" exp(— 31.6 kcal/RT). 


If one assumes that the magnitude of ro is of the order 
of the jump distance, the vibrational frequency is found 
to be of the order of 10" sec~'. It is apparent that an 
excellent fit of the data for ¢<0.5 can be obtained by 
using reasonable values of the parameters. The data of 
Augustyniak are also fitted adequately for all values 
of ¢. 

It appears necessary to conclude from the results of 
the preceding paragraph that the interstitial recombines 
with the vacancy from which it was originally dis- 
lodged in about 70% of the cases. This is essentially all 
of the annealing observed in the experiments conducted 
below 250°C. The data for higher temperature anneal- 
ing, although it scatters considerably, suggests that the 
diffusion rate may become more temperature sensitive 
in these latter stages of annealing. If this is correct, the 
scale factor exp(—31.6 kcal/RT) is not valid for these 
high-temperature experiments, and the variable z in 
Eq. (22) may become large enough to permit the first 
term, corresponding to A;+B;—» AB (i#7j), to make 
a significant contribution. 


VII. CONCLUSIONS 
A. Displacement of Atoms by 3-Mev Electrons 


It is possible to deduce from the annealing data some 
information about the probable distribution of an inter- 
stitial about the vacancy from which it is dislodged by 
an incident 3-Mev electron. Comparing those distribu- 
tions shown. in Fig. 1, it appears that the distribution 
with A&1 leads to the best fit of the annealing data. 
Since the annealing is certainly sensitive to the gross 
features of this initial distribution, it appears safe to 
conclude that most of the interstitial atoms are dis- 
placed to a point just outside the capture radius and 
that the density of particles falls off very rapidly at 
greater distances. The average displacement is found 
to be about one and a half times the capture radius. 
However, because of the continuum approximation of 
the lattice and the assumption of an exact reaction 
sphere, this number has only qualitative significance. 


B. Recombination of Vacancies and Interstitials 


The annealing data show that, unless the capture 
radius of a vacancy for an interstitial is orders of mag- 
nitude greater than the lattice spacing, essentially all 
of the annealing observed in these experiments occurred 
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by recombination of each interstitial with the vacancy 
from which it was originally dislodged. 


C. Diffusion Coefficients 


The diffusion coefficient determined in these anneal 
ing experiments is the sum of the diffusion coefficients 
of the interstitials and the vacancies. Its value will be 
dominated by whichever of these diffuses most rapidly 
in the temperature range investigated. Although the 
present theory gives no method of determining which 
of these dominates, it is certain that the value obtained 
provides an approximate upper bound for both diffusion 
coefficients and is probably a good approximation to one 
of them. It is, however, the diffusion coefficient of a va 
cancy very near toan interstitial (or vice versa) and there- 
fore may not apply exactly to the isolated defect. It does 
provide some significant indirect evidence to indicate 
that the interstitial may not be positively charged in 
intrinsic germanium (above 160°C) as has been sug 
gested. It would seem that if the interstitial were posi 
tively charged it would diffuse much more rapidly than 
the upper limit indicated by the diffusion coefficient 
obtained.‘ For example, lithium and copper, which are 
believed to diffuse interstitially as positive ions, have 
diffusion coefficients of 25104 exp(—11.8 keal/RT) 
cm?/sec and 3X10~-° cm*/sec (T’=700-900°C, B*<5 
keal), respectively, in germanium.® 

If it were assumed that the diffusion coefficient ob 
tained applied to the vacancy and that this value did 
not differ greatly from an isolated vacancy, it would be 
possible to combine this result with that of Letaw, 
Slifken, and Portnoy’® on the self-diffusion of germanium 
to obtain the energy and free energy of formation of a 
vacancy. The energy of formation calculated under this 
assumption is 42 kcal/mole. This is to be compared 
with the results of Mayburg and Rotondi’ (49 keal) 
and of Logan® (46 keal) for the energy of formation of 
quenched in believed to be 


thermally acceptors, 


vacancies, 


D. Interstitial-Vacancy Capture Radius 


The present theory offers no way of obtaining the 
capture radius directly from annealing data on isolated 
vacancy-interstitial pairs. The capture radius appears 
only in the combinations D/r@’. However, Brown’ has 


‘The possibility exists that the interstitial atoms do diffuse 
rapidly so as to be annihilated at dislocations and the surface 
during the bombardment process. If this occurs, the stable defects 
are isolated vacancies and the annealing process is the reaction 
of vacancies with dislocations and surfaces. However, the rapid 
initia] annealing indicates that the “reactants” are closely associ 
ated. This would require a cluster of more than one hundred 
vacancies around each lattice point on the edge dislocations, or a 
clustering at the surface such that the bulk conductivity could not 
be effected as observed, 

5. Fuller and J. Severiens, Phys. Rev. 95, 21 (1954) 

* Letaw, Slifken, and Portnoy, Phys. Rev. 93, 892 (1954) 

7S. Mayburg and L. Rotondi, Phys. Rev. 91, 1015 (1953) 

*R. A. Logan, Phys. Rev. 101, 1455 (1956). 

9 W. L. Brown (private communication) 
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reported that experiments with low-energy electrons 
(less than 0.6 Mev) result in defects stable at room 
temperature (i.e., vacancies and interstitials separated 
by more than the capture radius) at electron energies 
which are not likely to displace the germanium atoms 
by more than a few lattice spacings. 


E. Confirmation of the Theory 


The theory of diffusion-limited chemical reactions 
developed here and in the preceding paper provides a 
satisfactory description of a large portion of the anneal- 
ing data discussed here. ‘The data which are not fitted 
adequately appear to scatter considerably owing to 
experimental error, but may indicate that some of the 
assumptions outlined in Sec. VI are not satisfied. The 
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present annealing problem does not provide a complete 
test of some aspects of the theory because the competi- 
tion of many A’s for each of the B’s and vice versa does 
not appear to be important and, therefore, a less general 
theory might suffice. However, it does appear safe to 
conclude on the basis of the present work that the 
application of diffusion theory to the kinetics of certain 
reactions in the solid state leads to satisfactory results. 
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A theoretical treatment is given of two dispersion phenomena in the field-effect experiment : (1) dispersion 
arising from the finite time required to generate minority carriers, and (2) relaxation of the fast surface 
states. It is shown that the in-phase part of the field-effect mobility is given (for an n-type semiconductor) 


by wre™ —HntA/(14+*r;*) 


B/(1+*r?), where (w/2) is the frequency of the applied field, A and B 


are constants, and 7; and r are characteristic times, all four quantities being functions of the body resis 
tivity, surface potential, and of the densities, energy levels, and capture cross sections of the fast states. 
Under certain conditions, 7; is equal to the fundamental decay-mode lifetime of the sample, while r2 is 
expected to be much shorter, and depends primarily on the cross sections and the position of the state level 
in the gap. A comparison of the theory with recent experimental results of Montgomery shows (1) that 
reasonable agreement can be obtained, and (2) that the presence of any significant number of states in the 


region close to the center of the gap is unlikely. 


1. INTRODUCTION 


HE field-effect experiment is the observation of a 

change in the conductance of a thin slice of 
material, caused by the application of an external 
electric field normal to its surface. Such an effect was 
looked for in metals around the turn of the century, 
and the failure to detect it was discussed by Thomson. ! 
Since the volume density of electric carriers may be 
many orders of magnitude less in a semiconductor 
than in a metal, a fresh attempt at the field-effect 
experiment was made by Shockley and Pearson? some 
ten years ago, using the high-purity silicon then 
available for the first time. A modulation of conductance 
was indeed found, but the magnitude of the effect was 
less than expected. One possible reason for this was 
suggested by Bardeen’: the semiconductor surface has 
on it electronic trapping levels, which tie up most of 


'J. J. Thomson, The Corpuscular Theory of Matter (Constable 
and Company, London, 1907), p. 80. 

* W. Shockley and G. L. Pearson, Phys. Rev. 74, 232 (1948) 

* J. Bardeen, Phys. Rev. 71, 717 (1947). 


the induced charge in localized sites (‘surface states’’). 
Since then, many experiments have confirmed the truth 
of Bardeen’s suggestion. Montgomery and Brown‘ have 
studied the field-effect experiment in germanium, as a 
function of the height of the surface space-charge 
barrier. Brattain and Garrett®® have brought the 
field-effect experiment into reconciliation with a parallel 
line of work—the study of surface photovoltage and 
surface recombination.’ It is now fairly well established 
(1) that there are two classes of surface states on 
germanium and silicon, distinguished by having relaxa- 
tion times® of the order of a second or greater (the 
“slow states”), or a microsecond or less (the “fast 


‘H. C. Montgomery and W. L. Brown, Phys. Rev. 98, 1165 
(1955); 103, 865 (1956). 

*W. H. Brattain and C. G. B. Garrett, Bell System Tech. J. 
35, 1019 (1956). 

*C. G. B. Garrett and W. H. Brattain, Bell System Tech. J. 
35, 1041 (1956). 

7W. H. Brattain and J. Bardeen, Bell System Tech. J. 32, 
1 (1953). 

* L.e., times for readjustment of state population, by interchange 
of charge with whichever band is the more accessible. 
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states”), and (2) that the fast states are also the states 
responsible for surface recombination. 

For some time, the idea has been current that, if one 
could carry out the field-effect experiment at a high 
enough frequency, one could ‘‘outwit” the fast states, 
and obtain the full effect, in which every induced charge 
adds to or subtracts from the conductance of the slice 
by one electronic carrier, Recently Montgomery*”’ has 
reported measurements of the field effect at frequencies 
up to 50 Mc/sec, using the Aigrain method," which 
determines the real (in-phase) part of the conductivity 
modulation. His experiments do indeed show dispersion 
in the last decade of frequency, which is very reasonably 
associated with relaxation of the fast states. The experi- 
ments also show dispersion in the range where the 
frequency is comparable with the reciprocal of the 
minority-carrier filament lifetime. The interpretation 
of this effect, first given by Brown,‘ is this. Let us, 
for the moment, assume that there are no surface 
states. Now, if the body minority carrier is present in 
excess at the field-free surface, a small charge induced 
by the applied field must appear as a change in the 
surface excess of this carrier. This change must arise 
from a flow of minority carriers from the bulk to the 
surface or vice versa. At the frequencies in question, 
however, there is not time for these minority carriers to 
be supplied or taken up by thermal generation or 
recombination. Therefore, to preserve space-charge 
neutrality in the bulk, an equal number of majority 
carriers must leave or enter the sample via its ohmic 
contacts. Similar language may be used to describe 
the situation in which fast states are present. 

The present paper offers a theoretical treatment of 
both dispersion phenomena. The object of the calcula- 
tions is to present general expressions for the in-phase 
part of the field-effect mobility,’> which is defined as 
the ratio of the change in surface conductivity to the 
induced charge density. The method will be to write 
down expressions for the rates of capture of carriers 
from the conduction and valence bands by the surface 
states, and match this to the rates at which carriers 
diffuse towards the surface from the interior, allowing 
for the accumulation of holes and electrons in the space- 
charge region. In this way we implicitly allow for the 
creation and annihilation of carrier-pairs through the 
surface states (surface recombination). 

The calculations will be carried out for a single 
surface trapping level, having the properties of the 
traps considered in the Shockley-Read theory.'* Of 
course, since it is not usually possible to account even 


*H. C. Montgomery (to be published). 

” H. C. Montgomery and B. A. McLeod, Bull. Am. Phys. Soc. 
Ser. IT, 1, 53 (1956). 

4 Aigrain, Lagrenaudi, and Liandrat, J. phys. radium 13, 
587 (1952). 

12 Garrett, Brattain, Brown, and Montgomery, Proceedings of 
the 1956 Philadephia Meeting on the Physics of Semiconductor 
Surfaces (University of Pennsylvania Press, Philadelphia, 1956). 

4 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 
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for the low-frequency field-effect data in terms of a 
single surface level,‘® we must not expect the agree- 
ment between the present theory and Montgomery’s 
results to be good over the entire range of surface 
potential. Properly, we ought to carry out the calcula- 
tions taking into account at least a pair of levels, 
one high and one low in the gap’; possibly we should 
even generalize still further, and consider a continuous 
spectrum of levels. However, it will turn out that the 
algebra involved is already complicated enough with 
a single trapping level. Should future developments 
demand a consideration of the more general case, it 
should be possible to proceed by a straightforward 
extension of the arguments to be given below, with 
no additional difficulties in principle. 


2. FUNDAMENTAL EQUATIONS 


6,14 


We shall use the notation of Garrett and Brattain. 
We suppose that there is, on the surface, a trapping 
level characterized by Shockley-Read parameters C,, 
Cn, fi, and m, and let p,, n,, and /; stand for the (time- 
dependent) concentrations of holes and electrons at 


the surface, and the (time-dependent) trap-filling 
factor. Then the rate U,, of capture of electrons by 
the traps is 


Uen=Cal 1— fins 


while the rate U,, of capture of holes by the traps is 


fins], (1) 


Uep=Col fife— (1— fi) pr). (2) 


The difference between these is the rate of filling 

of the traps: 
Uen—Uep= Nd fi/dl, (3) 

where N, is the density of traps on the surface. 

Another condition to be satisfied is that of overall 
charge balance. Let 2 be the total charge density 
(expressed in electrons/cm*) outside the semiconductor 
surface, consisting of the sum of the charge associated 
with slow states (assumed independent of time in what 
follows) and the field term (e¢9//47e). Also let I’, and 
J’,, stand for the surface excesses" of holes and electrons. 
Then 

(I p—T'n)—Nifr=2. (4) 

Now we must bring in the transport of carriers across 
the space-charge region, and from the space-charge 
region into the interior. ‘Taking the second topic first, 
it should be noted that it would be perfectly possible 
to set the equations up in ambipolar form, but that it 
is algebraically simpler to work the problem out for a 
moderately extrinsic semiconductor, so that the trans- 
port of added carriers through the bulk may be con- 
sidered by evaluating the rate of diffusion of minority 
carriers. We shall therefore choose the semiconductor 


“4C.G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 


(1955). 
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to be extrinsic n-type, so that holes are the minority 
carriers. We further introduce a quantity 6, defined as 
the geometric mean shift of the quasi-Fermi levels for 
holes and electrons near the surface, measured in units 
(kT/e), ‘The minority-carrier current J], away from 
the surface, at a point just below the space-charge 
region, may now be related to 6 by solving the diffusion 
equation for minority-carrier transport below the 
surface, taking into account whatever boundary condi- 
tions are appropriate to the problem (see Sec. 4). In 
general we shall find that, for small-signal ac conditions, 


1,= Zé, (5) 


where Z will usually be a complex function of the 
frequency, lifetime, etc. : 
Z=2'+iZ". (6) 
We turn lastly to the transport of carriers across the 
space-charge region. Firstly, it should be said that we 
are not primarily interested in transit-time effects in 
this paper, largely because their consideration presents 
problems. It is also convenient to 
neglect in the space-charge region. 
With two assumptions, the hole and electron 
currents across the space-charge region may be treated 
Their magnitudes are also sufficiently 
small for one to be able to assume that the change in 
quasi-Fermi levels for holes and electrons across the 
may be Thus 6 can 
stand indifferently for the geometric mean shift of the 
Fermi levels, either at the surface itself, or at a point 
the One may 
assume, as in the de case, that I’, and I’, are functions 
of the two independent variables 6 and Y, the difference 
in electrostatic potential across the space-charge region, 
(k7'/e). Finally we may write down 
the last fundamental equation : 


U ep tT ytd ,/dt=0. (7) 


severe analytic 
recombination 


these 


as solenoidal. 


space-charge region neglected, 


just below space-charge region. also 


measured in units 


The next stage of the analysis will be to look for 
sinusoidally-varying solutions of Eqs. (1) through (7). 
It will be convenient to evaluate the time-dependent 
solution for the two variables 6 and Y,. The amplitude of 
variation of Y will be supposed sufficiently small for 
the problem to be linear. Thus, if we write 


b= 5405", Y=Vot Pet, P= P/4+iP", (8) 


t 
6 al 


and 


p Zo { on", 


(9) 
the object of the next stage in the analysis will be to 
determine 6’, 5’, Y’, and Y” as real multiples of o. 


3. DEVELOPMENT OF THE ac SOLUTION FOR 
THE VARIABLES 6 AND Y 


Equations (1) through (7) suffice to determine the 
small-signal ac solution for the geometric mean shift 
of Fermi levels 6 and the variation in surface potential 
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Y. The “induced charge” (the ac part of 2) is supposed 
to be as shown in Eq. (9). 

Subtracting (2) from (1), using (3), and then substi- 
a for f, from (4), we have 


n/N) L(Ni—-T pt+Tnt2)n,— (UT p- 
~—(C,/NU(T,—T.—2)?.—(N.-T, 
d 
‘ dl 
Again, from (2) and (7), using (4), we find: 


C,p/N [1 ,—-la—2) Po — (Ni n+2)pi) 
d 


r,.—Z)m | 


~I,. (11) 


ly 


dt 
Op, 
m fi | 
oY 
On, 
‘ tr, 
oY 
y oY 
or, : Or’, 
van +( ) i+( : f 
06 Jy OV, 
where the partial differentials are functions of the 
surface potential Y and of the bulk resistivity, and may 
be written down by use of the standard theory of the 
surface space-charge region." Inserting the above 


expressions, and approximating for small-signal condi- 
tions at a frequency (w/2m), we get, from (10), 


Op, On, 
eu) en) 
067 y 06 J y 
1 Cypi Cam or Ol’, 
a ae, Aate 
Ne fo i— fo 4 06 Jy 
j or, or, 
+d (F),- GOI 
\ 06 Fy 06 
Op, om, 
+ {corel ' ) —C,(1 — fo) 
OY/. 
-(: oft Cath 
! NG: 
Ni fo 1— fo 
or, 7) - 
tid (GD -Ge),I1 
OY /; oY 
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We next write 
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and, from (11), 


Op, Cyp1 or, Ory ’ 
alte God 
06 Y Nifo 06 Y 06 Y 
or, F. 
+2'+i{ of ) +2"| 6 
0b Jy 
Op, Cop Or, Or a.’ 
weollegs) rae) Gae 
3 Nifo OY /, OY /; 
ON |}, Cohr 
+ia( ) lr - 0, 
oY 4 Nefo 


where fo is the mean (zero-field) value of the filling 
factor fi. 

The coefficients in Eqs. (13) and (14) may be 
simplified by making use of certain relations. One 
knows, for example, that the equilibrium filling factor 
fo is equal to n4o/(mo+m), and that prono= pim=n?. 
One also knows that, to the first order in 6, n,=d~'n,e¥ 
XK (1+A6) and p,=Anie~* (14+A~'5), where A= (no/n,), 
so that the differentials (0p,/0V), (0p,/06), (An,/dY) 
and (dn,/06) may be written down. Proceeding in this 


(14) 


way, and separating into real and imaginary parts by 
(8) and (9), we may arrive at the solutions of (13) 
and (14): 


ae + WD 
9 9 ’ 
(At? + (" 
atD— Be 
" 9 ’ 
(t?+- 3” 


aAb+B8S5 


(1? +- (33? 
Here the script letters @, ®, . . . denote the following 
expressions ; 


1 ¢@ 
fo) 7 
N, oY 


(t a= N | fol 


(l'p- 4) fom +Z’) 


— wl" ’ 
0} 


ar, av, 
-(P'p—T'n) +a? 
: oo 
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0 
oY 


ar, oar, 
+ w'n(1— fom] r 
oy 06 


Or, or, 
WC foo . | | 


oY 06 


or, or, or, or, 
t wi) 9 (17) 


OY 06 06 OY 
ew’(dI',/dY), (18) 


w(dl',/dY), (19) 


t wl ‘plop. . 


Q(sny+Z') —wZ" —w* (AT ,/ 04), (20) 


O[w(AM ,/05) +2’ J+wZ'+wCpforp,, (21) 


in which it has been convenient to introduce s, the 
surface recombination velocity, given by: 


(pot nC Cn 
§ : (22) 
Cp(Pet pr +Cn (n+) 


and also a frequency Q, which, it will turn out, is closely 
connected with the higher-frequency relaxation process 


Q2=(Ca(mst+m)+C p(pst pr) |/ Ne. (23) 


This concludes the working of this section. The 
complexity of the above results may look a little 
forbidding. ‘There is no simple approximation to Eqs 
(15) to (23) that is of general usefulness throughout the 
frequency range of interest. However, it will usually 
be true that the frequencies characterizing the two 
dispersion effects (“‘lifetime’”’ and the relaxation of the 
fast states) are sufficiently different for one to be able 
to treat them separately, using a different approxima 
tion to (15) to (23) for the discussion of each. This 
will be done in Secs. 6 and 7. 

Let us briefly review the progress so far. Starting 
with the fundamental equations for the rates of trapping 
of holes and electrons, charge balance, etc., and making 
use of the fact that the carrier concentrations at the 
surface and surface-carrier excesses are functions of the 
two system parameters 6 and Y, it has been possible 
to deduce the complex amplitudes 6 and Y in response 
to the application of an ac field to the surface. ‘The 
expressions derived in this way have involved a quantity 
Z, which relates, through Eq minority 
carrier current at a point just below the space-charge 
region to 5, which describes the amplitude of the ac 
departures from equilibrium there. In the next section 
we relate Z to the bulk lifetime, geometry of the 


(5), the ac 
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sample, etc. Then, in Sec. 5, we shall proceed to take 
the ac solutions for 8 and Y and use them tofdeduce the 
in-phase ac conductivity modulation for a slice of 
given properties. 

4.Z 


It will be noticed, from Eq. (5) and the definition of 
6 given in the paragraph preceding that equation, 
that Z has the form of a generalized “input admittance”’ 
of the bulk, as seen from the surface. It therefore 
depends on the geometry of the sample, and may be 
calculated by an argument essentially identical to that 
used by Shockley’® to determine the ac properties of 
a pn junction, Only the outlines of the argument will 
be presented here. 

The differential equation to be satisfied at all points 
below the space-charge region is 


Ap ddp Ap 
4 


D (24) 


. 9 . ’ 

Ox? al T 
where x is the perpendicular distance below the surface, 
Ap the added carrier concentration at that point, D 
the minority-carrier diffusion constant, and 7 the bulk 
lifetime. The boundary condition at x=0 is 

(Ap)s-0= nd, (25) 
from the definition of 6. 

The situation of most general interest concerns a slice 
of uniform thickness X, having, on the surface farthest 
from that to which the field is applied, a surface 
recombination velocity s*, which may or may not be 
equal to s. This gives the other boundary condition, 

(DVAp).-x= — (s*Ap) sox. (26) 

The solution of (24) appropriate to a periodic 6 of 
frequency (w/2m) is of the form 

Ap=A exp —2M/(Dr)*}+-B explaM/(Dr)*], (27) 
where A and B, determined by (25) and (26), are 

(vupM +s*)e&™ 
bnd -, 
vpM cosh(£M)+-s* sinh(£M) 
(vpM —s*)e ™ 
B= hn 


" vpM cosh({M)+s* sinh(EM)’ 


(28) 


(29) 


where = X/(Dr)!, op = (D/r)', and M = (1+ iwr)!. 
The quantity needed for substitution in the work 
of the preceding section is 


Z=(F',) e.0= — ('DVAP) 2x0 
=vpMd"(A—B) 
vpM sinh(£M)+s* cosh(¢M) 


vpM cosh(t{M)+s* sinh(¢M)_ 
"4 W. Shockley, Bell System Tech. J. 28, 435 (1949). 


=nvpM (30) 
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It will be noticed that Eqs. (28), (29), and (30) 
include the body lifetime (through § and M) and the 
surface recombination velocity s* at the back surface, 
but not the surface recombination velocity s at the 
front surface. This is because we have implicitly in- 
cluded recombination effects at this surface in the 
discussion of the rates of capture of carriers by traps 
in Sec. 2. 

We have now deduced both the minority-carrier 
current at a point just below the space-charge region, 
and the actual distribution of carriers across the width 
of the slice, in terms of 5. In the next section we shall 
complete the formal working by showing how this in- 
formation may be used, together with (15) to (23), 
to deduce the conductivity modulation of the sample. 


5. CONDUCTIVITY MODULATION 


At low enough frequencies, at which there is always 
equilibrium inside the semiconductor (6=0), the only 
way in which the conductivity of the sample may 
change is by variations of the surface excesses I’, 
and I',. At higher frequencies, however, one must 
consider in addition the existence of pairs of excess 
(or deficit) carriers in the space-charge-free region, 
fairly deep into the semiconductor. ‘The observed change 
of sheet conductance of the sample will be the sum of the 
two, having regard to sign. Because the variation of 
6 and Y with time will not, in general, be in phase with 
that of 2, there will be both an in-phase and an out-of- 
phase conductivity modulation. The experiments so 
far reported by Montgomery describe only the inphase 
component (except at the highest frequencies, where 
there is some uncertainty, owing to circuit phase shifts) ; 
presumably the out-of-phase component could also be 
measured by a straightforward modification of the 
measuring circuit. 

We now write down the surface and volume contribu- 
tions to the conductivity modulation of the sample in 
terms of 6 and Y. 


(i) Contribution from the Surface Excesses 


The additional conductivity AG, due to the surface 
excesses is 


or’, or, 
AG, au ( ) +0 ) h 
0b Jy 06 Jy 
‘ /dOl'y 7) 7 
H(- ') + ) |r. (31) 
OV; OY; 


where 6 is the ratio of the electron to the hole mobility. 


(ii) Contribution from Excess Carriers in the Body 


The distribution of added carriers in the body of the 
sample is known, for the case of a parallel-faced slice, 
from the work of the preceding section (Eqs. (27), 
(28), and (29)]. The additional conductivity AG, 
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associated with these carriers is 


x 
AG,= (1+ seu, f Apdx. 


0 


Using (27)-(29), we obtain: 


Py 
J A pd. x 
0 


(Dr)! wpM sinh(€M)+s*(cosh(EM)—1 } 
en fies tienes _ (33) 


M vpM cosh(£M)-+-s* sinh(éM) 


This completes the formal working. If, now, we wish 
to express the conductivity modulation in terms of a 
“field-effect mobility” grr, which will in general be 
complex, we must sum the contributions from (i) 
and (ii): 


MFE> (AG,+AG,)/ec. (34) 


To calculate the effective mobility, we need to start 
with (15) to (23), substitute Eq. (30) for Z, substitute 
the resulting expressions in (31) and (33), and then 
use (34). There would be little point in writing down 
the general expressions so obtained. It is convenient 
from this point on to take advantage of the actual 
magnitudes of the parameters occurring in the practical 
case of germanium, and to discuss separately the low- 
and high-frequency dispersion phenomena. This will 
be done in the next two sections. 


6. THE LOW-FREQUENCY DISPERSION 
PHENOMENON IN A THIN SLICE 


In the practical case of a thin slice of germanium 
having etched surfaces, the frequency is of the order 
of 10° sec™, Thus, at frequencies small in comparison 
with this figure, one may drop the second term from 
each of (16), (17), (20), and (21). Certain other terms 
may also be neglected; and substitution of ,typical 
values for the various parameters suggests the following 
set of approximations: 


j 
- rT) (35) 


€ 
a= =Naa(onctZ)) fol - fo) me N; 1_ 
oy 


(36) 


i) 
Qs -war'l jo — fo) et Hier (T'»>— ro} 


oy 


e=~0, (37) 
D~wlC,fop.—2(T ,/A9)), 


& =02(sn,+Z’), 


(38) 
(39) 
FxQZ". (40) 


We first note that, since D is considerably smaller 
in magnitude than & and §&, (6/c) is quite small in 
comparison with (Y/a). Therefore, when we come to 
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substitute into (31), it is reasonable to drop the term 
in 8 and consider only that in 

We also see that, since @F=@6, the imaginary part 
of (¥/c) is zero, that is, the variations of surface poten- 
tial are in phase with the applied field. Throughout the 
range of frequency under consideration, the real part 
of (Y/c) is seen to be given by: 


y ‘ 0 


s| - (41) 
a oy 


tls Da) Ni fo(l a fo) , 


This is the common-sense answer for the de case, 
since the second term is just N,(0f,/dY). Since we 
have shown it to hold also in the ac case, one may say 
that the true field effect—the conductivity modulation 
arising from modulation of the surface excesses—can 
show no dispersion up to a frequency of the order of 
2. The same fraction of the induced charge goes into 
the fast states at any frequency in this range. 

We turn now to the departures from equilibrium 
in the interior. Here it will be convenient to restrict 
the calculation to the case that the sample is thin in 
comparison with a diffusion length, and to make, for 
the moment, the additional limitation that w<D/X?. 
From (30) and (33), we obtain 

s* + vpM*t 
Zn; : (42) 
1+ (s*/up)é 


, 1+4(s*/vp)é 
f Apdx nB(De)e( ) (43) 
0 1+ (s*/up)é 


To get 5, we use (15) with (35)—(38). Substituting, 


we find 


0 


Xx 


(44) 


— joe } 1) 


) 


#OD 


Apda v1 | 


1 + wr? 
where we have written 


QVC, fop.— Ol p/O} 
~ (45) 


N fol 1— fo)—O(T p—T'n)/OY 


a quantity independent of frequency, and depending 
only on the mean surface potential and the properties 
of the surface traps, and 


s* § - 
T} r/ 1+- +— (: + ‘) | 
Vpt vpt Up 
The solution given in Eq. (44) has a number of 
interesting properties. 


(46) 


(i) Relation to the ‘‘Fundamental-Mode 
Lifetime” 


The fundamental-mode lifetime, for the case s, 
s*<<(D/X), may be written as follows: 


Ttund= 7/[ 1+ (s*+5)/op }. (47) 
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Comparing this expression with (46), one may make 
the following assertion: in the case that (s*t/vp)<<1, 
the time constant governing the low-frequency dis- 
persion phenomenon in the field-effect experiment is 
the fundamental-mode lifetime. This is consonant 
with the experimental findings of Montgomery. Fur- 
thermore, the frequency factor in (44) is the Fourier 
transform of (e-'/"), Montgomery has pointed out that 
such a relation ought in certain cases to exist, since, 
if a pulse of carriers disappears uniformly across the 
thickness of the slice according to a certain law, the 
frequency behavior ought to be given by the Fourier 
transform of that law. However, we may see from (46) 
and (47) that this will not be true in general. If 
s*> (vp/t) (which is equal to D/X), the two charac- 
teristic times are not the same, The reason for this is 
obvious: if the surface recombination velocity at the 
back surface is greater than (vp/é), the decay will 
not be well represented by a simple exponential, since 
higher decay modes will become important. Mont- 
gomery’s law should therefore hold only when the 
decay of photoconductivity after exposure to a short 
flash of carriers follows a simple exponential law. 


(ii) Asymptotic Behavior at Frequencies such 
that wt>> 1 


First it should be remembered that we have tem- 
porarily required that w>>D/X*. Thus, Eq. (44) will 
hold out to wr,>1 only if 7.>>X?/D. This implies that 
we may explore this frequency range with the help of 
(44) only if s*<(vp/t). Then, from (44) we see that 
the limiting value of the right-hand side, at w7,>>1, is 

#. Looking at (45), we may see that it is of a form 
which is susceptible of a simple physical interpretation, 
at any rate in the condition that the mean surface 
potential Y has an extreme value. 

If we consider the limit Yo-—@, the expression 
(Al,/0Y) in the denominator may be dropped, 
and, remembering that, under these conditions 
QC »( pst pr)/N; [see (23) |, we get: 


i fapic )a >—1. 


The meaning of this is as follows. When Yo—>— ©, the 
surface is rich in holes and poor in electrons. Further, 
at w>>s*/D, all changes in surface charge have to be 
supplied by a flow of holes (minority carriers) from 
the interior. So, for each charge of unity that appears 
at the surface in response to a change of the external 
field, there must be a depletion of one hole-electron 
pair from the space-charge-free interior. This is in 
agreement with the qualitative argument given in 
Sec. 1. 

At the other limit, Vo, the term (0I',/0Y) in the 
denominator becomes large without limit, so that 
d{ f Apdx |/do—0. This too is common sense: the 
surface charge consists mainly of electrons, which can 
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be supplied rapidly from the ohmic contacts to the 
sample, without upsetting the hole-electron equilibrium 
significantly. 

Summing up the surface and volume contributions 
to the conductivity modulation, and expressing the 
result in terms of the field-effect mobility by means of 
(34), we get 
Or, Or, 

+b 


, 


ay 
rf (48) 


7. HIGH-FREQUENCY DISPERSION PHENOMENON 
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At frequencies comparable to Q, a different approxi- 
mation procedure becomes appropriate. We begin by 
writing down asymptotic forms for Z [from (30) ] and 
for Jo* Apdx [from (33) ]: 


Z—m;(Dw/2)'(1+i), 
J 


It will be noted that these expressions are independent 
of the geometry of the sample, bulk lifetime, etc. : they 
correspond simply to the state of affairs in which the 
diffusion length into the sample is ~ (D/w)!. 

A careful inspection of (16) to (21) suggests the 
following approximations as suitable for our present 
purpose : 


a~—Z'TNOfo(1— fo)— (Q—w)(0/dY)(",—T,) ], (51) 
B= —Z'TNQfo(1— fo)— (Q4+w)(d/dV)(T,p—T',) J, (52) 
C~w*(dI',/dV), (53) 
D~ wl Cpfop.—Q(aT' ,/AYV) ], (54) 
&= (Q—w)Z’, (55) 
Fa (Q+w)Z’, (56) 


where Z' = n,(Dw/2)4 throughout. 

Here we have dropped (i) terms in w from @ and &, 
on the grounds that these do not become important 
until w becomes comparable with (D/L?) (where £ is a 
Debye length), at which point the analysis fails in any 
case, and (ii) terms linear in w from ® and §&, on the 
grounds that substitution of typical values for the 
various parameters suggests that they may generally 
be neglected in comparison with the terms shown. 

The subsequent working proceeds as in the previous 
section. The real part of (Y/a) is found to be given by 


Y’ F 
ay oY 


(49) 
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Apdx—n(D/2w)'(1—i). (50) 
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The ac variation in surface potential is seen to 
follow a simple dispersion law, the characteristic time 
tz being of the order of, but rather less than, {&'. 
On the low-frequency side of the dispersion, 


(P'/a) [A p—T'n)/A¥—Nifo(1— fo) P*, 


which is the value given in Eq. (41); on the high-fre- 
quency side, (¥’/a)>[0(1',—I',)/8Y }", which is the 
value one would calculate in the absence of surface 
states. This shows quite vividly that r, does indeed 
characterize the relaxation of the surface states. 

Turning to the added carriers in the body, we find, 
for the real part, 


far) 
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This again follows a simple dispersion law, with the 
value on the low-frequency side agreeing with Eq. (45), 
as it must, and that on the high-frequency side being 


— (ar ,/dY)/La(’,—T,,)/d¥ ]. 


This latter limit has a very obvious meaning, when 
compared with the limiting value of (¥’/s), discussed 
above: it says that, for wrz>>1, every minority carrier 
(hole) appearing in the surface excess must have come 
from the bulk and vice versa. Since the surface states 
are no longer operative, this is just what we should 
expect. 

We write down finally, the expression giving the real 
part of the field-effect mobility in this frequency range, 
using (31), (32), and (34): 


-~N i fo(1— fo) 


wT? 
(T,—-T,)+14+5)2'C, fop.t 


1+0’7,* 


XK LON i fo(1— fo) — (14+ b)2'C, fop, . (60) 


RELAXATION 


PROCESSES 485 
In deriving this expression, we have taken advantage 
of the fact that, since @ and ® are generally small in 
magnitude in comparison with & and §, |3|«| P|; 
this has allowed us to neglect the term in 4 in (31). 


8. COMPARISON WITH EXPERIMENT 


The purpose of this section is to show how closely 
it is possible to fit the experimental measurements 
reported by Montgomery’ by means of the theory 
developed in the preceding sections. The measurements, 
which covered the frequency range 10° to 10° eps, 
were made on a 20 ohm-cm sample of p-type ger 
manium, kept in three different ambients, which, one 
would estimate from previous work,*® cover the range 
of surface potential |¥—InA| <5. The measured fila 
ment lifetime was 25 usec, which, for the slice thickness 
given (0.5 mm), corresponds to a surface recombination 
velocity of 1000 cm/sec on each face, if the body 
lifetime is supposed to be infinite. 

For the purpose of calculation, it will be convenient 
to combine Eqs. (48) and (60) to give a single expression 
for the effective mobility over the entire frequency 
range. It is true that we have not investigated the 
validity of (48) for frequencies w>D/X*. However, so 
long as 7;>>X*/D the entire low-frequency dispersion 
phenomenon lies at frequencies lower than D/X?*, and, 
since both real and imaginary parts match on to the 
low-frequency tail of (60), we may be assured that 
there is no other dispersion phenomenon at any fre- 
quency in between. In the case of Montgomery’s sample, 
the condition 7;>>D/X? is not too well satisfied, but we 
shall hope to get at any rate a qualitative description 
of his results by ignoring this fact. 

Combining (48) and (60), we have, for an n-type 
semiconductor, 
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and 7, and ry are given by (46) and (58), respectively. 
By analogy, we may write down the equivalent results 
holding for extrinsic p-type semiconductor : 
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Fic. 1. Field-effect mobility as a function of frequency, for 
20-ohm-cm p-type germanium, as a function of surface potential 
Y. Surface-state scheme as described in text. 


Figure 1 shows the results of using equations (64), 
(65), and (66) to calculate the dependence of wer, on fre- 
quency for a p-type sample of the resistivity (20 ohm- 
cm) used by Montgomery. The parameters have been 
chosen to give the best fit: C, has been set equal to 
1.7 10° cm/sec, C, to 1.1%10' cm/sec, and m, to 
2.5K10'*cm™. This means that we have postulated 
a level of density 7X 10" cm~?, situated 0.18 volt above 
the center of the gap. The position of this level agrees 
with that found by Statz ef al.'*; the density supposed, 
however, is larger than that reported by them. The 
C, and C, imply capture cross sections of 2.4 10~" cm?* 
for holes, and 1.6 10~-'® cm? for electrons. The ratio of 
these cross sections agree with that reported by Garrett 
and Brattain,® but the magnitudes of each are here 
taken as four times as large as the values reported by 
those authors. Since we have assumed only one trapping 
level in the work of this paper, we should not expect 
the results of the calculations to give a good description 
when the surface potential is negative; and, indeed, 
the calculations suggest that the field-effect mobility 
should be equal to the bulk value for holes, and inde- 
pendent of frequency, in this range of Y. To patch up 
the solution in this region, we would have to work out 
the theory afresh, with two trapping levels instead of 
one. There would seem to be little merit to this pro- 
cedure at the present stage. Qualitatively, we may 
argue as follows. If we introduce a new trapping level 
somewhere in the lower half of the gap, the low- 
frequency mobility will be reduced to some value below 
Mp, a8 Observed. The “lifetime” dispersion phenomenon 
will not now appear, since the expression (65) for A, 
tends rapidly to zero with increasing negative Y, 
whatever the exact position of the trapping level. 
The high-frequency dispersion phenomenon, during 
the course of which the field-effect mobility must rise 
to wy, will still be found, and will be characterized by a 
new value of 72, given by inserting the parameters for 


1 Statz, de Mars, Davis, and Adams, Phys. Rev. 101, 1272 
(1956). 
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the new trapping level into (58). It will be seen that, 
so long as the density and cross sections for the new set 
of traps do not differ too radically from those postu- 
lated above, and so long as they are located about as 
far below the center of the gap as the traps previously 
discussed lie above it, the value of 72 will not be too 
different. Because of this fact, we have indicated on 
Fig. 1, as a dashed line, the way in which we would 
expect the field-effect mobility to go at Y=—3, if 
these conditions are satisfied. (It must be emphasized 
that this curve is purely schematic.) 

Comparing Fig. 1 with Montgomery’s results, we 
may say that a reasonable qualitative description has 
been given by the present theory. Unfortunately, we 
are ignorant of the values of Y to be assigned to the 
three curves in Montgomery’s paper, but one might 
guess Y~7 for ozone, Y~2 for dry oxygen, and Y~ —3 
for wet nitrogen. A simultaneous measurement of Y 
by the large-signal field-effect technique* would be 
informative here, as would measurements on an n-type 
sample. 

Since the parameters of the trapping level or levels 
come into Eqs. (61) through (66) in a rather compli- 
cated way, it is difficult to decide what latitude in the ° 
assumed values of these parameters would be permis- 
sible. One definite statement can, however, be made. 
It is not possible to account for the smallness of the 
observed value of rz without invoking levels that are 
relatively distant from the center of the gap.'’ In 
the simple case of one trapping level so situated, 
t2~1/[vr(opon)*p, | or 1/[v7 (0 pon) *m, |, where vz is the 
thermal speed and o, and o, the trapping cross sections 
for holes and electrons, respectively. Thus, so long as 
t, is of the order of 10~* sec, and (oy0,)4'~10-" cm’, 
there must be a trapping level situated such that 
n,~ 10'* cm~, or one situated such that ~:~ 10'* cm~, 
or both. Otherwise, there should be some range of Y 
close to zero in which 72, would be found to be very 
much longer than the value quoted. This raises the 
interesting question: could there be, in addition to 
discrete states situated either high or low or both, 
other states close to the center of the gap? The evidence 
provided by Montgomery’s experiments suggests that 
the answer is no. If the density of such states were 
sufficient to produce a noticeable effect on the low- 
frequency field-effect mobility, then this effect should 
disappear at a frequency of the order of the 72 appro- 
priate to these states. In the extreme case of a complete 
distribution of states near the center of the gap, there 
should be a gradual change of the field-effect mobility 
over several decades in frequency. There is no sign of 
this in the measurements reported by Montgomery. 
Thus the high-frequency field-effect measurements 


‘Tt is tacitly assumed, in this paragraph, that the circum- 
stances are such that the observed low-frequency field-effect 
mobility is not lower than what it would be in the absence of 
fast states by more than, say, an order of magnitude. This allows 
us to say 7202"! [see (58) ]. 
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show that all the fast states present in significant 
numbers are relatively distant from the center of the 
gap; or else, that the states close to the center of the 
gap have unexpectedly large cross sections. 

How, then, can we account for the low-frequency 
field-effect experiment, which cannot be interpreted 
simply in terms of a pair of discrete levels, one high 
and one low, but seems to demand a continuous dis- 
tribution of fast states near the center of the gap? The 
most reasonable assumption is that there are inhomo- 
geneities in Y from point to point on the surface. This, 
as pointed out previously,® would have the effect of 
smoothing out the simple Boltzmann expressions 
giving the dependence on mean Y of the charge trapped 
in fast states. It is possible that a detailed analysis of the 
high-frequency measurements, taken in conjunction 
with field-effect and surface photovoltage measurements 
of the sort reported previously,’ would lead to an 
estimate of the magnitude of the inhomogeneities 
demanded. 


9, FINAL REMARKS 


This paper has presented a theoretical treatment of 
the two relaxation processes observed by Montgomery 
in the high-frequency field-effect experiment. The 
salient results are the following: 


1. The lower-frequency dispersion phenomenon, as- 
sociated with thermal processes, is 
characterized by a time 7, which, under certain re- 
strictions, is equal to the fundamental decay-mode 
lifetime. 

2. The higher-frequency dispersion phenomenon, as- 
sociated with the relaxation of the fast states themselves, 
is characterized by a time 72, which is principally 
affected by the position of the fast-states trapping 
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level in the gap, and the hole and electron capture 
cross sections. With reasonable values for these latter, 
the experimental values for 7, suggest that the fast 
states are distant ~ 0.18 volt from the center of the gap. 

3. The field-effect mobility at wr2>>1 should be equal 
in magnitude to the mobility of the majority carrier 
in the bulk, except insofar as the Schrieffer correction 
is important. As suggested by Montgomery, measure- 
ments in this range should afford a direct experimental 
determination of the magnitude of the Schrieffer 
correction. 

4. The field-effect mobility at frequencies inter- 
mediate between 7,~! and 727! hasa value which depends 
on the trapping parameters, surface potential, etc., 
in a rather complicated way. For the case of a well- 
developed inversion layer, the mobility in this range 
should have a value intermediate between the mobility 
of the bulk majority carrier and the sum of the mobili 
ties of the bulk majority and minority carriers. At 
the other extreme of surface potential, the mobility 
in this frequency range willfbe equal to that observed 
at low frequencies. 

5. The difficulties usually encountered in trying to 
fit low-frequency field-effect data to a model including 
only a pair of discrete fast-state levels are more likely 
to be with inhomogeneities in surface 
potential on the surface studied than with the existence 
of a continuous distribution of fast-state levels near 
the center of the gap. 

6. The extension of field-effect measurements to still 
higher frequencies—into the wave-guide range, for 
example— would furnish an interesting tool for studying 
transit-time effects. 


associated 


My thanks are due to H. C. Montgomery and W. L. 
Brown for many interesting discussions. 





PHYSICAL REVIEW VOLUME 107, NUMBER 2 


Electronic g-Factor and the Structure of F-Centers* 
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Applied Physics Laboratory, The Johns Hopkins University, Silver Spring, Maryland 
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A study is made of the small electronic g-factor shifts observed in complex paramagnetic substances. 
In most cases there is a simple connection between the contribution of a given ion or atom to Ag and 
the anisotropic part of the magnetic hyperfine interaction of its nucleus with the electron. This connection 
is useful now that a double-spin-resonance technique developed recently by Feher can give experimental 
values for such hyperfine interaction constants. 

The theory is applied to the case of the F-center. It is shown that a central /-center wave function need 
not have a large g-state component to account for the order of magnitude of the observed Ag, provided that 
the function used is orthogonal to the ion-core orbitals. Both the positive and negative ions contribute to Ag. 
With the aid of Feher’s hyperfine-structure measurements in KCI, one gets: Ag (theory) = —0.0053 as 
compared with Ag (exp) = —0.0070. 

Exchange interactions between the F-electron and the ion-core electrons are offered as a possible explana 
tion of the positive Ag found for LiF. Such interactions could polarize the nearest-neighbor halide ions, 
effectively creating a hole. It is estimated that a 0.5-1% polarization of the F~ 2p orbitals would be required 


INTRODUCTION 


( NE of the quantities obtained from an elec- 

tron-spin-resonance experiment is the electronic 
g-factor. This quantity often deviates from the free- 
electron value, the deviation being the result of the 
interaction between the electron spin moment and the 
magnetic field created by the motion of the electron in 
the electric field of its environment. In complex systems, 
such as organic free radicals and solids, the g-factor 
shift Ag is usually quite small (~10-* to 10-*). The 
reason for this is that the strong, nonspherically sym- 
metric, electric fields present in such systems prohibit 
orbital degeneracy, with the result that the first-order 
spin-orbit interaction is either zero or so small that the 
electron spin is virtually independent of the orbital 
motion, Nonetheless, such g-factor shifts are interesting, 
because they can provide an estimate of the departure 
of the unpaired-electron wave function from spherical 
symmetry, or give a measure of the separation between 
the ground and lowest excited state. 

The usefulness of the g-factor shift in structure in- 
vestigations is limited, because its calculation requires 
a knowledge of the quantities (1/r°) about the various 
nuclei and an estimate of the energy separation AE 
between the ground and lowest excited states. Calcula- 
tion of (1/r') is quite difficult, although limited success 
has been obtained for the /-center.' Fortunately, the 
double-spin-resonance technique developed recently by 
Feher? gives a means of determining (1/r’) from the 
experimental value of the anisotropic part of the mag- 
netic hyperfine interaction. This new development 
should increase the value of Ag measurements. 

Our primary interest in this paper will be the F-center 
which exhibits small, usually negative Ag values.’ Kahn 


* Work supported by the Bureau of Ordnance, Department of 
the Navy 

1F, Adrian, Phys. Rev. 106, 1357(L) (1957). 

*G. Feher, Phys. Rev. 103, 834 (1956) 

‘Kip, Kittel, Levy, and Portis, Phys. Rev 91, 1066 (1953) 


and Kittel* have calculated Ag for F-electrons in KCl 
using two different wave functions: an LCAO-MO 
function (i.e., a wave function for a molecular orbital 
model, constructed as a linear combination of atomic 
orbitals centered on the six nearest-neighbor alkali ions) 
gave a Ag value which was of the correct order of 
magnitude. Using a central wave function,® they con- 
cluded that a relatively high ratio of g to s state would 
be required to explain the observed effect. However, 
extensive admixture of this high-angular-momentum 
function with the spherically symmetric s-function 
seemed unlikely from energy considerations. 

A solution to this difficulty has been pointed out by 
Dexter® and Krumhans!’ in connection with the calcu- 
lation of hyperfine structure constants. They claim 
yave function Wro should be 
regarded as the coefficient of a Bloch-type function uo 
associated with the bottom of the conduction band, i.e., 


that the central F-center 


¢ro(r)= WV ro(r)uo(r). (1) 


Since uo is large at the nuclei it increased the F-electron 
density at these points by a factor of 100, bringing the 
computed hyperfine interaction constants into line with 
experiment. They, along with Seitz,* suggested that 
similar considerations would explain the observed elec- 
tronic g-factor without the necessity of a large g-com- 
ponent in Pro. 

Recently, Gourary and the author’ have proposed 
another central wave function suitable for hyperfine- 
structure calculations. This wave function is constructed 
by orthogonalizing ro to all the ion-core orbitals by 


‘A. Kahn and C. Kittel, Phys. Rev. 89, 315 (1953). 

® By central /-center wave function, we denote an expansion in 
spherical harmonics about the center of the vacancy. 

*D). L. Dexter, Phys. Rev. 93, 244 (1954). 

7J. A. Krumhansl, Phys. Rev. 93, 245 (1954). 

* F. Seitz, Revs. Modern Phys. 26, 7 (1954). 

* B.S. Gourary and F. J. Adrian, Phys. Rev. 105, 1180 (1957) 
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ELECTRONIC g-FACTOR AND 


the Schmidt process: 
¢ro= N(Wro >: (PF iy; |. (2) 


The results obtained for the isotropic part of the hyper- 
fine interaction with the above function, which is 
equivalent to using ¥ro in a determinantal wave func- 
tion, are comparable with those of Dexter and Krum- 
hansl. However, the orthogonalized wave function has 
the advantage that it contains both s and p core 
orbitals, whereas, further refinement of Eq. (1) is 
required to give the proper admixture of p core orbitals. 

It will be shown that the p core orbitals which are 
admixed with Wpo give the major contribution to Ag in 
KCl. However, the ion-core orbitals, when looked at 
from the center of the vacancy, correspond to a series 
of high-angular-momentum components in the expan- 
sion of ¢ro. 


g-FACTOR SHIFT IN COMPLEX SYSTEMS 


In calculating g-factor shifts in complex systems, one 
uses the fact that the spin-orbit Hamiltonian is a short- 
range interaction which is negligible everywhere except 
near the nuclei of the system. Thus, the contribution of 
each ion or atom to Ag can be treated separately, by 
expansion about the nucleus in question. Previous 
calculations have assumed that the spin-orbit Hamil- 
tonian for each atom or ion had the simple form 


t(r)L-S. 


The above process can be justified by using the 
gauge-invariance properties of the complete Hamil- 
tonian. If the unpaired electron moves in the field of an 
effective electrostatic potential (7, and a magnetic field 
of vector potential A, the Schrédinger equation is: 


(H+5,.0.) G=Eyg, (3) 


where 
(eh/mo)H-S 
+ (eh? /8m?c?)V2U 


(e ‘c)A |. 


KH = (1/2m)[ p—(e/c)A +e 
(4) 


Ky.o.= (eh/2m*c?)S-VUX[p (5) 


The above Hamiltonian is the expanded form of a result 
obtained by Frosch and Foley"® by applying a trans- 
formation due to Foldy and Wouthuysen" to the Dirac 
equation. Here, ¢ is the electronic charge and § is the 
electron spin in units of #. To determine the contribu- 
tion of ion or atom a to Ag, one evaluates the spin-orbit 
Hamiltonian %, 6.4, which is given by Eq. (5) with U 
replaced by U’,, using the ground state eigenfunction 
of %. Since both H and X,..4 satisfy the gauge- 
invariance condition, e.g., 
TH (A)T' =H (A+ 9x), 
under the gauge transformation generated by the 
unitary operator 
T = exp iex(r)/ch }, 
 R. A. Frosch and H. M. Foley, Phys. Rev. 88, 1337 (1952). 
"L,I. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 
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the matrix elements of 3(,.o.4 will be independent of the 
choice of gauge. Since U’, is spherically symmetric in 
the region of importance close to the nucleus, the 
simplest choice for a static field is: 
A sux r. (0) 
With A given by Eq. (6), the expressions for 3 and 
KHso.a are, effectively, 
K = p?/2m+eU — (eh/me)H-S 
(eh? /2m*c?)r (dU a/dr)L-S, 


(eh/2mc)H- L, 
1 ae 


where L is the orbital angular momentum in units of h. 
The terms in A* and V*U’ have been omitted from 5 
because they do not contribute to the g-factor shift. 
The component in S-¥U.XA has been omitted from 
Kso.a- If A is given by Eq. (6) the combined contribu 
tions of this term from all potential centers is of the 
order V/mc?=10~°, where V is the potential energy of 
the electron. 

The g-factor shift due to @ can be calculated either 
variationally or by perturbation theory. First-order 
terms vanish,'* so the energy is, in second order, 


Eoa’ or Ey > (Eo Fy) a0) ie ik (k| Ha’ |0), 


where 


RS (eh/2mc)H- L+ (eh? /2m*%c?)r' (dU /dr)L-S, 
and the zero-order Hamiltonian is p?/2m-+-el/. The 
quantity Ag, is given by that part of Koa’ — Eo which is 
linear in Mg and H. With the assumption of a constant 
average excitation energy, 
Eo (7) 


AE Ey, 


for all excited states, standard matrix multiplication 
gives the result: 


Aga= (eh?/m??AE)(O| 1! (dU ,/dr) L,?\ 0). (8) 


Here, the z axis is in the direction of H. The integration 
over the spin, which is strongly quantized along H, has 
been carried out. Since the major contribution to the 
integral comes from the region very close to the nucleus, 
one can use the following simplification; (7! (dU ,/dr)) 

eZiall/r’), where Zig (the effective atomic number 
for ion a) is slightly less than the atomic number of the 
nucleus. Equation (8) becomes 


Aga= (4Z iaf”/AE)(0| L,?/r*|0), (9) 


where £ is the Bohr magneton, 


APPLICATION TO F-CENTERS 


The magnetic field, which determines the z axis, 
may, without loss of generality in the isotropic /’-center, 
be taken along one of the [100] axes. Then, if R, is the 

2 This statement, when applied to systems with strong asym 
metrical electric fields, is true in general and for /-centers in 


particular. However, it should be verified for the system at hand 
4. G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954) 
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position vector of ion a with respect to the center of 
the vacancy, the s and p components of the F-electron 
wave function gr» expanded about a are, respectively, 
P Fia™ U a(7) Y,"(6,¢), 
¢rop= —Uay(1)[ (Xa/Ra)¥ 1" 

+ (Va/Ra)V1"+ (Za/Ra) V1"). 
We have neglected d and higher components because 
the core orbitals of ion a provide the large contributions 
to | gro|? close to a, and the ions being studied here do 


not have d core orbitals. Using the above components 
of gro, Eq. (9) becomes 


=<(= +Y,.' 


Aga : 
AE ae 


)(Ual1/#\ Ua (10) 


A wave function of the type described in Eq. (2) has 
been used to calculate the above matrix elements for 
KCI.! It was found that (1/r*)x+=0.68X 10* cm. It 
was felt that the present /-center wave function was 
not accurate enough far away from the vacancy to 
calculate (1/r*)e,-. However, in principle, the calculation 
would proceed along the same lines with the core 
orbitals of the ion making the chief contribution. 
Feher’s results for the anisotropic hfs constants have 
been used to determine the values of (1/r*) for both the 
positive and negative ions. The results are: (1/r*)«* 

0.64 10" cm~™ and (1/r*)c¢,-=0.16 10% cm™. 

The selection of the effective excitation energy AE 
should be fairly reliable for F-centers since the extra 
energy associated with higher excited states is offset by 
the increased polarization of the medium. For example, 
the first excited state in the F-center is only slightly 
below the conduction band.'® Use of the F-band energy 
gives AE = — 2.31 ev.'® The effective charges are (Z;)x* 

15, (Zc: = 14." Thus, the g-factor shifts due to the 
nearest-neighbor positive and negative ions are 


Ag(K*) = —0.0036, Ag(Cl-) = —0.0017. 


The net theoretical and experimental® results are 


Ag(theory) 0.0053, Ag(exp)= —0.0070. 
Thus, it is seen that the usual /-center wave function, 

either as an LCAO-MO or central-field function, can 

account for the order of magnitude of most of the 


observed Ag values.'’ There is one exception, namely, 


4. Feher, Phys. Rev. 105, 1122 (1957) 

1 N.F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 
(1938) 
(A. Russell and C. C. Klick, Phys. Rev. 101, 1473 (1956) 

'7T, Kojima (private communication to B. S. Gourary) has 
obtained, as part of a detailed study of the /-center, an expression 
for Ag. He uses a variational solution of our Eq. (4). He states 
that rough estimates of the required matrix elements, using a 
LCAO-MO wave function, indicate that Ag 10™. 


ADRIAN 


LiF for which Ag=0.0006.'* The usual F-electron wave 
function which pictures the electron as moving solely 
outside the closed ion cores will predict a negative Ag. 

The usual explanation of a positive Ag, which seems 
to be the most likely one, is a hole or missing electron 
in a closed shell. The negative ions are the most likely 
places to look for such a hole since their outer core 
electrons are far more loosely bound than are those of 
the positive ions. Formally, one might describe the 
presence of such a hole in terms of configuration inter- 
action between the usual F-center wave function and a 
function containing excited states of the ions. If it is 
to produce a positive Ag, the hole must have the same 
spin as the F-electron. Thus, the interaction which 
mixes the two configurations must be selective in the 
spin. Exchange and overlap interactions between the 
F-electron and the F~ 2p0 orbital'® with the same spin 
are one possibility. These interactions, which are most 
likely repulsive, might polarize this orbital somewhat, 
effectively creating a hole. If this were true, the /-center 
wave function for LiF would be: 


¢(F)+eQla (F,Fa’), 


where ¢(/) denotes the usual /-center wave function 
and ¢(F,F,’) describes a configuration involving an 
excited state of the ath F~ ion. Using Eq. (10), one can 
make the following rough estimate of the contribution 
of the holes in the halide ion cores to Ag: 


Ag= — (328?/AE) (Z;)r-(1/P*)ope-e’. 


We have (Z;)r-(1/r*)opr-=3.10K10"* cm-*,” and the 
F-band energy for LiF gives AE= —4.87 ev.” Thus, if 
we neglect the direct contribution of ¢(/), Ag=0.0006 
requires that e?=0.0054. This result, which indicates 
that the exchange polarization of each F~ ion is roughly 
0.5 to 1%, is of reasonable size. Moreover, such an 
effect is likely to be largest in LiF because of its small 
interionic distance, and large ratio of anion effective 
radius to cation effective radius. On the other hand, 
this point is still quite speculative, and further study 
will be required before any definite conclusion can be 
reached, 

The author would like to thank Dr. G. Feher for the 
opportunity of seeing a prepublication description of 
his results. He is also grateful to his colleagues B. S. 
Gourary, C. K. Jen, and N. W. Lord for several 
stimulating discussions. The assistance of Miss Agnes 
Fogelgren with the preparation of the manuscript is 
gratefully acknowledged. 


'® Norman W. Lord, Phys. Rev. 105, 756 (1957). 

% pe denotes the p orbital directed along the line joining the 
nucleus and the center of the vacancy. 

” We have used the F-band energy predicted by the formulas of 


H. Ivey, Phys. Rev. 72, 341 (1947). 





PHYSICAL REVIEW VOLUME 107, NUMBER 2 JULY 15, 1957 


Donor Electron Spin Relaxation in Silicon* 


Eirmmiu ABRAHAMS 
Department of Physics, Rutgers University, New Brunswick, New Jersey, and Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received April 15, 1957) 


A study of donor electron spin relaxation which can occur due to the presence of spin-orbit coupling is 
carried out. It is found that at helium temperatures both the direct and Raman processes are too weak to be 
observed, but that at 14°K the Raman process yields a relaxation time of 1 sec. 

Several mechanisms of relaxation due to the interaction with conduction electrons are also discussed. 
It is found that none of them can compete with the exchange-scattering process considered by Pines, 


Bardeen, and Slichter. 


I, INTRODUCTION 


HE recent work of Feher, Fletcher, and co- 
workers! on the electron spin resonance of donor 
states in silicon has led to extensive discussion of the 
properties of these states. Kohn and Luttinger have 
developed the effective-mass formalism? for impurity 
states in semiconductors® and have been able to give 
approximate wave functions which account for the 
experimentally observed hyperfine splitting of the donor 
electron resonance. 

The relaxation time of the donor electron spin turns 
out to be quite long at low concentrations, of the order 
of minutes and longer. At concentrations greater than 
4X 10'* per cc, the relaxation times shorten to seconds 
and are highly concentration-dependent.® Furthermore, 
a marked decrease of the relaxation time has been 
observed when light is incident upon the sample.* Pines, 
Bardeen, and Slichter’ have proposed several methods 
for producing nuclear polarization in the case where the 
electron spin relaxation time is very long. In the course 
of this work, they investigated some of the mechanisms 
of relaxation of the donor electron spins. 

In relatively pure samples there are two important 
types of relaxation processes. In one, the electron spin 
and the donor-nucleus spin flip simultaneously by way 
of the hyperfine interaction. The relaxation time 7, for 
this process has been calculated in PBS and gives good 
agreement with experiment. The second type of relaxa- 
tion involves the electron spin only. There are several 
interactions which lead to a process of this sort and two 
of these have been discussed by PBS: the vibrational 
modulation of the electron spin-orbit coupling and the 
vibrational modulation of the hyperfine interaction of 
the electron spin with Si* nuclei. The relaxation time 7, 


where it was supported in part by the Office of Naval Research, 

1 Fletcher, Yager, Pearson, Holden, Read, and Merritt, Phys. 
Rev. 94, 1392 (1954); Fletcher, Yager, Pearson, and Merritt 35, 
844 (1954); Feher, Fletcher, and Gere, Phys. Rev. 100, 1784 
(1955). 

*J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 

§'W. Kohn and J. M. Luttinger, Phys. Rev. 98, 915 (1955). 

‘W. Kohn and J. M. Luttinger, Phys. Rev. 97, 883 (1955). 

5 Reference 1 and private communication from G. Feher. 

6G, Feher and R. C. Fletcher, Bull. Am. Phys. Soc. Ser. II, 1, 
125 (1956). 

7 Pines, Bardeen, and Slichter, Phys. Rev. 106, 489 (1957), 
hereafter referred to as PBS 


for electron-spin-only processes as calculated by PBS is 
much longer than that which is observed and they con- 
clude that the observed 7, must be due to a concentra- 
tion-dependent mechanism as yet unknown. 

In the case that there are electrons present in the 
conduction band of the semiconductor, one is led to 
consider the interaction between the conduction elec- 
trons and the bound donor electron. An exchange- 
scattering process which flips the spins of both electrons 
has been considered by PBS and they find that if there 
are as many as 10* conduction electrons per cc, the 
relaxation time will be in the neighborhood of the 
experimental values of reference 6. One would, of course, 
expect a much smaller concentration of thermally 
ionized electrons in the conduction band at the tem- 
peratures at which the experiments are carried out, 
4°K and below, so that this process is only of interest 
in relation to those experiments in which light is 
incident upon the sample. 

In this report, we propose to discuss two topics: 
first, how the effects of spin-orbit coupling lead to a 
relaxation time 7’, and second, several conduction- 
electron mechanisms not considered by PBS. 


II, SPIN-ORBIT COUPLING 


As a result of the work of Kohn and Luttinger® we 
now have a good picture of the nature of the wave 
function of the bound donor electron, In a region out- 
side the atomic cell in which the impurity is located, 
the effective-mass approximation is valid and the wave 
function for the ground state may be written 


1 


6 
> Fi(r)yi(r), (1) 


6 i=! 


V(r)= 


where i labels the six equivalent conduction-band 
energy minima at k, in (100) directions in the wave 
vector space of the silicon crystal. The Bloch function 
in the perfect crystal associated with the ith minimum 
is ¥, and F, is a slowly varying function which is a 
solution of a Schrédinger equation for the potential due 
to the impurity but with the ordinary mass replaced 
by the anisotropic effective mass appropriate to the ith 
minimum, There are two ways in which this wave 
function must be modified if we take account of the 
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spin-orbit coupling. As is well known,* the Bloch func- 
tion in the presence of spin-orbit coupling must be 
modified. For the nondegenerate conduction band, this 
modification is quite simple. The effect of spin-orbit 
coupling is to mix into y, a small admixture of opposite 
spin. One must also consider modifications of the Ff; due 
to the fact that there will be a spin-orbit interaction 
associated with the impurity atom. Actually, because 
of the short range of the spin-orbit interaction, the 
effect takes place quite close to the impurity, in a region 
where the effective-mass approximation breaks down. 
However, one can estimate the importance of the spin- 
orbit coupling associated with the impurity. Experi- 
ments® have been carried out using impurities (Li, P, 
As, Sb) which in the free atom have spin-orbit coupling 
constants covering a range characterized by a factor 
of almost 100, In each case, the observed shift, Ag, of 
the electron spin resonance g factor from the free- 
electron value has been the same and about equal to 
the Ag observed for the conduction electron resonance 
in silicon.” We may therefore expect the contribution to 
Ag from the impurity spin-orbit coupling to be not 
greater than 0.01 of that due to the spin-orbit coupling 
associated with the silicon atoms. If one were to set out 
to calculate the spin-orbit coupling due to the impurity 
one would abandon the effective-mass approximation in 
favor of an atomic approximation in the central atomic 
cell, Because the wave function is primarily of s-char- 
acter, one would find the effect to be small, as the 
experimental results indicate. Let us for the moment 
assume, then, that in the relaxation effects also, the 
effects of impurity spin-orbit coupling are small com- 
pared to the spin-orbit interaction with the atoms of 
the host silicon crystal. 


A. Direct Relaxation Process 


We now turn to a consideration of the spin-lattice 
relaxation associated with the spin-orbit coupling due 
to the silicon atoms. This coupling will occur at some 
distance from the impurity and we expect that the 
effective-mass wave function of Eq. (1) will be quite 
good. Of course, we modify the Bloch functions to 
account for the spin-orbit coupling in the perfect lattice. 

As shown by PBS, the matrix element for donor 
electron spin flip induced by variations in the electro- 
static potential can be written, in the deformation- 
potential approximation,’ 


(Wot bV Vo ) (Wot LAV 5 a (2) 


Here 6V and £;, are the change in potential and total 
energy associated with a dilation A(r), and Wot for 
example, is the ground state wave function [ Eq. (1) ] for 
spin up. The matrix element on the right does not 
vanish since there is a small admixture of opposite spin 


*R. J. Elliott, Phys. Rev. 96, 266 (1954) 
’ Portis, Kip, Kittel, and Brattain, Phys. Rev. 90, 988 (1953). 
” J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 
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in each wave function due to the spin-orbit coupling. 
We have ignored another term on the right which arises 
because the dilation produces a modulation of the 
amount of admixture of spin down in Wot. This term 
has been discussed by PBS and they show that it must 
be small due to the adiabatic response of the bound- 
electron wave function to variations of the electrostatic 
potential. When their result is corrected for “Van Vleck 
cancellation” (see below), the relaxation time arising 
from this term is of order 10° sec. 
For longitudinal waves, we have 


A= -5R(r)=i(h/2pVs)'q'[b,e'4 '—b,*e*4* |, 
where p is the density of the silicon crystal whose 
volume is V, 5 is the velocity of sound, and b,, b,* are 
destruction and creation operators for phonons of wave 
vector q. The interaction, Eq. (2), represents the ab- 
sorption or emission of a phonon with the simultaneous 
flip of the bound-electron spin and is called a “direct 
process.” 

The matrix element for the direct process has been 
estimated very roughly by PBS to lead to a relaxation 
time of the order of 100 minutes. We shall now show 
that this is a serious underestimate of the relaxation 
time. 

We wish to calculate a matrix element (//’) 
= (Wo+,H'Vo~) where the initial state has n,+1 phonons 
of wave vector q and the final state has one less. H’ is 
the matrix element for absorption of a phonon: 


H’ =iE,(h/2pVs)'q*(n,+-1)'e'4"* (3) 


The ground state wave functions, including the spin- 
orbit coupling in the Bloch functions, may be written 


Wot=A|+)+M+*B+|F), 


1 6 
-_ ¥ Fi, 
V6 t~1 


1 


6 
Z Figy - 


1/6 i=! 


Bt= 


where y; in the Bloch function for the ith minimum in 
the absence of spin-orbit coupling and M*¢,*, for 
example, is the amount of admixture of down spin into 
the Bloch function of up spin due to the spin-orbit 
coupling. If one calculates this admixture by perturba- 
tion theory,* M* is a matrix element of the order of 
\/(—A+g8H), where d is a spin-orbit coupling con- 
stant and A is the energy separation to the next excited 
conduction-band state which is mixed in by the spin- 
orbit interaction. The Bloch function for the excited 
state mixed into an unperturbed Bloch function with 
spin up from the ith minimum is ¢,*. The spin-orbit 
perturbation is periodic in the crystal and therefore ¢,* 
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has the same wave vector as y,. The wave functions 
involved here have a symmetry such that the matrix 
element M® is real and independent of the minimum 
for which we are calculating the wave function. 

The matrix element for the direct process takes the 
form 


(H')=G(ng+1)'q' M~(A,e'4 *B-) + Mt (Bt e'4 A) |, 


where G represents the numerical factors in Eq. (3). As 
Van Vleck has previously pointed out,'! a matrix ele- 
ment of this sort vanishes if M~=M* due to the fact 
that (B-)*=—Bt, This “Van Vleck cancellation,” 
which is a consequence of Kramers’ theorem, leads to 
a reduction of the matrix element by a factor 2g8H/ A. 
We then have 


(H’)=G(2gBH/A)(n,+1)4giM (Bte'@tA), — (5) 


where M is of order \/A;4/A maybe estimated as just 
the g-shift Ag for the electron spin resonance. 

We now estimate the matrix element appearing in 
Eq. (5). Our first approximation is to neglect the 
anisotropy in the effective mass. In this case,’ the F; are 
the same for each minimum and have the form of a 
hydrogenic 1s function with an effective Bohr radius 
a=h’x/m*e’~20 A, where x is the dielectric constant 
and m* is an average effective mass ~0.3m. Our matrix 
element becomes 


(Bre A=1¥ | P(g eed. (6) 
ij 


We now eapand F?(r) in a Fourier series; its Fourier 
coefficients are {(%). We introduce g;+=9,+ exp(ik,-r), 
¥j=u,; exp(ik;-r). With this notation, (6) becomes 


BS f(A) (gt 4 je7 RI“) (7) 


ipr 


Now 0,;**u; is periodic so that k;—k;+2—q= K, where 
K is a reciprocal lattice vector or zero. We next observe 
that F*(r) varies slowly with respect to the lattice 
parameter so that 

f(a) = (1/V) (14-4a?A?)-? (8) 
is small for \’s of the order of a reciprocal lattice vector 
since Ka~15. Furthermore, the magnitude of the 
resonant phonon wave vector g= gB/1/hs is only of the 
order of 10° cm™'!, so that the leading term in the 
matrix element comes from i= j, K=0 and is 


AS”, f(q) (0+ ,u;). 


This is zero because of the orthogonality of Bloch 
functions of the same wave vector from different bands. 
This result already reduces the matrix element as 


MJ. H. Van Vleck, Phys. Rev. 57, 426 (1940). 


SPIN 


RELAXATION IN Si 493 


compared with that calculated by PBS. The next term 
comes from i#j, K 


bd S(k, k, 


0 and is 
q)(v;" ,u;). 


An investigation of the symmetry properties" of the y, 
and g,* reveals that (0,+,4;)=S S_4 j= —-S;-; 


—§; ,=S_,_,; and S;_,=0. This, together with the 
fact that g< 


k, k, , which allows a convergent 
Taylor-series expansion of /(k;—k,;—q), yields zero for 
this term also. This means that the first nonzero terms 
involve \’s of the order of a reciprocal lattice vector, 
leading to a further reduction in the matrix element by 
a factor ~(2/Ka)'~4X 10” The origin of this reduc 
tion is in the nature of the wave function for the bound 
donor states which are linear combinations of rapidly 
oscillating Bloch functions with slowly varying enve- 
lopes F;. It is just the fact that the /; are slowly varying 
which makes the term in the matrix element which 
connects the same minima essentially zero. The Bloch 
functions entering the ground state wave function have 
phase factors exp(ik,-r) whose wave vectors k, are 
symmetrically disposed in the six equivalent (100) 
directions and we find that the terms in the matrix 
element which connect unlike minima vanish due to a 
destructive interference between the Bloch functions. 
This result holds even if we do not neglect the aniso 
tropy in the effective mass. 

We conclude then that the Van Vleck cancellation 
and the phase cancellation increase the relaxation time 
estimated by PBS (75 min) to such an extent that it 
never can be observed. The estimate of PBS for the 
relaxation time due to impurity spin-orbit coupling, 
when corrected for Van Vleck cancellation and with 
the assumption that the fraction of Ag due to the im 
purity is about 0.01, gives 7,~10" sec which is also out 
of reach. 


B. Raman Processes 


If we treat the interaction between the phonons and 
the donor electron in second order, we obtain Raman- 
type processes in which a phonon is scattered from a 
state g to a state p while the electron spin flips. The 


effective matrix element contains transitions to an 


excited orbital state with the emission or absorption 
of a phonon and then transitions back to the ground 
state with the absorption or emission of a phonon. The 
spin may flip either in the first transition or the second. 


2 The group of the wave vector for one of the minima in (100) 
directions is the group A [see C, Herring, J. Franklin Inst, 233, 
525 (1942) |. ¥ transforms according to the identity representation 
A, of this group and ¢;* transforms according to one of the rows 
of the two-dimensional representation As. We select y,* to be that 
function belonging to 4s which is connected to yj; by the spin-orbit 
perturbation (yV Xp)*. For example, for the (100) minimum, in 
an LCAO (localized combination of atomic orbitals) representa 
tion of the Bloch functions, the atomic orbitals entering ¥; would 
be s and p, functions and the atomic orbital in g;* would be a p, 
function 
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The matrix element is 


(H')=G(pq)\Cng(np+1) PE | a 
ao |\—A 


1 
a—hsq 
X([H»,-<*+H,-<] 

1 


oo LH ap tH ap I, (9) 
—Aathsp 


Hy, g*& = (Wot ec? 'W,*) (Va 8 We), 


where A, is the energy separation to the excited state 
whose wave function for spin up, say, is ¥4t. We have 
neglected the Zeeman energy in the denominators since 
it is small and a Van Vleck cancellation does not 
occur here. 

The lowest-lying excited state which enters the 
matrix element is the “1s state’* which transforms 
according to the polar vector representation 7, of the 
symmetry group of the donor state, i.e., the tetrahedral 
group. However, the matrix elements for these states 
will be small due to the fact that only different minima 
will be connected even in those parts of the matrix 
clement where the spin does not flip (see 7,,* above) 
and therefore a phase cancellation of the type discussed 
previously will reduce the matrix element. It is for this 
reason that there are no appreciable optical transitions 
to these states.” The states which make the largest 
contribute to our matrix element, as in the optical case, 
are the 2p, m=0, +1 states. These states must be 
considered together since there is some interference in 
their contributions to the total matrix element. The 2p 
states are specified more precisely in the Appendix. 
The wave function for the ground state is the same 
as (4), where we may neglect the difference between M* 
and M~. The excited state wave functions may be 
written 


V,*=E,|+)+MF,+*|¥), 


where /, and F,* are defined in the Appendix. The 
details of the calculation of the matrix element appear 

there also. We find 
(H') = 2G°M (pq) ng(np+1) |'hs(p+q) 
X22 (ha ne® 


hy, —¢°= (A,e'? *E,)(Bt,e~**"*E,), 


—h a »*), 
(10) 


where the sum is over the three m=0 states and three 
of the m= +1 states. A typical result for one of these 
States 1s 

—i(2Ag/atk'M ) pigs, (11) 


1 
in xy 


where & is the magnitude of the electron wave vector at 
a minimum, If kmax is the wave vector at the edge of 
the first zone, then k~(3kmax/4)."4 The terms for the 
other excited states have a similar structure. We com- 


4 W. Kohn, Phys. Rev. 98, 1856 (1955). 
“W. Kohn (private communication), This is a very tentative 
estimate. 


ABRAHAMS 


bine our results and find 


(H’) = 16G?(Ag/a%k*)[hs(p+q)8/A*](pq)? 
X(nq(n,+1) }1L(qX p)z—i(qX p)y ], 


where A is the mean energy separation to the 2p states 
and 6 is the splitting between the 2p, m=0 and 29, 
m= +1 states.” 

The relaxation time due to Raman processes is 
obtained from the usual expression 


1/T,= (24/h) 2 », « | (H’)| **Lhs(p—q) — gBH | 
= (8/m)* (12) 1/9](Ey%5?/A°) 


X[(Ag)?/hp?satk®](kT)". (12) 


In performing the integral over p, we have neglected g8H 
in comparison to isp and have used a low-temperature 
approximation such that n,(n,+1)cvexp(—hsp/kT). 
An evaluation of 7, gives 


Ty~10"7-*, 


The Raman process is clearly ineffective at helium 
temperatures, but because of its very rapid temperature 
dependence it will be of the order of 1 sec at 14°K and 
will begin to wash out the resonance at temperatures 
well below that of liquid air. A very rapid variation of 
relaxation time with temperature should be observed in 
the liquid hydrogen region. 


III. INTERACTION WITH CONDUCTION ELECTRONS 

In this section we treat the case where there may be 
electrons present in the conduction band of the semi- 
conductor, either because of excitation by light or 
because of a very high concentration of impurities. 
Interactions between these electrons and the bound 
donor electrons can produce a spin flip of the donor 
electron and lead to a relaxation effect. In what follows 
we treat the electrons as free particles. 


A. Coulomb Scattering 


The Coulomb scattering of conduction electrons and 
bound electrons can produce a flip of the bound electron 
spin only, if we account for the spin-orbit admixture in 
the donor state. This process may be disposed of 
immediately since the matrix element involved is of 
the same sort as that considered in Sec. LI-A for direct 
phonon absorption. We find an interaction operator 
similar to (3): 


H’ = (4me?/V )q-*e*4'*, 


where (4me?/Vq?) is the Fourier transform of the 
Coulomb interaction and q is the momentum transfer 
to the conduction electron. The calculation becomes 
identical to that for direct phonon processes and suffers 
from both Van Vleck and phase cancellations. 


B. Spin-Current Interaction 


In this process, the bound electron spin experiences 
the magnetic field of a passing conduction electron and 
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flips its spin. The spin-orbit coupling is not involved. 
The calculation is straightforward, although some- 
what lengthy. The matrix element involved describes a 
transition from a state (1/V)Not(r,)e'?'™ to a state 
(1/V)Nvo-(r,)e*4*? through an interaction 


Hinu= (Be/mc)e-rX p/r’, 


where @ is the spin operator for the bound electron, 
p is the momentum operator for the conduction electron 
whose wave function is (1/V)!e'®’* and r=1r,— fr is the 
relative coordinate. The matrix element is easily evalu- 
ated in the effective-mass approximation and the resuit 
inserted into the expression for the relaxation time (12). 
The integrals are quite tedious and the result is equiva- 
lent to one which may be obtained by a simple argu- 
ment!® which uses the technique discussed by Slichter 
and Pines.'® The interaction energy is of order 


AE~ (Be/mc)(mv/r*), 


where v is the velocity of the conduction electron. We 
have 
bw= AE/h~ (419) (v/r?), 


where fo is the classical electron radius=e*/mc*. The 
correlation time is just the separation of the two 
electrons divided by the velocity v, so that 


(dw) *7r-= (490)? (v/r*). 


To get the relaxation time, we must sum this expression 
over r. If there are n, conduction electrons per cc with 
velocity 7, we have 


> Amr? 
1/T = (4ro)?n of ——dr = rry’nyv In(b/a). 
a 


r3 


Here 6 is the maximum value of r and may be deter- 
mined roughly by the requirement that energy be 
conserved in the scattering process: 


bl /AR min; (h*k m) AR min = gBH. 


The minimum value of r is just a~1/k=h/mv so that 
b/a~E/BH, where E is the conduction electron energy 
and we have taken g= 2. The relaxation time is then 


1/T=-r,'*n,v In(E/BH). 


At 3000 gauss, for electrons of thermal energies at 4°K, 
we have 7~10!*/n sec and for electrons of 1-ev energy, 
we have 7~10!*/n sec. This mechanism is clearly 
ineffective compared to the exchange-scattering mecha- 
nism discussed by PBS since we can never expect n to 
be as large as 10! per cc. 


C. Spin-Spin Interaction 


We treat now the dipole-dipole interaction between 
the conduction electron and the bound donor electron. 


146 The author is indebted to C. P. Slichter for pointing this out. 
16 T). Pines and C. P. Slichter, Phys. Rev. 100, 1014 (1955). 
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In this process both spins flip and one must concern 
oneself with the relaxation rate of the conduction 
electrons as well. This has already been discussed by 
PBS and it is sufficient to compare the value for the 
transition probability U for the dipole-dipole flip with 
their U’ for the exchange scattering. We have 


bw~ (1/h) (B?/r*) (01 -@2) 
= (2/h)B?/r’. 


As before, we have 7r,.=97/0 and fmin~h/mv. This gives 
n,U=n, f (dw)? rd r= (harry?) nyv. 


Our result is U~10~*» as compared with U~6X 10°» 
for the exchange process. The dipole-dipole mechanism 
is also ineffective. 


IV. CONCLUSION 


We have discussed the effects of spin-orbit coupling 
on the relaxation time for donor electron spins in silicon. 
We find that at helium temperatures and below, the 
relaxation time 7, is much longer than that experi- 
mentally observed and that it is only at liquid hydrogen 
temperatures that the Raman process can be important. 
This result, when compared the considerations of PBS 
reinforces their conclusion that the observed 7’, must 
be due to a concentration-dependent process of un- 
known origin. Feher’s work" so far gives no evidence 
that the observed 7’, at concentrations of 10'® donors/c« 
is concentration-independent; 7’, is definitely concen- 
tration-dependent above 4X 10'®, 

We have considered also several mechanisms which 
can cause relaxation because of interactions between 
donor electrons and conduction electrons, In each case, 
the relaxation effects are much smaller than the ex- 
change scattering discussed by Pines, Bardeen, and 
Slichter. 
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APPENDIX 


We consider here some of the details of the Raman 
calculation of Sec. II B of the text. First, we specify the 
2p donor states. The wave functions for these states 
may be written’ )>; aq'°F y,. If we number the minima 
in the (100), (100), (010), «++ directions i= 1, 2, ---, 6, 


1G. Feher (private communication) 
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respectively, then the a, are 
ay" = (4)*(x, x, 0, 0, 0, 0)) 


20) (4)4(0, 0, y, y; 0, 0) 
(4)*(0, 0, 0, 0, z, 2) 


2p, m= 0, 


4V3(0, O, x, x, x, x) 
4v3(y, ¥, 0, 0, y, ¥) 
hv3(z, z, 2, z, 0, 0) 
}v3(0, 0, z, ™ M9 ¥; “ey/ 
4V3(z, —2, 0,0, x, —x) | 
ay’ = 4v3(y, —y, x, —x, 0, 0)! 


2p,m=+1. 


We have included here only excited states a= 1, 2, ---, 9, 
which transform according to T,. The reason is that in 
a matrix element of the form (W,*, e'4 Wot) [see 
Eq. (9)] no other states will contribute in a dipole 
approximation exp(iq:r)~1+4-i(q-r) since r transforms 
according to 7, and W» transforms according to the 
identity representation A,. Higher terms in the expan- 
sion of exp(iq-r) will be small because of the slow 
variation of the F;. 

With the a,” denoted above, the excited state wave 
functions may be written 


V,t=E,|+)+MF,*|¥), 
| Yak m,, 
Ft Da, F :¢,4 
where M is the matrix element defined in connection 


with Eq. (4). With this notation, a typical term of the 
matrix element (9) is 


Hy —gt=M (Aye? E,){ (Ease B>) + (Fat tet) J, 


The term (A, exp(ip-r)/ | may be evaluated approxi- 
mately by a procedure similar to that used for the 
direct process. We expand a,‘ F?*(r) in a Fourier series, 
with Fourier coefficients fq°?(2)=4iaf(a)Aa where 
{(%) is defined in (8) and A,“ is the component of % 
defined by aq“. For example, Ag” = 4v3A, [see (A-1) ]. 
With the same approximation used to treat Eq. (9), we 
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find the leading term, for i= J, 
(Ae *Ea)= (V/»/6) 20s fa (p). 


The phonon wave vectors p which are of importance at 
I 

helium temperatures have magnitude 10° cm so that 
pa<<1 and an approximate expression for f,‘?(p) is 
(ia/2V)p,‘”. In this approximation, the states a= 7, 8,9 
give no contribution since for these pa“? = —p,~”. Our 
result is then, for example, 


(A-2) 


(A,e'®*E,) = —}iap,. (A-3) 


Using the fact that the states 7, 8, 9 do not contribute, 
we can combine the terms in (9) with the use of relations 
which can be established by investigating the sym- 
metry properties of the Bloch functions y; and ¢,*: 
A*= A, (B+)*= — B*, E*=E, (F+)*= — F*. We obtain 


Eq. (10) of the text, and we must evaluate 


hy, «t= (Ae? Eg) (Bte*4"E,). 


The first factor in h,,_, has already been evaluated in 
Eqs. (A-2) and (A-3). The second factor may be 
estimated in a similar manner. The result is 
(Bt s€ "= ‘Fk ,) _— (4) ij fa? (q+ k,— k,) Si. 
We now expand f,‘?(q+k,—k,) in powers of 
(g/\ k,—k,!) and keep only the first term. The zeroth- 
order term makes no contribution by the orthogonality 
condition and we have, for (A-4), 
(8/Va*/6)>- i; (qa? —4q- (ki — k,) 
X (ki— ky) a / 


(A-4) 


k;—k;|? JSi;, 


where we have taken | k;—k; a>>1 (k;#k, since S;;=0) 
and the meaning of gq,” is the same as that for A,“. 
Recognition is again made of the symmetry properties 
of S;; whose absolute magnitude we estimate by 
(VAg/M). The result, for example, is 


(Bte'4*B,) = (4g/a*k*M)q,, 


where & is defined in the text following Eq. (11). 
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Variational Calculations of Dipole Polarizabilities of Helium-Like Ions* 


FE. G. WIKNER AND T. P. Dast 
Department of Physics, University of California, Berkeley, California 
(Received April 25, 1957) 


The dipole polarizabilities of a number of helium-like ions are calculated by a variational procedure, 
using the analytic ground state wave functions calculated for these ions by Green, Mulder, Lewis, and 
Woll. Our values agree well with those obtained by Sternheimer by a numerical solution of the first-order 
Schrédinger equation in the presence of an electric field. The basis for the convergence of our variational 
procedure is discussed along with its advantages and disadvantages relative to Sternheimer’s procedure. 

Comparison is also made with experimental values of the polarizabilities. For helium, our value (0.218 A®) 


is within 7% of the experimental value (0.204 A‘). For the ions Li*, 


Bett, Btt*, the agreement is only 


fair. The diamagnetic susceptibilities are also calculated in order to test the accuracy of the ground state 
wave functions. The agreement of our values here with the experimental ones is very good. 


INTRODUCTION 


I IPOLE polarizabilities of free atoms and ions have 

been determined by a variety of methods per- 
taining to the gaseous, liquid and solid states. A brief 
but adequate review of the various methods has been 
made recently by Sternheimer.' Tessman, Kahn, and 
Shockley’? have obtained values of polarizabilities for 
a large number of ions in ionic crystals from refractive 
index data in solid state. Values of polarizabilities 
deduced from data on solid and liquid states cannot be 
considered as representative of free ions by virtue of 
the presence of water of hydration molecules around 
the ions in solution, and the possibility of some covalent 
binding between the cations and the anions in the ionic 
crystals. Theoretical values of the polarizabilities of the 
free ions are therefore best compared with the values 
obtained from spectroscopic term defect data. This 
procedure for estimating polarizabilities of ions was 
first proposed by Born and Heisenberg’ and later used 
by Mayer and Mayer* for a number of ions. Stern- 
heimer' has recently made a recalculation of the dipole 
polarizabilities of some of these ions taking into con- 
sideration the effects of the quadrupole polarizabilities 
of the ions. 

Among the earlier theoretical procedures employed 
in the calculation of the polarizabilities is the variational 
procedure used by Hasse® and Atanasoff® for the helium 
atom. These authors used, for the ground state of the 
helium atom, a Hylleraas wave function o(r,r2,r12), 
where 7; and r» are the distances of the two electrons 
from the nucleus and rj, is the interelectron distance. 


*Supported by the U. S. Office of Naval Research and the 
National Security Agency. 

t Permanent address: Institute of Nuclear Physics, Calcutta, 
India. 

1R. M. Sternheimer, Phys. Rev. 96, 951 (1954); Sternheimer 
has informed us of his more recent calculations in a private 
communication. 

2 Tessman, Kahn, and Shockley, Phys. Rev. 92, 890 (1953). 

3M. Born and W. Heisenberg, Z. Physik 23, 388 (1924). 

4 J. E. Mayer and M. G. Mayer, Phys. Rev. 43, 605 (1933) 

6H. R. Hasse, Proc. Cambridge Phil. Soc. 26, 542 (1930); 
27, 66 (1931). 

6 J. V. Atanasoff, Phys. Rev. 36, 1232 (1930). 


They used perturbed wave functions of the form 
uo(r1,%o,ri2 {I+ LL Zif(ri,r2,712)4+-Zef(ri,rer12) |), 


where EF is the applied field, 7; and Z» are effective 
charge parameters involved in the Hylleraas’ wave 
functions and f(r,%2,7%12) is an analytic expression 
involving parameters which are obtained by minimizing 
the perturbation energy to the second power in £. 
Atanasoff obtained a value of the polarizability within 
5% of the experimental value by this method. 

Sternheimer! has obtained the dipole polarizabilities 
(denoted henceforth by aa) of the helium-like ions by 
solving the first-order Schrédinger equation involving 
the perturbation due to an electric field. For the ground 
state wave functions, he used analytic Léwdin functions 
which differ little from those of Green ef al.* which we 
use. However, in his earlier work, in order to avoid 
excessive calculations, he made use of an approximation 
which briefly is the following. Since the Léwdin wave 
functions involve the sum of a number of hydrogeni« 
terms, an analytic solution is no longer possible for the 
perturbed Schrédinger equation. Sternheimer assumed 
the solution of the perturbed equation to be the sum of 
the analytic solutions obtained by using separately the 
various hydrogenic terms in the ground state wave 
functions. Recently he has recalculated the polariza- 
bilities without his earlier approximation, i.e., by solving 
the perturbed Schrédinger equation numerically. For 
Bet* and B***, he finds the value of ag to be nearly 
the same by both procedures. For Lit the approximate 
method gives a result about 5% larger than the detailed 
numerical solution, while for He and H~, the ay are 
about 6% and 20% larger, respectively, than the 
values obtained by the numerical solution. 

In our calculations we adopt a variational procedure 
which resembles that of Hasse, Atanasoff,® and 
Buckingham’ and is identical with the procedure em 
ployed recently by Bersohn" to calculate shielding (and 

7 E. A. Hylleraas, Z. Physik 54, 347 (1929) 

* Green, Mulder, Lewis, and Woll, Phys. Rev. 93, 757 (1954) 

* R.A. Buckingham, Proc. Roy. Soc. (London) A160, 94 (1935) 


“T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956); 
henceforth referred to as Paper I 
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antishielding) of nuclear quadrupole moments of ions 
in crystals. Thus the perturbed wave function employed 
for each electron is taken to be of the form 


uUg+ ull; (a+fr+ yr"), 


where H, is the perturbation Hamiltonian for each 
electron in the electric field and 7 is the electron distance 
from the nucleus. The quantities a, 8, y are variation 
parameters obtained by minimizing the energy to the 
second power in the field. The motivation for these 
calculations was twofold. First, we wanted to test the 
convergence and accuracy of Bersohn’s' variational 
procedure when applied to the dipole polarizabilities. 
Secondly, we wanted to compare the results of the 
variational calculation with Sternheimer’s’ results. 
Further, since Sternheimer’s recent values were then 
not available, we wanted to calculate ag without the 
earlier approximation made by Sternheimer by a pro- 
cedure which would not require any extensive compu- 
tational effort. It is gratifying that our values agree 
quite well with Sternheimer’s revised values. 


I, VARIATIONAL PROCEDURE 


As mentioned in the introduction, the procedure used 
is analogous to that employed in the calculation of the 
shielding of nuclear quadrupole moments by core elec- 
trons in ions. The net Hamiltonian for an atomic 
electron, in the presence of the electric field due to a 
unit positive point charge at a distance R from the 
nucleus, may be written as 


H=Ho+H,, (1) 
where 

Ho= — V?+ Vo; (2) 
and 


H,= — 29 cos6/R?. (3) 


Atomic units are used throughout the calculations. 
The polar coordinates r, @ of the core electron are taken 
with respect to the nucleus as origin, and the line 
joining the neighboring charge and the nucleus is taken 
as the z axis (@=0). Vo refers to the zero-order self- 
consistent atomic potential, in which the electron moves 
and #7, is the perturbation term. Denoting by Yo the 
ground state wave function for the electron and by y, 
the perturbed wave function, then by the usual first- 
order perturbation theory, one obtains 


(4) 


where EZ is the ground state energy and £, is the first- 
order perturbation energy, 


By = (Wo! A, | Wo). 


Sternheimer obtained y, by solving Eq. (4). We calcu- 
late y; by a variational procedure by taking 


vi= —voll i f(r), 


(Ho— Evi ae (H,- E,)yo, 


(5) 


(6) 


nwe esr. 
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where f(r) is a variational function which must be 
adjusted to give a minimum value for the energy. When 
the ground state is an S state, we have yo=yo'/V2, 
where 

(7) 


is a function of r only. The quantities Z, k, and C have 
been tabulated by Green, Mulder, Lewis, and Woll.* 
N is the normalization factor. One may then write 


w=’ cos6/R’, 


vo’ = Nr(e-2"+-Ce-**") 


where 


vi’ = (1/V2)po'r f(r). (8) 


We must now choose a suitable f(r). Equation (8) 
may also be written 


V2y1'/ro' = f(r). 


Thus we want to find a function f(r) which resembles 
the quotient function V2¥,'/no' as closely as possible. 
In general, then, we write 


Va /no' =X: Cid, (9) 


where the ¢; are a complete set of functions" and the 
C; are parameters to be adjusted, using the variation 
principle. As pointed out by Shull and Léwdin” the 
functions L,(r)e~"”, where the L,(r) are Laguerre poly- 
nomials, form a complete “discrete”’ set of functions. We 
therefore use the expansion 


VI! /npo'et?= > CLi(ne”, 
which can be rewritten as 
Vi! = (Wo'/v2)r 3 CiLi(r). 


Now the Laguerre functions" are actually polynomials 
in powers of r, so, in place of (11), we use the following 
form for yy’: 


vi’ = (1/V2)Wo'r(at+-Br+yr'+ «+ +), 


where a, 8, y, etc., are variation parameters to be 
adjusted to give a minimum energy in the presence of 
the electric field. To make use of a complete set of 
functions, we should rigorously have an infinite number 
of terms in Eqs. (11) and (12), but it has been found 
that terms beyond yr? may be excluded, since these 
terms produce a negligible change in the energy, and 
hence in the polarizability. 

It is clear from Eqs. (4), (6), and (12) that the 
s-electron can be excited only to the p-state by the 
perturbation H,. The perturbed energy to second order 
in the field (i.e., involving no powers of 1/R higher 


(10) 


(11) 


(12) 


uP. A. M. Dirac, Quantum Mechanics (Oxford University 
Press, New York, 1956), third edition. 

2H. Shull and P. O. Léwdin, J. Chem. Phys. 23, 1362 (1955). 

4 The authors are grateful to Professor R. Bersohn for pointing 
out the relation between our variation procedure and the pro- 
cedure employed by Shull and Léwdin (reference 12) in obtaining 
a convergent series expansion for helium atom orbitals. 
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0.67159 
0.72478 


0.81887 
0.72737 


0.393925 
0.16360 
0.16146 


0.148757 
0.066399 
0.066238 


0.18642 
0.18984 


0.10781 
0.10822 


0.077268 
0.035701 
0.035585 


0.075281 
0.075697 


0.047297 
0.022243 
0.022176 


0.057907 
0.058213 


POLARIZABILITIES OF He 


—0,0055758 


—0,0010555 


—0.0002103 


—0,00029527 


~ 0.000278 14 


LIKE IONS 


TABLE I. Results of variational calculation of dipole polarizabilities of He-like ions. 


Polarizability aa(A*) 


(This work) (Sternheimer )* (Experimental) 


10.99 
14.88 
14.88 


0.184 
0.218 
0.218 


0.0262 
0.0305 
0.0305 0.0307 0.0235 
0.00707 
0.00812 


0.00813 0.0059 


0.00825 
0.00265 
0.00303 
0.00303 


0.00306 0.0029 


* Recent revised values obtained by R. Sternheimer (private communication). 


than 1/R‘) is given by 
E= Eat Wo| Hwo)+ 2(Yo| Hil ¥r)-+ Wa| Ho— Eolya). (13) 
It may be seen from Eqs. (3) and (7) that 

(Wo! Hi|yo)=0. 


Also, since Ey does not involve a, 8, or y when mini- 
mizing the net energy / with respect to a, 8, and y, 
one need only consider the second order terms 


E.= 2Wo| Hilyi+Wi| Ho— Eo|yi). 


By using Eqs. (2), (3), (6), and (7), it may be shown 
that 


(14) 


8 
E,= _ [ $a?+ 4e3(r) + Sary(r*) + 8B-y(r*) + 3f7(r") 
3R4 
+(11/2)7%(r*)—alr?)— Bl?) —y(r4)], 


(r”) = [vere "dr, 


(15) 
where 


(16) 


Minimizing F, with respect to a, 8, and y successively, 
one obtains three simultaneous linear equations in a, 
8 and y. The coefficients in these equations involve 
expectation values of r" over the radial parts of the 
ground state function. Using Eq. (7) for Wo’, one obtains 


(n+ 2)! 
(r*) = N?{ —— 
(2z)"*8 


c(n+2)!  2c(n+2)! | 
(2ke)"*® [(k+1)2]}~3) 


- 


(17) 


The values of (r") for the various He-like ions are 
calculated from this expression using values of c, k, and 
z tabulated by Green, Mulder, Lewis, and Woll.* The 
solutions of the requisite simultaneous equations then 
yield a, 8, y, which, when substituted into Eq. (14), 
give E; in terms of 1/R*. Since there are two electrons 
in the 1s state in the ground state configuration of 


He-like ions, the net perturbation energy for the ion is 
equal to 2/,. Equating this to agi," where E=1/R? 
is the field due to the point charge at the position of the 
nucleus, the polarizability ag is then given by 


Qa 2E LR‘, (18) 
where /22 is given by (15). The quantity ag, as given by 
Eq. (18), is in atomic units and the conversion factor 
(0.529)* is necessary to convert to A*. To test the 
convergence of the variational calculations, values of aa 
were obtained by using one, two, and three parameters 
in (12), starting with a. 


II. RESULTS AND DISCUSSION 


The results of our calculations are tabulated in 
Table I. For comparison, experimental values and 
Sternheimer’s calculated values are also included, The 
experimental values for Lit, Be**, and B*** are those 
obtained by Sternheimer from spectroscopic term defect 
data; for helium the value is that of Herzfeld and 
Wolf,'® as obtained from their optical refractivity 
measurements on helium gas after extrapolation of 
their measurements down to zero frequency. 

Several points are to be noted in Table I: 

1. The convergence of the variational calculation is 
excellent for all ions. The introduction of two param- 
eters a, 8 causes a considerable change from the value 
of ag, using a single parameter a@ alone, but the use of 
the additional parameter vy causes very little change in 
aq. A similar behavior was noted in I for quadrupole 
polarizabilities. The very good convergence of the vari- 
ational calculation shows that a reliable value of aa 


4 The energy of the atom in the electric field is taken as agi? 
and not ag/?/2, because the unit of energy in atomic units is a 
Rydberg (= é/2a0, a9= Bohr radius) 

1K. F. Herzfeld and K. L. Wolf, Ann. Physik 76, 71 and 567 
(1925). 
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Fic. 1, Polarizability ag versus effective nuclear charge Z’ 


may be obtained provided the ground state wave 
function is correctly known. 

2. The agreement between our calculated values and 
those of Sternheimer is quite good except for the H 
ion, where there is a difference of about 10%. Since 
both his and our methods have been used for extensive 
calculations on dipole and quadrupole polarizabilities 
of ions,'® it would be meaningful to discuss here the 
relative merits of the two procedures. In our calculations 
we use in (12) a variational function of the form of (6) 
for ,’, which directly involves the ground state wave 
function mo’. Our calculated u,', and hence ag, will 
therefore include the error present in the approximate 
yround state wave function used. In Sternheimer’s 
procedure, the ground state wave function occurs on 
the right hand side of the differential equation'’ he 
solves for #,'. It probably will not be as dependent on 
the accuracy of wo’ therefore, and most likely would 
lead to a more accurate result. Our procedure involves 
only a knowledge of the expectation values of different 
powers of r over the ground state wave function and 
once these are known, one need only solve a set of 
linear equations in a, 8, and ¥ to obtain the polariza- 
hilities. Also these same expectation values may be 
used for an estimation of quadrupole polarizabilities 
and Sternheimer antishielding factors, y,, for nuclear 


quadrupole moments, as discussed in Sec. I. Stern- 


heimer’s procedure requires the numerical solution of a 


© Quadrupole polarizability calculations for other ions than 
those in I will soon be completed. 
'T Refer to Eq. (15) in reference 1 


AND T... P, 
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differential equation for each ion. Apart from the longer 
computational efforts necessary, his method also is 
susceptible to cumulative errors due to rounding off 
and due to the use of finite intervals in the process of 
solving the differential equation. This could be the 
reason that our value of ag is somewhat nearer the 
experimental value than his for the helium atom. 
However, by using high-speed computing machines, 
errors due to rounding off can be reduced to a great 
extent, and then Sternheimer’s method would be 
inherently more accurate than ours. 

The agreement between our results and the experi- 
mental ones for positive ions is not very good, as seen 
in Table I. These experimental values, however, are 
estimated from spectroscopic term-defect data and not 
as much reliance should be placed on them as the 
directly measured value for the helium atom. Atanasoff® 
has calculated the value of aa for helium, using the 
Hylleraas ground state wave function and a complicated 
variational function mentioned in the introduction. He 
obtained a value within 5% of experiment. Since he 
included ry. terms both in the ground state and the 
perturbed state wave function, his procedure took 
direct account of spatial correlation effects between the 
electrons. But since our value, using a simpler wave 
function without spatial correlations, is within 7% of 
experiment, it may be concluded that these effects do 
not lead to any large error in aq for helium. For the 
positive ions, Lit, Be*+*+, and B***, the spatial corre- 
lation effects would be expected to be smaller and 
therefore more reliance may be placed on these calcu- 
lated values of az than on the experimental values 
tabulated in Table L. For each of the positive ions, the 
values of ag shown are the mean of a fairly wide range 
of values obtained by Sternheimer from spectral term- 
defect data for various states of a valence electron 
outside the closed shell. For the H~ ion, on the other 
hand, the correlation effects are likely to be more 
important. There is no experimental value available to 
confirm this. Shull and Léwdin'* have recently proposed 
a set of ground state wave functions for the helium-like 
ions where spatial correlation is included by making the 
two electrons move in two separate hydrogenic orbitals 
with different Z factors. It would be interesting to 
investigate the change in the values of ag for these ions 
using the Shull and Léwdin ground state wave functions. 

3. To obtain additional information on the correct- 
ness of Green, Mulder, Lewis, and Wolls’ wave func- 
tions, which were employed in our calculations, they 
were used to estimate the diamagnetic susceptibilities 
of the He-like ions. Van Vleck” gives the following 
expression for the molar diamagnetic susceptibility, viz., 

Xmol= — 5.664X 10'%(r*) , 
18H. Shull and P. O. Léwdin, J. Chem. Phys. 25, 1035 (1956). 


J. H. Van Vieck, Theory of Electric and Magnetic Suscepli 
bilities (Oxford University Press, New York, 1932), p. 206. 
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where (r*) is in cm?. The values of xm 1 obtained from 
this equation are tabulated in Table II. In the third 
column of this table are shown the values of xmoi 
calculated by Pauling, using screened hydrogen-like 
wave functions. In the fourth column, the experimental 
values of xmo1 for He and Lit are listed. Hector and 
Wills obtained the value for He by direct measurement 
on helium gas which may be considered accurate, while 
the wide range of values of xmo1 for Lit, obtained by 
various authors, are from susceptibility measurements 
on Li salts and salt solutions. Our value of x moi for He 
agrees very well with Hector and Wills’ experimental 
value, but Pauling’s value is somewhat smaller, There 
is a better agreement between Pauling’s values and 
ours for the positive ions, indicating the validity of 
Pauling’s approximation of screened hydrogen-like 
orbitals for these ions, and its poor validity for the 
helium atom and H- ion. In addition, it is to be noted 
that the evaluation of x,..0: involves the ground state 
wave functions only, whereas in calculating the dipole 
polarizability, use is also made of the perturbed wave 
function in the presence of the electric field. If the 
departure of our value of ag from experiment be mainly 
ascribed to the neglect of correlation effects, then the 
very good agreement with experiment (within 2%) of 
the calculated value of x moi for helium, as compared to 
the less satisfactory result for aa (7% difference), 
indicates that correlation effects are more important in 
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TABLE II. Calculated values of ymor compared with those of 
Pauling’s and the experimental values 


10° X xu 


Our result Pauling's value ixperimental values 


14.49 8 

1.873 1.54 1.88 
0.7073 0.63 1.3 
0.3674 0.34 

0.2249 0.21 


the perturbed state than in the ground state of the 
helium atom. 

4, One final may be drawn from our 
calculations. In Fig. 1 are plotted the values of ay as a 
function of the effective charge Z’ on the ions. The 
very rapid alteration in ag with change in Z’ indicates 
that the electronic polarizabilities in ionic crystals will 


conclusion 


depend very sensitively on the presence of any covalent 


bonding between adjacent ions. Since the presence of 
covalency decreases the effective positive charge on 
the cations, the electronic polarizabilities of cations 
would be smaller in the solid than in the free state, 
The opposite would be expected for anions. 

The authors are very grateful to Professor FE. L. Hahn 
for his keen interest in this work. We are also grateful 
to Dr. R. M. Sternheimer for very helpful communi 
cations and for informing us of the results of his 
revised calculations. 
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Metastable State of Ge” 


E. C. CAMPBELL AND F. NELSON 
Oak Ridge National Laboratory,* Oak Ridge, Tennessee 
(Received April 3, 1957) 


A new short-period isomeric activity with a gamma-ray energy of 54 kev and a half-life of 0.534-0.03 sec 
has been observed following thermal neutron absorption in Ge”, The gamma-ray transition is shown to 
arise from a metastable state of Ge” at 67.4-kev excitation energy, known from the decay of As”, but not 
previously characterized as to half-life. Chemical separation of Ge™™ from As” by a gas-sweeping technique 
was sufficiently rapid to allow decay measurements of the separated gas. The half-life so determined is 
within experimental] error the same as that found in the neutron-produced activity. 


INTRODUCTION 


APID techniques of neutron irradiation and of 

chemical separation have been used to charac- 
terize the metastable state of Ge” at 67.4-kev excitation 
energy. These techniques were developed since decay of 
Ge™™ (4,=0.53 sec) was too slow to permit successful 
use of the standard delayed-coincidence methods, and 
too rapid for application of standard chemical-separa- 
tion procedures. The present work is part of a program 
to investigate isomeric states with half-lives in the 
region 1 to 10~* second. Some of these investigations 
have previously been published.' 

The half-life of Ge®" has already been noted in 
various compilations’* from data supplied by the 
present authors. 

The existence of metastable states in Ge” was first 
suggested by Johansson.‘ In an investigation of the 
decay of As” he found transitions of 13.5 and 53.9 kev 
following electron-capture decay of As”. From the 
observation of fewer prompt coincidences than ex- 
pected between conversion electrons and x-rays or 
gamma rays, he concluded that probably both transi- 
tions proceeded from metastable states of Ge”. The 
limits for the expected half-lives of states giving rise 
to the 13.5-kev transition and the 53.9-kev transition 
were calculated by Johansson to lie between 1 and 10 
microseconds, and between 1 and 10~* second, respec- 
tively. Welker ef al.° showed that the highly converted 
13.5-kev transition followed the 53.9-kev transition and 
measured the half-life of the state giving rise to the 
13.5-kev transition to be 4.6 microseconds. By using an 


* Operated by Union Carbide Nuclear Company for the U. S 

omic Energy Commission. 

7 P.H. Stetson and E. C. Campbell, Phys. Rev. 97, 1222 (1955) ; 
Campbell, Peele, Maienschein, and Stelson, Phys. Rev. 98, 
1172(A) (1955); E. C. Campbell and P. H, Stelson, Bull. Am, 
Phys. Soc. Ser. IT, 1, 263 (1956) ; E. C. Campbell and F. Nelson, 
J. Inorg. Nuclear Chem. 3, 233 (1956), 

?Way, King, McGinnis, and van Lieshout, N uclear Level 
Schemes, A=40—A=92, Atomic Energy Commission Report 
TID-5300 (U. S. Government Printing Office, Washington, D. C., 
a H. Sullivan, Trilinear Chart of Nuclides, U. S. Atomic 
Energy Commission Report (Superintendent of Documents, 
Government Printing Office, Washington, D. C., 1957). 

4S, Johansson, Arkiv. Fysik. 4, 273 (1952). 

’ Welker, Schardt, Friedlander, and Howland, Phys. Rev. 92, 


401 (1953). 


extraction method for separating Ge from As, a pro- 
cedure which required about 15 seconds, they were 
able to show that the half-life of the state giving rise to 
the 53.9-kev transition was shorter than 10 seconds, 
and by a delayed-coincidence method, that it exceeded 
900 microseconds, They quote a preliminary value com- 
municated to them by the present authors. More recent 
experiments have revealed that the earlier measure- 
ments contained systematic errors. The value of 
the half-life reported here supersedes that previously 
quoted, 


1. NEUTRON IRRADIATION OF Ge” 


The short-period activity in Ge was first found® in 
the course of a systematic search for new neutron- 
induced short-period nuclides by means of the fast 
pneumatic tube’ installed in the Oak Ridge Graphite 
Reactor. With this device a small sample carried by a 
rectangular nylon “rabbit” can be propelled in and out 
of the reactor at high speed by CO, gas. The transit 
time of a sample from the center of the reactor to a 
shielded Nal scintillation spectrometer outside the re- 
actor can be made as short as 0.1 sec. 

Irradiation of a few milligrams of high-purity ger- 
manium in the fast pneumatic tube for a few seconds 
immediately revealed the existence of a short-period 
decay with a half-life in the fractional-second range. 
However, the presence of other intense germanium 
activities, mainly 49-sec Ge?" and 52-sec Ge7”™, com- 
plicated measurement of the gamma energy and half- 
life. A preliminary value of 60 kev was estimated for 
the gamma energy from short time-exposure photo- 
graphs of the Nal pulse-height spectrum displayed on 
an oscilloscope. The half-life, based on a decay which 
could be followed only over a factor of 3, was estimated 
to be 0.35 sec. 

The use of isotopically separated germanium® in- 
creased the yield of the short-period activity and 
reduced the background of interfering activities. The 


*E. C. Campbell, Oak Ridge National Laboratory Report 
ORNL-1365, 1952 (unpublished), and Oak Ridge National Labo- 
ratory Report ORNL-1798, 1954 (unpublished). 

7 E. C. Campbell (unpublished). 

* Obtained em the Stable Isotopes Division, Oak Ridge 
National Laboratory. 


502 





METASTABLE STATE 


short period was found in the sample enriched to 89.2% 
in Ge’? and was present but weaker in the sample 
containing 68.9% Ge” and 11.8% Ge. With a Nal 
scintillation spectrometer the gamma energy was deter- 
mined® to be 54 kev. No 13.5-kev gamma rays were 
observed; this is to be expected since the conversion 
coefficient of the 13.5-kev transition exceeds 1400.° The 
decay rate was measured by means of a single-channel 
analyzer with its window set at 54 kev and a recording 
pen-galvanometer operating from a scale of 800. The 
initial counting rate was 2X 10‘ counts per sec. Analysis 
of the decay curve gave a half-life of 0.5340.03 sec. 


2. SEPARATION OF Ge’ FROM As” 


The similarity between the gamma-ray energy of the 
0.53-second activity produced by neutron irradiation 
of Ge7* and that observed in the decay of As” suggested 
that the same metastable state in Ge is involved in 
both cases. To determine if a short-lived isomer could 
be separated from As”, a separation technique which 
was intrinsically capable of removing the short-lived 
Ge isomer was devised. 

The method used is a modification of conventional 
techniques for separating Ge(IV) as the volatile tetra- 
chloride from As(V) in concentrated hydrochloric acid 
solution.” On sweeping nitrogen gas through a solution 
of As™"! in concentrated hydrochloric acid at 100°C, 
a rapidly decaying germanium activity, as expected, 
was found in the exit gas stream. Although the ger- 
manium activity could be separated by this technique 
at 25°C, better yields were obtained for the separation 
at the higher temperature. The experiments to deter- 
mine its half-life are described below. 

A 5-ml aliquot of solution containing 0.4 millicurie of 
As” was placed in an 8-ml flask fitted with an inlet for 
introducing nitrogen gas and an outlet leading to a 
Lusteroid tube in a shielded well-type Nal scintillation 
counter. Small-diameter plastic tubing (1.5 mm i.d.) 
was used between the flask and the tube in the counter 
to allow rapid transfer of the gas. A small trap was 
introduced in the line to prevent droplets of active 
solution from being carried over by the gas stream, The 
gas collected in the Lusteroid tube could be closed off 
by a double stopcock system so that losses by diffusion 
or pressure changes during the decay-rate measure- 
ments were avoided. A pen recorder connected to the 
output of a scaler unit was used to follow the decay. 


* The authors wish to thank R. W. Peele and F. C. Maienschein 
for assistance in the operation of the 40-channel analyzer. 

0 See, e.g., L. M. Dennis and E. B. Johnson, J. Am. Chem. Soc. 
45, 1380 (1923). 

Obtained from the 
National Laboratory. 
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Fic. 1. Counting rate of 0.53-sec Ge™” chemically separated 
by sweeping active GeCl, gas from a solution of As” in con- 
centrated HCl. 


When nitrogen gas was bubbled through the active 
solution, the counting rate of the gas flowing through 
the Lusteroid tube increased rapidly to a few thousand 
counts/sec, remained at this level until the gas flow 
was suddenly stopped (indicated by S$ in Fig. 1), and 
then decayed rapidly. The points plotted in Fig. 1 have 
been corrected for an observed background counting 
rate of 29 counts/sec. ‘The average half-life of four 
separate experiments, each with an initial counting 
rate of 2500-3000 counts/sec, was 0.52+-0.03 second, 
in agreement with that found for the activity produced 
by neutron irradiation of Ge”?. 


3. CONCLUSIONS 


By a combination of rapid neutron irradiation and 
chemical separation techniques, the metastable state of 
Ge” at 67.4 kev has been shown to decay with a half 
life of 0.5340.03 sec. Partly on the basis of the half-life 
reported here, the 53.9-kev gamma ray has been 
identified as an M2 transition by the Nuclear Data 
Group.’ It is of interest to note that an additional 
excited state of Ge™ at 67.8+0.4 kev has been found 
in Coulomb-excitation experiments by ‘Temmer and 
Heydenburg,'? who show from its excitation and decay 
characteristics that it is entirely distinct from the 
metastable level reported here. 


2G. M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 431 
(1954). 
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The neutron activation cross sections near 25 kev have been measured for about 50 nuclei. Gamma-ray 
scintillation spectrometers with known efficiency were used to compare the radioactivities produced by the 
several nuclei with ['**, This gave a significant increase in sensitivity and precision over direct beta-counting 
methods in many cases, Absolute standardization was obtained through scintillation-beta-counting the I'** 
in Nal (Tl) crystals irradiated with a neutron source calibrated by the manganese bath technique. 


INTRODUCTION 
heer capture in the kilovolt energy range 


has taken on increasing importance in cosmo- 
logical theories of element formation as well as in the 
design of new types of fission reactors. Yet, quantitative 
measurement of the cross sections in this range remains 
a difficult technical problem. For the restricted class of 
nuclei in which a suitable radioactive product is formed 
by neutron capture, the beta or gamma activity 
produced offers a practicable approach to such measure- 
Hamermesh, and Kimball’? have 
measured many activation cross sections with an anti- 


ments, Hummel, 
mony-beryllium source by comparison with thermal- 
neutron cross sections through beta activity. Long- 
counter extrapolations from a higher energy region form 
the basis for many of the other reported results.’ The 
results reported Sb-Be 
neutrons by determinations of individual gamma-ray 


here* were obtained with 


intensities through the measurement of the associated 
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Fic, 1, Cutaway drawing of geometry in Sb—Be 
neutron irradiations. 


1V. Hummel and B. Hamermesh, Phys. Rev. 82, 67 (1951) 

2. Kimball and B. Hamermesh, Phys. Rev. 89, 1306 (1953) 

* For references, see D. J. Hughes and J. A. Harvey, Neutron 
Cross Sections, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. 5, Government Printing 
Office, Washington, D. C., 1955) 

4See also Lazar, Lyon, and Macklin, Bull. Am 
Ser. IT, 2, 15 (1957) 
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peak areas.° Where the gamma-ray yield per disin- 
tegration was not well known, this quantity was rede- 
termined by using pile-irradiated samples. 


EXPERIMENTAL 


The determination of the iodine cross section by one 
of us (RLM) is recounted in Appendix I. All other 
cross sections were determined by comparison with 
iodine in split cylindrical-shell containers of about 40-ml 
capacity (for a pair). A spherical Sb— Be source (1.2-inch 
diameter) was pulled up into the approximate center 
of a pair of containers by a hand cord or, later, an 
electric motor drive, to effect an irradiation (see Fig. 1). 
The irradiations were done at a remote location, six 
feet or more from the floor of a large room, to avoid 
detectable activation by scattered and thermalized 
neutrons. The lead-shielded 3 in.X3 in. Nal(TI) 
gamma-ray spectrometer was located in another 
building about a half-mile away. The transfer time 
(end of irradiation to start of count) was reduced to 24 
minutes, which was adequate for the shortest activities 
measured, Samples were metal, oxide, or carbonate 
powders, or metal foils where possible. (See Appendix TI 
for notes on special cases.) Samples were transferred to 
flat-bottomed glass beakers or folded into square 
packets for gamma counting. The use of flat samples 
facilitated corrections for gamma-ray attenuation 
which were generally below 25°. In a few cases of 
very weak radiation, essentially an infinite thickness of 
sample was required and the results depended directly 
on the absorption coefficients. In many cases the 
counting efficiency, including gamma-ray absorption, 
was checked experimentally by mixing in a known 
quantity of the same radioactive nuclide produced by 
pile irradiation. 

RESULTS 


Nuclei chosen for measurement were those for which 
the activation cross section could be expected to 
represent the total (,y) cross section (i.e., no known 
alternate mode of decay). The popular 54-minute In" 
previously used as a standard!” is an exception. The 
data are presented in Table I together with the energy 
of the gamma ray observed and its yield per disinte- 


* Lazar, Davis, and Bell, Nucleonics 14, No. 4, 52 (1956) 
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ACTIVATION CROSS SECTIONS WITH Sb-—-Be NEUTRONS 


TABLE I. Sb—Be activation cross sections based on $204.60 mb for [!" 


Target 
isotope 


Na* 
Mg** 
Al?’ 
Ci 
K“l 
Ti 
yo 
Mn** 
Cu® 
Cu® 
Ga” 
Ge" 
As™ 
Br®! 
Rb*® 
Rb*? 
Zr" 
Zr 
Mo" 
Mol” 


Target isotope Ey (Mev) y /dis e*(mb) 


Agw? 
In!!* (54 min.) 
Sb"! 

Sb'3 
crs 

Ba'® 

La!* 

Ce! 

Cel® 

Pri" 

Sm! 

Sm! 

Gd" 

Fr! 

Hf!*9 

W186 

Rel 

Rel87 

Os!” 


o*(mb) 


1,.0+0.2 
<14 
1.4+0.2 
1.1+0.2 
<20 
543 
50+5 
55+6 
1164-12 
46+5 
68+13 
54+8 
740+7 
550+55 
181435 
754 
243+. 
224+ 
209-4 
384 
454 
321460 
3864-39 
211421 
5404-60 


y/dis 


Ey (Mev) 


1.38 
0.83 
1.78 
2.1 
1.52 
0.32 
1.45 
0.82 
0.511 
1.04 
2.50 
0.274 
0.55 
1.03 
1.08 
(1.85) 
0.745 
0.660 (Nb*) 
0.14+0.18 
0.192 
0.30 (Tc™) 
0.216 
0.498 
0.73 
0.088 


0.0225" 
0.848 
0.664 
1.00 
0.172 
0.23" 
0.882" t 
0.615 314 
0.426" 4254 
0.041" 5474 
0.357 6684 
0.037" 5274 
t 
t 
t 
t 


930 
805 
9504 
4564.46 
8204-60 | 
11.4+1.1 
5047 
4 
43 
55 
100 
70 
71 
10 
66 


+ 180 
+80 
100 


0.61 
1.28 
0.57 
0.603 
0.455 
0.165 
1.60 
0.145 
0.29 
1.59 
0.105 
0.25 
0.364 
0.308 4-0,295 
0.482 
0.686 
0.137 
0.155 
0.129 


1.00 
0.70 
1.00 
0.47 
0.20 
0.95 
1.00 
1,00 
0.38 
0.10 
0.30 
0.112 
0.446* 
0.255" 
0.15 
(0,23) 
0.97 
1.00 
0.72 
1.00 
1.00 
().92 
0.90 
1.00 
0.0463" 


0,123" 710 
0.91 298 
0.85 141 
0.288" 296+ 44 

0.105" 2650+ 500 
0,162" 970+ 200 
0.224 886+ 130 


0.95 
0.828 
0.90 


1120+110 
574 
500+ 


6104 


0.411 
0.279 
0.310(Pa®) 
0).210+0.270 (Np) 


Au? 
Hy™ 


Ph 
[ [248 


Ru 
Rul 
Rul 
Pdi’ 


* Our measurement 


gration. The half-lives used in correcting for decay average deviations of a factor of two or more. ‘The 


were taken from Nuclear Science Abstracts.® A_ plot 
of the cross sections as a function of the mass number 
(A) is shown in Fig. 2. Qualitatively a rapid rise of 
cross section with A<100 is found, followed by a 
plateau, with dips near the magic neutron numbers. 
The two values at mass 96 differ by an order of mag 
nitude, suggesting pronounced Z or N dependence. As 
an indication of the reproducibility of the measure 
ments, the iodine gamma-activity calibration runs 
made during the course of the experiment are shown in 
Fig. 3. The departure from the half-life of the source 
is less than 1.30%. Comparable results were obtained in 
repetitions of other activations. Error estimates for the 
cross sections are taken as 10% except where high 
background or other circumstances dictated a_ less 
precise result. Agreement with the unpublished results 
of Linenberger’ and others using Van de Graaff neutrons 
and long counters appears to be within the errors of 
measurement. The recent unpublished measurements of 
Ball et al. at Livermore with Sb-Be neutrons agree to 
better than 20% .* The results of Hummel, Hamermesh, 
and Kimball'? agree generally within a factor of two. 


DISCUSSION 


Recent attempts (particularly by Cameron’ of Chalk 
River) to predict (n,y) cross sections in the kev region 
from nuclear models have met with fair success, giving 


® Nuclear Data Group, National Research Council, Washington 
25. D.C 

* Note added in proof.—Some results of Booth, Ball, and Mac 
Gregor are given in Bull. Am. Phys. Soc. Ser. II, 2, 268 (1957 

7A. G. W. Cameron, Astrophys. J. 121, 144 (1955). 


precision of the present results seemed to warrant a 
more stringent test of some of the concepts involved. 
lor several of the heavier nuclei measured, information 
on neutron widths, radiation widths, and level spacings 
for s-wave resonances has become available. * " Using 
these data one can readily predict the average capture 
cross section at 25 kev for s-wave resonances. 

In each case, this calculated value is approximately 
half the measured cross section. The difference can be 
attributed to resonances with higher angular momenta, 
particularly p-wave." Using this information, Dresner" 
has derived p-wave average reduced neutron widths, 
using the Porter-Thomas distribution function and the 
following formulas: 


; 2I +1 =f r.(Or, 
Tn, 7 € ’ 
i 2(2] } 1) dD; i + vv 7 


where ¢ is the available number of channels (0, 1, or 2 


for fermions) determined from /, J, | and parity con 


+1 _ 
Dy, 2 )Dare 
2J +1 


servation ; 


where Do», is the average level spacing for all s-wave 


*R.S. Carter et al., Phys. Rev. 96, 113 (1954) 

“J. A. Harvey et al., Phys. Rev. 99, 10 (1975) 

J. S. Levin and D. J. Hughes, Phys. Rev. 101, 132% (1956) 

" Recent studies of oa vs LE, at Duke University by E. Bilputch 
are also said to indicate p-wave contributions of this size 

2 J. Dresner (unpublished) 
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resonances ; 
(kR)?*! 
(for 1=0, 1). 


Here J and J are the spins of the target and compound 
nuclei. 

Derived values of (7,”) for /=1 are given in Table I. 
Total cross section data generally give a different 
estimate (significant upper bound) and are included 
in the data presented. 

For a few of the lightest elements measured, where 
two or three known resonances should contribute most 
of the capture cross section near 25 kev, the measured 
values appear higher than those calculated from appli- 
cation of the Breit-Wigner isolated-level formula. This 
again suggests the possibility of appreciable p-wave 
capture from resonances not observable in total cross 
section measurements. This could be important in a 
sodium-cooled fast reactor, for example. 


APPENDIX I. NEUTRON ACTIVATION OF IODINE 
NEAR 25 KEV'* 


Hummel, Hamermesh, and Kimball':? have measured 
many activation cross sections with an antimony- 











+ 








; 
| 
1 2 
MASS NUMBER 


F1G. 2. ose for neutrons from Sb— Be source relative to 
oao1(1**”) = 0,.82+-0.06 barn plotted as function of A 


4 See also R. L. Macklin, Bull. Am. Phys. Soc. Ser. II, 1, 264 


(1956). 
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beryllium source by comparison with thermal cross 
sections. Their 2.2-barn result for iodine (25-minute 
beta activation) seemed unexpectedly high. It seemed 
worthwhile to remeasure this cross section by absolute 
beta-counting in a NalI(TI) crystal as done at higher 
energies by Martin and Taschek. 

A standard ORNL Sb—Be source (an Sb cylinder 
# in. in diameter X# in. long in a hollow Be cylinder 
1, in. in diameter X1,% in. long), calibrated at the 
National Bureau of Standards, was used. The source 
strength per unit solid angle was measured by rotating 
the source in front of a paraffin surrounded BF; counter. 
For the axial directions (used in the iodine irradiations) 
the flux was 0.915+0.03 times the average. The equa- 
torial flux, incidentally, was very near the average and 
constant with longitude as expected. 

Several 14 in.X14 in. Nal(Tl) crystals canned in 
aluminum foil with a thin glass window at one end were 
used in the experiment. Each was irradiated in an attic 
25 feet above the concrete floor at 19 to 41 cm from the 
neutron source. The separation was carefully measured 
with a vertical cathetometer from a safe distance. After 
irradiation, the crystal was mounted on an RCA-5819 
photomultiplier tube and the energy scale checked 
against the 661-kev Cs'*? photopeak. The iodine beta 
activity was counted with an integral bias of about 
140 kev. Room background at 1.8 counts/sec ranged 
from 8% to 33% of the beta counts. Extrapolation of 





APPARENT FLUX (nycm? sec) 











100 
TIME (days) 
Fic. 3, Flux of Sb— Be neutron source as a function of time as 


determined by activation of I'*” induced in NalO, standards. 
(Standard deviation indicated is for counting statistics only.) 


“H.C. Martin and R. F. Taschek, Phys. Rev. 89, 1302 (1953). 
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TABLE II. P-wave reduced neutron widths calculated as outlined in text from experimental activation and total cross sections at 
25 kev ((yni*) in ev). Value <0 implies s-wave contribution consistent with experimental data 


From @ (total) 


yni*)mes 


From @(n,y) 


Nuclide Yn1?)most prob (yni®) max Y¥at® min (yi®)most prob (ynt*)min 


1.55 
1.50 


4.65 0 
2.54 0.606 


Agi? 1.91 12.1 0.418 
In'6 3.49 17.8 1.01 
Sb! 20.4 0 2.12 0.741 2.64 

Sb!23 12.6 0 0.749 0.405 6.15 0 
yi37 1.44 22.6 0.0815 <0 0 0 
Re! 1.94 0 0.066 
wise 4.80 w 0.098 
Re!#? 0.065 1.21 0 
Au! 5350 D 13.7 
Th 0.448 0.940 0.0675 
338 0.694 5.26 0.202 


18.3 


wis 
Wiss 


the integral bias curve below 50 kev showed that the 
beta-counting efficiency under these conditions was 
0.93+0.015. The I'*8 decay has been studied recently 
at Columbia University'® and a 6.9% electron-capture 
branch reported. About 95% of the electron-capture 
decay is to the ground state, and would not have been 
observed in the present experiment. The reproducibility 
of the activations corrected to saturated activity (and 
multiplied by the square of the separation) was not 
significantly different from the reproducibility calcu- 
lated from the counting statistics and the cathetometer 
accuracy. The average of eight runs is considered 
reproducible to 1.6% (limit of error). 

A few small effects were considered in calculating the 
cross section. Air scattering gave a computed 1.1% 
increase in neutron flux at the crystal. Effective center 
displacement for source and crystal led to corrections 
ranging from 0.2 to 1.0% at the extreme distances. The 
effect of multiple scattering in the crystal, calculated 
from the measured total cross sections of sodium!*® and 
iodine,’ was +3.1%. The corrected I'?"(n,y)I'* cross 
section is 0.82+0.06 barn. 

The primary energy of the neutrons is not well 
known.'? The energy loss by collisions with beryllium 
has been estimated by using a homogeneous cylinder 
model with the primary source uniform throughout the 
outer beryllium-shell region of the actual source. A spher- 
ical beryllium-shell model ignoring the antimony gives 
comparable results. Table III shows the calculated 
percentage of emitted neutrons above fractions of the 
primary energy corresponding to maximum loss in 0, 
1, 2, and 3 collisions with beryllium. 

When one weights the detailed energy distribution by 
(Eo) corresponding to the expected 1/v iodine cross 


16N. Benczer et al., Phys. Rev. 101, 1027 (1956). 

16H. W. Newson (private communication). 

17 Recent data on the beryllium (y,n) threshold and the un 
published value of Tomlinson (1.692 Mev) for the antimony 
gamma energy give 27 kev for the primary energy. The gamma 
ray momentum spreads this by +5.5% (maximum) depending 
on the neutron emission angle. The presence of an additional 
gamma-ray at 2.1 Mev implies a second group of neutrons (<5% 
intensity, however) near 400 kev. 


section dependence in the neighborhood of 20 kev (but 
with an upper limit of 3 for this factor), the area under 
the curve becomes 1.074. Thus neutron energy loss in 
the source increases the observed cross section by about 
7.4%. Stated another way, the effective source energy 
is 87% of the primary energy. An effective neutron 
energy of about 25 kev as given by Kimball and 
Hamermesh’ seems reasonable. 

The early work of Linenberger and Miskel at several 
energies gives an interpolated value of about 1 barn 
at 25 kev, with an uncertainty of perhaps 0.2 or 0.3 barn 
for the absolute value. The Hamermesh and Hummel 
value of 2.2+0.4 barns obtained with an antimony- 
beryllium neutron source is certainly at variance with 
the present result. A few points of technique in favor 
of the present work, such as less ambiguity in incident 
flux measurement, high-efficiency beta-counting, and no 
reliance on a thermal cross section comparison, can 
hardly account for the difference. 

One question that deserves a little thought in the 
present experiment is the possibility of self-absorption. 
Since the average probability of neutron absorption in 
the crystal was only 0.03 (i.e., 97% of the incident 
neutrons escape from the crystal), this at first glance 
seems negligible. If the absorption were due to a few 
narrow, isolated resonances one might still expect self- 
absorption to be important. Several of the iodine 
resonances below 100 ev have been examined.’ Taking 
the gamma width (0.1 ev) and the extreme values of the 
reduced neutron widths (3 10~4 and 7 10-4 ev) found 
there as typical at 24 kev, one can show that the scat- 
tering cross section remains about ten times as large as 


TABLE ITI. Percentage, N, of neutrons having energy greater 
than fraction, Z, of primary energy after 0, 1, 2, and 3 collisions 
with beryllium. 


Number 
of collisions 0 1 2 3 


0.89 
67.6 


0.640 
93.6 


0.410 
98.6 


0.262 
99.2 


E 
N(%) 





508 MACKLIN, 
the absorption cross section at the (Doppler-broadened) 
peaks. The maximum peak absorption calculated is 
only about twice the average value found in the experi- 
ment. Since the average energy loss on scattering is 
about 400 ev and scattering is ten times as probable 
as absorption, the self-shielding at a single resonance 
must be completely negligible. 


APPENDIX II. NOTES ON SPECIAL CASES 

Mg”.-The upper limit is based on failure to find a 
distinct gamma-ray peak and the poor statistics asso- 
ciated with this short-lived activity and low abundance 
(11.1%). 

CF’.-A sample of CCl, was used and a correction of 
a few percent was made for evaporation. 

K".-The upper limit is set by K“ background in the 
gamma-ray spectrometer. 

Cu®.—A layer of unactivated copper was used around 
the sample during gamma-ray counting to absorb all 
of the positrons. 

Br*.—-Lump CBr, was used. 
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Rb®.—The energetic beta-rays were also counted to 
increase sensitivity in this case. The efficiency was 
determined by mixing a known activity into inert 
Rb»SO, under the same conditions as in the Sb—Be 
irradiation. 

Zr”*.—The cross section might be somewhat lower as 
the gamma-ray spectrum peak was distorted by other 
activities in this case. 

Mo’™.—The Tc daughter activity was also ob- 
served, as indicated in Table I. 

I'?7_--NalOy, was used. 

Er'”.—-The value of y/dis is taken from yet un- 
published work of M. E. Bunker. We would like to 
thank Dr. Bunker for permission to use his results 
before publication. 

Re'® and Re!*”,-KReO, was used. 

Hg”".—-HgeCl, was used, 

Th™.—The Pa daughter was extracted for the 
activity measurement. 

U™*—The Np™ daughter was extracted for the 


activity measurement. 
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Alpha-particle emission associated with the 8 decay of B' has been detected and the energy spectrum 
investigated. These studies show that (1.34-0.4)% of all decays of B" lead to the second excited state of C* 
and that this state breaks up predominantly into three alpha particles with one alpha particle and the 
ground state of Be* as an intermediate stage in the process. The most probable spin and parity assignments 
for the state appear to be J =0*, and analysis of the alpha-spectrum yields Q(C — Be*— He*) = 278+4 kev, 
corresponding to an excitation energy in C" of 7.6534-0.008 Mev. A new determination of the disintegration 
energy of Be® yields Q(Be*— 2He') = 93.74-0.9 kev and hence Q(C" — 3He*) = 37244 kev. It is concluded, 
from the general principle of reversibility of nuclear reactions, that the second excited state of C" as pre 
dicted by Hoyle is of a suitable character to act as a stellar thermal resonance in the Salpeter process, 
2Het.*Be*; Be*(a,y)C” under conditions expected in red giant stars 


INTRODUCTION 


T has been suggested'? that the fusion of alpha 
particles through the reactions 
He*+ Het Be’, 
Be*+Het>C'” C+, 
or, more simply, 
3He=—C'!” CC" +7, 


plays an important role in energy generation and ele- 


* Supported in part by the joint program of the Office of Naval 
K and the U. S. Atomic Energy Commission 


Researc 
1. J. Opik, Proc. Roy. Irish Acad. A54, 49 (1951); Mem. soc 
roy. sci. Liége 14, 131 (1953). 
2. E. Salpeter, Astrophys. J. 115, 326 (1952); Annual Review 
of Nuclear Science (Annual! Reviews, Inc., Stanford, 1953), Vol. 2, 
p 4) 


ment synthesis in red giant stars. These processes are 
believed to occur at a late stage of the red giant evolu- 
tion in which the hydrogen in the central core has been 
largely converted into helium, and in which gravita- 
tional contraction® has raised the central temperature 
to ~10* deg K,*and the density to ~10° g/cc. Under 
these conditions, as has been shown by Salpeter,? an 
equilibrium ratio of Be* to He‘ nuclei equal to ~10~ is 
established. This conclusion followed from experimental 


measurements** which established the fact that Be* 


*F. Hoyle and M. Schwarzschild, Astrophy. J. Suppl. 2, 1 
(1955) 

*A. Hemmendinger, Phys. Rev. 73, 806 (1948); Phys. Rev. 75, 
1267 (1949). 

’ Tollestrup, Fowler, and Lauritsen, Phys. Rev. 76, 428 (1949). 

6 Early measurements by O. Laaff, Ann. Physik 32, 760 (1938), 
and K. Fink, Ann. Physik 34, 717 (1939) were analyzed by J. A 
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was in fact unstable to disintegration into two alpha 
particles but only by 95 kev with an uncertainty of 
about 5 kev. 

Even though very small, the equilibrium concentra- 
tion of Be’ is sufficient to lead to considerable produc- 
tion of C'™ through radiative alpha-particle capture by 
the Be’, and of O'*, Ne”, etc., by succeeding alpha- 
particle captures. Salpeter’s equilibrium calculations, 
in which resonance effects due to the Be® ground state 
are properly taken into account, indicated a rate for 
the “helium burning” considerably greater at a given 
pressure and temperature than that previously calcu- 
lated by Opik using nonresonant reaction rates (see 
discussion by Opik in the second part of reference 1). 
Detailed consideration of the reaction rates and of the 
resulting relative abundances of He‘, C!*, and O!* led 
Hoyle’ to the prediction that the second reaction, in 
which C™ is produced, must exhibit resonance within 
the range of energies at which the interaction between 
Be*® and Het effectively occurs. Hoyle’s predicted value 
for the resonance energy was 0.33 Mev, corresponding 
to an excited state in C'* at 7.70 Mev. 

Hoyle’s prediction of resonance was made in the face 
of conflicting evidence in regard to the existence of an 
excited state in C'* in the vicinity of 7.7 Mev. Early 
investigators had reported such a state but some later 
research had failed to confirm its existence. Holloway 
and Moore’ and Guggenheimer ef al.,° in measurements 
of the range of alpha particles from N'(d,a)C™, had 
reported a level in C!* at 7.62 Mev and 7.3 Mev, 
respectively. However, magnetic analysis of the alpha- 
particle groups from the same reaction by Malm and 
Buechner” gave no evidence of a transition to a level 
in this neighborhood. 

Early studies’ '? of the neutron spectrum from 
deuteron bombardment of natural boron targets re 
vealed a group with a Q-value of about 6 Mev, which 
could be ascribed either to the ground-state transition 
in B°(d,n)C" or to a transition to an excited state at 
~7.5 Mev in C', through the reaction B''(dn)C'™. 
An investigation by Gibson,'* who used separated B! 
and B" targets, showed that the main contribution to 
the group in question was in fact from B'’(d,n)C", but 
it was suggested that a residual peak observed with B" 
targets was probably due to a genuine C! level at 
~7.7 Mev. Still later work by Johnson" failed to reveal 
such a level, although a weak group could not be 
excluded. 


Wheeler, Phys. Rev. 59, 27 (1941), to yield an energy of instability 
of 125 kev with an uncertainty of 25 kev 
’F. Hoyle, Astrophys. J. Suppl. 1, 121 (1954) 
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In the reaction Be*(a,n)C!, a neutron group corre- 
sponding to a 7.5-Mev level'® has been observed. In 
addition, 7-Mev electron-positron pairs (e*) attributed 
to a monopole transition (0*—+0*) to the ground state,'® 
and 3.16-Mev cascade radiation'’ through the state at 
4.43 Mev have been reported. Protons inelastically 
scattered from C' also gave evidence for a level at 
7.5 Mev.'® 

With the realization of the possible astrophysical 
significance of such a level, the matter was reinvesti- 
gated by Hoyle ef al.," using the reaction N"(d,a)C™. 
With a high-resolution magnetic spectrometer they 
clearly identified the alpha-particle group leading to the 
excited state of C'’ in question and obtained a level 
energy of 7.68+0.03 Mev and a width of less than 
25 kev. The low intensity of the group--some 6%, of 
the next higher energy group—accounts for some of the 
earlier difficulties. Later work by Pauli” and Ahnlund?! 
on the same reaction yielded excitation energies of 
7.66+0.02 and 7,658+0.027 Mev, respectively. 

The reaction rate for the conversion of helium into 
the 2HetBe*; Be*(a,y)C” 


carbon by process is 


given by 


Q 
xexp )« - 
kT 


where p is the density, 7 the temperature, x, the con 
centration by weight of helium, M, the alpha-particle 
mass, I’, and I’, the partial widths of the C'” for y and 
a decay, and Q is the energy equivalent of the mass 
difference (C'**—3He'*). For p in grams/cc, 7, in 108 
deg K, QO in kev, I’, in ev,"and [',<T, as discussed later, 


@ 
) sec ! 
8 627; 


Since V/kT appears in the argument of the Maxwell 
Boltzmann exponential factor and since the range of 
values of T is limited by other considerations, the 
reaction rate depends critically on Q. This energy can 
be calculated somewhat indirectly from the results 


we have: 


ly 
p 2.3710 *( px)" exp 
T? 
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discussed above and from tabulated mass values” as 
385417 kev. One objective of the present experiments 
was a more direct determination of this energy. 

It is of course crucial to the theory that the C’* level 
be of such a character that it can be formed by 
Be*+ He, i.e., that it have even spin and even parity 
or odd spin and odd parity, and a nonvanishing alpha- 
particle width. It must also have a reasonable proba- 
bility for y or e* decay if C'* is to be formed. These 
questions could best be explored by bombarding Be® 
with alpha particles, but since Be* is unstable, recourse 
must be had to a study of the two possible modes of 
decay of the excited state of C'*, namely C!”—>Be*+ Het 
and C!”-+C!#4-y (in case 7 radiation is forbidden or 
weak, the emission of e*-pairs must be considered). 
By the principle of reversibility of nuclear reactions, it 
is evident that observation of a and y decay of the 
7.7-Mev C" state would guarantee the feasibility of 
the process in question; in fact, a measurement of the 
decay widths for these processes would make it possible 
to calculate the cross section for Be*(a,y)C' by using 
the one-level Breit-Wigner formula. 

Experimental evidence on the character of the 7.7- 
Mev C™ state is not entirely clear. It seems well- 
established that the state does not radiate directly to 
the ground state but rather cascades via the 4.43-Mev 
state.'7 The absence of ground-state transitions sug- 
gests J=0 or J>3; the reported observation of 7-Mev 


electron-positron pairs favors J =0, since a one-photon 
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Fic. 1. Energetics of B" decay; only the low-lying 
levels of C™ are shown. 
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radiative transition for 0-0 states is strictly forbidden, 
while e* emission is allowed. Inelastic scattering of 
alpha particles by C’? yields a group of alpha particles 
corresponding to this level, with no corresponding C'? 
recoils, indicating that the C' state must break up 
mainly by alpha emission.* Analysis of the angular 
distribution of the inelastically scattered alpha particles 
in this reaction is in good agreement”® with J=0t. 
A 7-7 correlation experiment” in N'(d,a)C" is con- 
sistent with J=0 but does not exclude J23. The 
angular distribution”’ of electrons inelastically scattered 
from C'* at 187 Mev indicates /=0*. It would thus 
appear reasonably certain that J/=0* is the correct 
assignment. However, emission of alpha particles has 
not heretofore been observed, and estimates of the 
fraction of decays leading to alpha-particle emission 
vary from <50%* to >97%.**.™ It was the object of 
DEUTERON BEAM 
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Fic. 2. Schematic diagram of apparatus. The B” is produced by 
deuteron bombardment of a B" target; alpha particles emerging 


from the target are focused by a magnetic spectrometer. Syn 
chronous shutters permit alternate bombardment and detection. 


the present experiment to observe the alpha particles 
directly if possible and to make a precise determination 
of their energy, to permit calculation of the Q-value 
referred to above. 

Since the alpha particles were expected to be of low 
energy and of relatively low intensity in any easily 
available reaction, we chose to look for them first in 
the decay of B'*, where advantage could be taken of 
the radioactive delay to reduce the background due to 
particles from prompt reactions. The processes in- 


™ Rasmussen, Miller, and Sampson, Phys. Rev. 100, 181 
(1955). 

% H. J. Watters, Phys. Rev. 103, 1763 (1956). 

% J. Seed, Phil. Mag. 46, 100 (1955). 

7 J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 
(1955). 

* Bent, Bonner, McCrary, and Ranken, Phys. Rev. 100, 771 
(1955). 

® W. F. Hornyak, Bull. Am. Phys. Soc. Ser. II, 1, 197 (1956). 





volved are: 
BUC!" +8-+p_, 


Be®+ He4 


» 
C'?+-y¥. 


Boron 12, with a half-life of 20.62-0.9 milliseconds,” is 
copiously produced in the reaction B!'(d,p)B" and is 
known to decay to both the ground and 4.43-Mev 
states of C!?, the latter to the extent of 1.5%.*!* The 
beta spectrum suggests® additional decays to consider- 
ably higher states of C'*. The decay of N'* is known to 
yield alpha particles from the breakup of higher states 
of C'*, and it seemed thus not impossible that B” 
could decay through the 7.7-Mev level and yield low- 
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Fic. 3. Typical pulse height spectra for alpha particles of 96 
and 183 kev. The particles were focused with a magnetic spec- 
trometer of momentum resolution Ap/p=5% and detected with 
a CsI crystal; the pulse heights were recorded with a 10-channel 
discriminator. A 2.2-mg/cm? Al foil permitted separation of the 
a particles from background neutrons and y rays. 


energy alpha particles. The energetics involved are 
shown in Fig, 1. 


EXPERIMENTAL ARRANGEMENT 


The experiments to be described consisted in pro- 
ducing B'* by deuteron bombardment of a B!! target, 
cutting off the beam, and searching for delayed alpha 
particles with a magnetic spectrometer. The experi- 
mental arrangement is shown schematically in Fig. 2. 
The deuteron beam from an electrostatic accelerator 
passed through a magnetic analyzer to bombard a thin 
isotopic B" target® located at the focal point of a low- 


*” Weighted mean of published values including E. Norbeck, Jr., 
Bull. Am. Phys. Soc. Ser. II, 1, 329 (1956). 

31N. W. Tanner, Phil. Mag. 1, 47 (1956). 

#R. W. Kavanagh, thesis, California Institute of Technology, 
1956 (unpublished). 

% W. F. Hornyak and T. Lauritsen, Phys. Rev. 77, 160 (1950) 

“LL. W. Alvarez, Phys. Rev. 80, 519 (1950). 

4 We are indebted to the Atomic Energy Research Establish 
ment, Harwell, for preparation of these targets. 
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Fic. 4. Observed momentum spectrum of the alpha particles 
formed in the deuteron bombardment of a 39-yug/cm? isotopic B" 
target placed at 15° grazing angle to the beam. Dots and crosses 
represent data taken with a spectrometer momentum resolution 
of Ap/p=5% and 11% respectively, the latter being normalized 
to fit the former 


dispersion, strong-focusing magnetic spectrometer.” 
Alpha particles focused by the spectrometer were de- 
tected by a CsI crystal wafer, mounted on a photo- 
multiplier tube. The deuteron beam was periodically 
interrupted at a position remote from the target by a 
rotating shutter, driven synchronously with a similar 
shutter which closed off the spectrometer during bom- 
bardment of the target. The counting system was 
electronically gated to permit counting only when the 
deuteron beam was interrupted. In each cycle of 1/60 
sec, the target was bombarded for 6.1 milliseconds, and 
2.9 milliseconds later was exposed to the spectrometer 
for 6.1 milliseconds. 

Various combinations of target thickness, target 
angle, and spectrometer resolution were used in the 
experiments. The data reported here were mainly ob- 
tained with a 39-ug/cm’ B'" target on a tantalum 
backing, placed at 15° grazing incidence to the deuteron 
beam, and using a spectrometer resolution in mo- 
mentum (p) given by Ap/p=5%. At each spectrometer 
setting, a complete pulse height spectrum was recorded 
by means of a 10-channel discriminator. Interposition 
of a 2,2-mg/cm? Al foil in front of the spectrometer slit 
permitted separate determination of background due to 
stray neutrons or 7 rays. Typical pulse height spectra 
are shown in Fig. 3. In general, for a given Bp setting, 
one expects two groups, corresponding to Het-ions and 
Het**-ions, differing in energy and pulse height by a 
factor of four. Up to an energy of ~200 kev, the doubly 
charged group is practically negligible; on the other 
hand, correction for neutral atoms is significant below 
500 kev.” 

Figure 4 exhibits the observed momentum spectrum, 
extending from E,=100-260 kev, plotted as actual 

HH. J. Martin and A 
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hic. 5, Momentum spectrum of the alpha particles of Fig. 4 after 
correction for charge exchange using the data of Stier, Barnett, 
and Evans.” Solid lines are theoretical spectra calculated for 
V(C#* — Be* — Het) = 276 kev and 286 kev 


counts recorded versus Bp. In Fig, 5 the experimental 
points are replotted, after correction for charge ex 
change.” The spectrum exhibits a broad distribution of 
alpha particles, terminating at an energy of about 
200 kev. The detailed analysis of this spectrum is 
discussed in a later section. That these alpha particles 
are in fact associated with the B'* decay was confirmed 
by several blank experiments using Be, Cu, and Ta as 
targets and by a lifetime measurement. The lifetime 
was measured by covering one open section of the 
lower shutter and then alternately reversing the direc- 
tion of rotation of the shutter, thus alternately changing 
the time between bombardment and observation from 
2.9 to 18.3 milliseconds. The value found for the half 
life was 16 milliseconds, in rough agreement with the 
B-decay half-life (20.6 milliseconds) of B'. 

As may be seen in Fig. 4, the alpha-particle spectrum 
does not vanish entirely above the “end point,” but 
continues for some distance beyond. In addition, there 
was observed an appreciable number of high-energy 
pulses, corresponding to He**-ions, whose intensity 
increased slowly with increasing Bp. It is believed that 
these particles result from the excitation of a broad 
state of C'? as shown in Fig. 1. Further investigation 
of this part of the spectrum is in progress and will be 
discussed in a separate report, 

In connection with the determination of the energy 
of the alpha particles from C!*—>Be*+ Het and with 
the effort to obtain as directly as possible the over-all 
Q-value for the transition C'”—+3He', a new observation 
was made of the alpha-particle spectrum of Be*-2He* 
as produced in Be*(p,d) Be*. With the large aperture of 
the present spectrometer it was possible to work with 
thinner targets and to obtain higher counting rates than 
were possible in an earlier study made in this labora- 
tory.’ The spectrum obtained, shown in Fig. 6, can be 
extrapolated with considerable confidence, and leads to 
((Be*—>2He') = 93.7+0.9 kev. The proton-beam ana- 
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lyzer was calibrated with the 993.3-kev Al?’(p,y)Si** 
resonance, and the spectrometer fluxmeter was cali- 
brated with protons elastically scattered from Al and 
Be. A Q-value of 55941 kev** was assumed for 
Be*(p,d)Be*. The targets were layers of Be, 1-3 kev 
thick to 1-Mev protons, evaporated on Al foil. Surface 
contamination corrections were of the order of 0.3 kev 
for protons and 2.0 kev for alpha particles. The present 
value of V(Be*'—2He*t) may be compared with pre- 
viously reported values of 103+10 kev,‘ 89+5 kev,° 
and 94.5+1.4 kev.” 


DISCUSSION 


The momentum spectrum shown in Figs. 4 and 5 
contains alpha particles (designated a;) resulting from 
the disintegration C!”—Be*+He'+(Q,, and the sub- 
sequently emitted particles (a) from the decay of 
Be*—>2He'+Q,. Ignoring for the moment the recoil 
imparted to the C'” nucleus by the 6 decay, the 
a, particles will constitute a monochromatic group, 
with E(a;)=4Q;, or momentum po(ay) = (40\M 4/3)! 
(the zero subscript is appended to indicate neglect of 
the C'* recoil from the B'* 6 decay). The Be* nucleus 
so formed is in motion in the laboratory system, and 
its velocity will be added to the velocities resulting 
from the breakup into two alpha particles. On the 
assumption that the breakup is isotropic, the number 
of a, particles produced with momentum (a2) per 
unit momentum interval is 


dN (ay) 2N (a) 


pa) 


(Q2M a) pola) 


dp(az) 


where N(a) is the total number of a, particles. The 
limits on p(az) are |(Q\M,/3)'+(Q2.M,)'|. As will 
appear below, Q:=278 kev and Q.=94 kev, so the 
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Fic. 6. Momentum spectrum of the alpha particles from the 
breakup of Be*. A thin Be layer (3-kev to 1-Mev protons) 
evaporated on Al foil was bombarded with 606-kev protons 
Spectrometer momentum resolution and laboratory angle were 
Ap/p=1.8% and 0, =83.4° respectively. 
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a, distribution has a triangular shape, extended from a 
minimum p(a2)~0 to a maximum p(a2)~po(a:). The 
predicted thin-source spectrum is shown schematically 
in Fig. 7(a). 

When the £8 recoil is taken into account, it is found 
that the a, particles are distributed over a range 
Po(ar)+4 Pax (8), Where Prax (8) is the maximum -par- 
ticle momentum. Because of the relatively high energy 
available, 5.7 Mev, this effect is quite appreciable, 
amounting to a spread of +5.5% in p(a;). With the 
assumption that the # particles and associated neutrinos 
have a simple Fermi distribution and that the beta- 
neutrino correlation is characterized by the tensor 
coupling (1+ 4 cos@), the a distribution may be shown 
to be: 


dN (a) pa) 


(7—6x?— x‘), 1<e*<l 
dpa) 16Pinax(B) pola) 
where x 3 p( a) — polay) ) | Pmax (8). In consequence of 
this distribution, the a»-particle spectrum is rounded 
off at the upper limit as indicated in Fig. 7(b). Since 
there are two a2 particles for each a, particle, the area 
of the broad distribution is twice that in the a; group. 
It has been tacitly assumed throughout that the C'* 
and Be*® decay before slowing down, as would be 
expected from their lifetimes. 

Derivation of the thick-source spectrum requires a 
knowledge of the distribution of the B" in the target. 
Although the B! layer is itself only about 75 kev thick 
to outgoing 200-kev alpha particles, a large fraction of 
the B' nuclei are actually driven to a considerable 
depth in the target backing in the course of their 
formation, thus increasing the escape distance for the 
alpha particles. In the reaction B''(d,p)B', the bom- 
barding 1.6-Mev deuterons impart a velocity of 1.9 10° 
cm/sec to the center-of-mass of the system, and the 
ejected protons impart a velocity of 1.8% 10° cm/sec to 
the recoiling B'*. Combination of these velocities gives 
the B' nuclei a maximum energy of 860 kev in the 
forward direction and a minimum energy of 2 kev in 
the same direction. On the assumption that the angular 
distribution is isotropic in the center-of-mass system 
and that the range is proportional to velocity, these 
recoil effects combine to produce an approximately 
uniform distribution of B’? nuclei with a maximum 
range of about 1 mg/cm? in Ta. Measured in the 
direction of the emerging alpha particles (83° from the 
deuteron beam, 22° from the target normal), the depth 
amounts to about 0.7 mg/cm’, nearly equal to the 
range of the maximum-energy a particles. Thus, again 
under the assumption of a constant rate of momentum 
loss, a simple integration of the calculated N(a,) and 
N(q2) distribution functions yields the required thick 
source spectrum, illustrated in Fig. 7(c). 

When the calculated integral spectrum is folded with 
the known resolution function of the spectrometer, a 
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Fic. 7. Predicted momentum spectra of alpha particles from 
the decay of B'*. See text for particle and momentum designations 
(a) Thin-source spectrum neglecting C™ recoil, (b) Thin-source 
spectrum with C# recoil. (c) Thick-source spectrum 


final curve is obtained which may be compared with 
calculated 

94 kev, 
the 


Two such curves, 
286 kev, with (Q; 
will be seen that 


the experimental points. 
for O;=276 kev and Q, 
are shown in Fig. 5, where it 


general shape observed is well accounted for, at least 
The 
uncertainty in 


top 25% of the spectrum. deviations at 
lower momenta may result from the 
charge-exchange corrections or from straggling in energy 
loss of alpha particles emerging from deep layers in the 
source. Interpolation between the curves shown in 
Fig. 5, together with other observations not reproduced 
here, yields 0; = 278+4 kev, or C!” —C!* = 7,6534-0.008 
Mev. The difference (C'* —3He'*) is given pre 
cisely by Oit+Q2 72+4 kev. 

In the analysis described above, 
that the alpha-particle emission actually proceeds in 
two stages, with Be® in its ground state as an inter 
mediate product, and the width of the Be® state has 
been neglected. Direct evidence on the latter point is 


in the 


more 


it has been assumed 


in the observed small width of particle 
groups from various reactions leading to the ground 
state of Be*: for example, observations made here on 
the spread of the deuteron group in Be’(p,d) Be® permit 
an upper limit of about 1 kev to be placed on this 
width. Considerably smaller values, <3.5 ev” and 
4.5+3 ev" are obtained from analysis of scattering of 
alpha particles in helium. These values correspond to a 
mean life of ~210~'* sec or more, 
pared to characteristic nuclear times, a fact which is 
barrier 


available 


which is long com 


to be expected on the basis of the small 


Temmer, Phys. Rev. 104, 123 


oN 
(1956) 
“ Russell, Phillips, and Reich, Phys. Rev. 104, 135 (1956) 


P. Heydenburg and G. M 





FOWLER, 


514 COOK, 


TABLE I, Expected partial widths for a- and y-ray transitions for 
two possible assignments of the 7.65-Mev state of C”, 


J(C™*, 7.65) Se Ma 22) 
esti- esti 
max mated max (sp)* mated max (sp) 

(ev) (ev) (ev) (ev) (ev) 


I, (7.65) 


Ua =9) (0* -+2*, E2) (0 -+0, forbidden) 
0.0014 


*2*, M1) (2* 


05 0.005 l'ge~5 X107* eve 


Ug ™2) (2 “0*, E2) 
01 O01 06 O41 0.08 


* (sp) designates single-particle limits for radiation widths: see refer- 


ence 
» I'g¢ calculated from C'*(¢,c’); see J. H. Fregeau, Phys. Rev. 104, 225 


(1956); J. KR. Oppenheimer and J. S. Schwinger, Phys. Rev. 56, 1066 (1939), 


penetrability factor for two alpha particles with a 
center-of-mass energy of only 94 kev. We conclude that 
Be* acts essentially like a stable nucleus in “prompt” 
nuclear transmutations. The front slope of the spectrum 
of Fig. 5 is consistent with zero width for both the Be® 
and C'* states and places an upper limit of about 
10 kev for either. 

The possibility that the present results might be 
equally well explained by a direct three-body dis- 
integration of C'* has been given some consideration. 
In view of the strong electrostatic repulsions, it would 
be expected that the most probable outcome of such a 
process would be approximate equipartition of the 
energy among the three alpha particles, leading to a 
spectrum peaked more or less sharply at one-third of 
the energy difference corresponding to (C'!*—3Het‘). 
The observed spectrum in this case would exhibit an 
inflection at this energy, rising to a maximum at a 
somewhat lower energy, and eventually falling linearly 
to zero at zero energy. In Fig. 5, the point of inflection 
occurs at FE, = 180 kev, leading to a Q-value of 540 kev, 
clearly inconsistent with previous determinations of the 
C!* level energy. In addition, the fact that the curve 
remains approximately level indicates the contribution 
of just such a lower energy group as a in Fig. 7. We 
conclude that the present results indicate a two-stage 
reaction and are inconsistent with a direct three-body 
process. 

Determination of the fraction of B'* decays resulting 
in alpha emission requires, among other things, knowl- 
edge of the absolute density of B' nuclei produced in 
the target. Under the assumptions made earlier with 
respect to the distribution within the target, the number 
of B nuclei per incident deuteron per cm of depth in 
the target is 

n(B!*) 
p= na sec -, 
2p(B"). im 
where n is the number of B'' nuclei per cm’, @ the cross 
section for formation of B'’, @ the angle of incidence of 
the deuterons to the target normal, p(B")... is the 
momentum of the B' nuclei in the center-of-mass 


LAURITSEN, AND 


LAURITSEN 


system of the B'!(d,p)B' reaction, and (B") is the 
momentum loss per cm for B'* nuclei in tantalum. 

Of the B’* nuclei produced, only a fraction, f, decay 
during the counting period: an elementary calculation 
gives, for the time sequence indicated earlier, f=0.354. 
The number of a, particles per incident deuteron which 
should be observed on the plateau of the thick-target 
curve is 


dN(a1) XpapfQ no fQ secp 


ey 
dplas) 4my(a) \89(B")om.7 \ (a) 7’ 


where { is the solid angle accepted by the spectrometer 
(0.0063 steradian), n(a) is the momentum loss of the 
a particles per cm in the target, and xq is the branching 
fraction, relative to all B-decay processes from B?, for 
those 6 transitions to the 7.653-Mev level which ulti- 
mately result in alpha-particle emission. The quantity 
no was directly determined for the target by counting 
the 6 rays with a large plastic scintillator; a separate 
measurement of n by comparing the momentum shift 
of elastically scattered protons from pure Ta and the 
Ta-backed target gave o=0.29+0.04 barn at Ey=1.65 
Mev, in good agreement with an earlier determination 
by R. W. Kavanagh*® at this laboratory. 

The experimental value of dN(a,)/dp(a;) may be 
obtained most precisely from the normalization used in 
fitting the curves of Fig. 5. Using this result in the 
expression above, one obtains xgq= (1.34+0.4)%. The 
major contribution to the uncertainty arises from the 
ratio n(B'*)/n(a@), which was taken to be 2.7+0.5 from 
analysis of the relative stopping of boron nuclei and 
alpha particles in air and emulsions.” 

As noted previously, «gq is the branching fraction for 
the 8—a decays through the 7.653-Mev excited state 
of C'*, relative to all 6-decay processes from B'*. The 
C'* state may also decay by gamma-ray emission 
directly to the ground state (0*) or by a 3.22-Mev and 
4.43-Mev gamma-ray cascade through the J= 2? first 
excited state of C!*. According to Beghian et al.,!” the 
cascade decay is observed in Be*(a,n)C', while the 
direct transition to the ground state is at least 100 
times less probable. Independent limits for these modes 
may be derived from recent studies of the B' decay by 
Kavanagh* who finds, from #y-coincidence measure- 
ments, that y(7.65)/A(total)<10-4, +(4.43)/A(total) 

0.013+0.004 and, from yy-coincidence studies, that 
¥ (3.22) /y(4.43) <10~*. These results are consistent with 
those of ‘Tanner,*! Bent ef al.,?* Rasmussen et al.,*4 and 
Hornyak.” Thus the observed 4.43-Mev gamma rays 
result almost entirely from direct 6 transitions to the 
first excited state of C'* and the 3.22-Mev and 7.65-Mev 
gamma rays occur in at most 10~‘ of the 8 decays. For 


“#A. B. Lillie, Phys. Rev. 87, 716 (1952); D. L. Livesey, Can. J. 
Phys. 34, 203 (1956); P. M. S. Blackett and D. S. Lees, Proc. Roy. 
Soc. (London) A134, 658 (1932). 

“@R. W. Kavanagh, thesis, California Institute of Technology, 
1956 (unpublished) and private communication. 
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the de-excitation of the 7.653-Mev state in C!*, we thus 
have y(3.22 Mev)/a<10~? and 7(7.65 Mev)/a<10-?. 
Thus, to a good approximation, «gq is just the branching 
ratio of all 8 decays to the 7.653-Mev state. Using 
Wa(max) = Eg(max) + moc? = 13.376 + 0.511 — 7.653 
=6.234 Mev and 4,=0.206/0.013=1.58 sec for the 
effective half-life, one obtains log /t=4.2 for this transi- 
tion, placing it clearly in the class of allowed transitions. 
The corresponding values for the transitions to the 
ground state and to C!”"(4.43 Mev) are logft=4.1 and 
5.1 respectively. The transition to the ground state is 
definitely allowed and that to the 4.43-Mev state 
would seem to be allowed but unfavored or perhaps 
first-forbidden, but certainly not second-forbidden. The 
allowed transition to the 0* ground state of C!* requires 
that B'* have spin and parity 1*, since a O0* to Ot 
transition would violate the isotopic-spin selection rule. 
The allowed nature of the transition to the 7.653-Mev 
state then indicates 0* or 2+ for its spin and parity, the 
1+ possibility being ruled out by our observation of the 
a decay. 

The fact that the y-ray transitions from the 7.653- 
Mev state are at most 1% of the alpha-particle transi- 
tions makes possible a fairly definite choice between 
the 0+ and 2+ assignments for this state. In Table I we 
list the partial widths expected for the alpha and 
gamma transitions in the two cases. In these calcula- 
tions we have taken R( Be*+ He‘) =5.3X10-" cm. The 
maximum widths are given for alpha particles in terms 
of 6,2, the dimensionless reduced width in units of 
3h?/2M R?, and for gamma rays in terms of the single- 
particle values,“ (sp). The upper limit for @,? according 
to Wigner is unity, and a reasonable estimate for the 
present case is 6,’~0.1. For M1 gamma transitions in 
light nuclei, Wilkinson* finds an average of 15% of the 
single-particle value. The £2 transitions can actually 
be enhanced over the single-particle estimates in the 
collective nuclear model. However, for the 0*t—2t, 
3.22-Mev transition, Ferrell*® calculates I, =0.0014 ev 
with an error of the order of a factor of two. 

Table I shows that for the 0+ assignment for C!” 
(7.65), it is reasonable that a decay should exceed 
either y decay by a factor of at least 100, whereas for 
the 2+ assignment, we would expect the alpha decay 
and the two y-ray transitions to be comparable in 
magnitude. Although y/a~0.01 cannot be entirely 
ruled out for this assignment, still we feel that the 
evidence rather strongly favors the 0* assignment. The 


“S. A. Moszkowski, in Bela- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North Holland Publishing Company, 
Amsterdam, 1955). 

4 TD. H. Wilkinson, Atomic Energy of Canada Limited Report 
PD-260, Chalk River, Canada, 1955 (unpublished). 

R.A. Ferrell (private communication). 
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fact that the 7.65-Mev radiation has not been observed 
in other reactions resulting in the production of C!”* 
(7.65 Mev) is strong confirming evidence. 

The experiments discussed here have not established 
definitely that the 7.653-Mev state in C' decays by 
gamma radiation. This decay has been reported by 
other workers, however. The inelastic scattering of 
electrons by C" leading to this state shows that in any 
case nuclear electron-positron pair emission will trans- 
form C!* into C'*. As noted above, evidence for these 
pairs has been reported. The recent failure of Kruse 
et al.’ to observe pairs is not disturbing since their 
upper limit is not inconsistent with the decay widths 
presented in Table I. 


CONCLUSION 


It has been shown that the second excited state of C™ 
decays into three alpha particles through an inter 
mediate stage involving He‘ and the ground state of 
Be’. The general reversibility of nuclear reactions thus 
leads us to expect C' to be produced in the Salpeter 
processes : 


2He*=—Be'; Be*(a,y or e*)C". 


The experiments reported here show that the ex- 
citation energy of C!* is 7.6534-0.008 Mev, that 
Q(C!”— Be*— He‘) = 278+4 kev, 0(C!”—3He*) = 372 
+4 kev, and that the most probable spin and parity 
assignments for this state are J=0*. It would thus 
appear that this state does indeed play a dominant role 
in the synthesis of elements from helium as predicted 
by Hoyle. The reaction rate of the conversion of helium 
into carbon is 


lr, 43,2 
p=2.37XK10(pxq)? exp( - ) sec”, 
qT. ee 


4 4 


where I',~0.0014 ev. If the gamma radiation is highly 
forbidden, then I’, must be replaced by 'y,~5X 107° ev. 
Further examination of the implications for astrophysics 
are made in the following article by Salpeter. 
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The rates are calculated for thermonuclear reactions involving alpha particles, at temperature 7° of the 
order of 10* °K. In particular, the conversion of three alpha particles into a C” nucleus and (a,y) reactions 
on C#, O'*, and Ne” are considered, as well as C'(a,n)O'*. Rough estimates are also given for alpha reactions 


on the other isotopes of N, O, F, and Ne. 


The reaction rates are used to re-evaluate some characteristic central temperatures 7 for Hoyle and 
Schwarzschild’s model for the evolution of a population II red giant: for stars “at the tip of the red-giant 
branch,” where helium burning first becomes important, 7, 1.0 10* °K; for stars at the beginning of the 
“horizontal branch,” where helium burning contributes appreciably to the energy production, 7.1.3 
10° °K, At these temperatures the rates of formation of C?, O'%, and Ne” are roughly comparable (if the 
spin and parity of a certain resonance level in Ne” is suitable), but the production rate of Mg™ and heavier 
nuclei is negligible. Of the alpha reactions on the rarer isotopes, by far the fastest is C"(a,n) and most of 


the C¥ is used up near 7, =0.8 ¥ 10 °K 


1. INTRODUCTION 


N two previous papers! those thermonuclear reactions 

were discussed which might take place in the 
interior of the most common types of stars—those 
which consist mainly of hydrogen. As is well known, 
the main effect of these reactions is the conversion of 
hydrogen into Het. Since hydrogen made up the bulk 
of the star originally and since chemical mixing is 
unimportant in most stars, a core consisting mainly of 
helium will build up slowly in these stars. After a 
certain fraction of the stellar mass is contained in this 
helium core, the core begins to contract.? The density 
and temperature of this core continue to increase with 
time, accompanied by an expansion of the outer layers 
of the star, until further thermonuclear reactions begin 
to occur inside the core. It was suggested by Opik and 
by Salpeter® that the first and most important of such 
reactions is the conversion of three alpha particles into 
one C nucleus. Once C™ has been formed, O'®, Ne”, 
etc., can be built up by successive (a,y) reactions. 

The 3a—C reaction, and related reactions, in stars is 
of interest from two different points of view: first of 
all, as a source of energy production in stars; secondly, 
in connection with theories on the formation of all the 
nuclear species by means of nuclear reactions in the 
interior of stars. From both points of view the 3a—C 
conversion is the key reaction since it is the gateway 
to all reactions which build up heavier elements and 
which produce energy, starting from helium. The 
present paper therefore concentrates mainly on the 
reaction rate for the 3a—+C conversion. However, the 
relative importance of other reactions is rather different 
for the two different purposes. For purposes of nucleo 


* Supported in part by the joint program of the Office of Naval 
Research and the U.S, Atomic Energy Commission. 

1 E. E. Salpeter, Phys. Rev. 88, 547 (1952), and 97, 1237 (1955) 
(hereafter referred to as I and IT, respectively) 

?F. Hoyle and M. Schwarzschild, Astrophys. J. Supplement 
Series 2, 1. (1955). 

4E. J. Opik, Proc. Roy. Irish Acad 
Salpeter, Astrophys. J. 115, 326 (1952 


AS4, 49 (1951); E. E. 


genesis one is also interested in building up very rare 
nuclear species. Thus, even some kinds of reactions 
which involve only a small fraction of the matter of 
the star are of importance. Further, for predicting 
abundance ratios of various nuclear species we unfortu- 
nately need to know the ratios of various reaction rates 
with reasonable accuracy. For these purposes, then, 
our knowledge of the relevant reaction rates can still 
stand a lot of improving. What conclusions can be 
reached with our present knowledge has been dis- 
cussed well and in detail elsewhere in the literature ® 
and this paper will add little to the question of nucleo- 
genesis. 

From the point of view of sources of energy produc- 
tion, the reactions starting from the main constituent 
of the stellar core, helium, should be most important. 
Further, the rate of energy production is controlled 
mainly by the rate of the first, the 3a—>C, reaction: 
the energy release per C” nucleus is 7.3 Mev, if this 
nucleus undergoes no further reactions. If the rates for 
the reactions C!(a,y)O"® and O'*(a,y)Ne”, say, are 
very fast then an additional energy of 11.9 Mev per C” 
nucleus is released by its conversion into Ne”, increasing 
the rate of energy production only by a factor of 2.6. 
In stellar interior calculations one essentially uses the 
nuclear reaction rates only to determine the tempera- 
ture at which energy is produced at a required rate. 
The rate p of the 3a—C reaction is highly temperature 
sensitive (p« T” for T near 10° °K) and a fairly large 
error in the reaction rate will lead to quite a small 
error in the calculated temperature. The energy pro- 
duced by reactions involving minor constituents of the 
stellar core could be of some importance only at one 
particular stage of the evolution of the star. This will 
be discussed at the end of Sec. 6. 


*F. Hoyle, Astrophys. J. ss age ge 1, 121 (1954) 
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The rate of the 3a—C"” reaction is enormously 
sensitive to the presence of any resonances in the 
suitable energy regions. If this reaction had to proceed 
via genuine three-body collisions, unassisted by any 
resonances, its rate would be negligibly small at the 
relevant temperatures of about 10° °K. The existence 
of the Be® ground-state level, at 94-kev relative kinetic 
energy between two alpha particles, already enhances 
the reaction rate enormously. A dynamic equilibrium 
is set up involving a minute but well-known concentra- 
tion of Be* and our problem is reduced to finding the 
rate of the Be*(a,y)C"” reaction. Even without a suitable 
resonance in C”, the reaction would proceed at a non- 
negligible rate, but would be much slower than the 
subsequent (a,y) reactions on C® and O'*. Hoyle* 
pointed out that a resonance level in C” at 7.6- to 
7.7-Mev excitation would the Be'(a,y)C” 
rate further to a sufficient extent, so that the production 
rate of C is comparable with the rate of its destruction. 
One such level was in fact found subsequently.’ If this 
level has the right spin and parity to be accessible to a 
Be*® nucleus plus alpha-particle, most of the 3a—C 
reaction proceeds via this resonance level in C” and 
the rate depends critically only on some of the properties 
of this level (in particular, on its exact energy value 
and one of the partial widths for its decay). After the 
discovery of this resonance level, estimated rates for 
the 3a—C reaction had been calculated by Hoyle,‘ by 
Salpeter,’ and, more recently, by the Kyoto® and Tokyo® 
groups. More definitive experimental work on this 
resonance level in C” has been done recently and is 
reported on in the preceding paper.’ We re-evaluate in 
this paper the reaction rates in the light of the new 
experimental work and discuss the various sources of 


enhance 


errors. 
2. 7.65-Mev STATE IN C”” 


We discuss now the energy position and the partial 
widths of the second excited level in C. The relevant 
part of the energy-level diagram is given in Fig. 1. 

We write E,=Q,+(Q2, where Q, is the energy release 
in the decay of the second excited state of C” into Be*® 
plus an alpha particle and Q» the decay energy for 
Be*—>2a. We call the excitation energy of the second 
excited C” state E,. The energy we shall need to know 
most accurately is £,, since it occurs in a Maxwell- 
Boltzmann factor in the final formula for the 3a—C” 
reaction rate. The earlier experiments did not measure 
E, directly, but measured the excitation energy E,. 
From the measured Q-values of various nuclear-reaction 
cycles” we find, for the binding energy of the three 


7 Dunbar, Pixley, Wenzel, and Whaling, Phys. Rev. 92, 649 
(1953). 

‘FE. E. Salpeter, in “Symposium on Astrophysics, University 
of Michigan, July, 1953” (unpublished) 
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Fic. 1. The relevant energy levels in C". 
Energies are expressed in Mev 


alpha particles in the C" ground state, 3a—C"= (7.282 
+0.008) Mev. Using this value, the Dunbar e/ al.’ value 
for E, gives E,= (398432) kev, the Pauli! and Ahn- 
lund" values give E,=(378+24) kev and E,= (376 
+29) kev, respectively. These values are quite con 
sistent with the much more accurate and direct meas- 
urements of /, reported in the preceding paper (CFLL). 
We shall adopt this new value of 


QO,= (2784-4) kev, E,=(372+4) kev. (1) 


This accuracy for E, is quite sufficient for our present 
purposes; an error of 4 kev changes the reaction rate 
at 1.2108 °K by a factor of less than 1.5. The corre- 
sponding excitation energy of the C” level is 


E,= (7.65440.009) Mev. 


We discuss next the experimental data on the spin 
and parity of the 7.65-Mev level in C” and on the three 
partial widths I’,, I',, and I’, for its decay into Be*+a, 
for a y-ray cascade to the ground state via the 4.43-Mev 
(2+-) level and for a direct transition to the C ground 
state (0+-). y-ray transitions directly to the ground 
state have never been observed and there is general 
agreement that I’, is very small. Much of the earlier 
experimental work indicated that I’, is much larger 
than I’, (for instance, from the absence of C" recoils in 
the excitation of the 7.65-Mev level!’). The experi 
ments described in the preceding paper (CFLL) 
establish this fact beyond doubt and demonstrate 
directly the existence and preponderance of the alpha- 
particle decay channel. These experiments further 
yield two inequalities for the branching ratios of the 
partial widths, 

r,<0.01P,>Py. (2) 


The preponderance of I’, establishes the important fact 
that the 7.65-Mev state in C” can be reached from 
Be*+a and restricts its possible spin and parity to 
0+, 1—, 2+, 3-, etc. 


1 R. T. Pauli, Arkiv. Fysik 9, 571 (1955); K. Ahnlund, Arkiv 
Fysik 10, 369 (1956) 

” Rasmussen, Miller, and Sampson, Phys. Rev. 100, 181 (1955) 
Only one of the earlier investigations [ R. G. Uebergang, Australian 
J. Phys. 7, 279 (1954) ] seems to be inconsistent with the result 
that gry. 
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From the purely theoretical grounds of nuclear 
models, the assignments 0+ or 2+ are the most 
probable ones, All the experiments relating to the 
7.65-Mev level are consistent with it being 0+ and 
many of them give at least very strong circumstantial 
evidence against any other spin and parity assignment 
(such as the absence or extreme weakness of y-ray 
transitions directly to the ground state. For other 
arguments, see CFLL). Conclusive proof that transi- 
tions directly to the ground state proceed via electron- 
positron pair emission would clinch the 0+ assignment. 
The presence of such pairs has been reported, but 
possibly not yet conclusively. However, some quite 
definite conclusions can also be drawn from the Stanford 
experiments” on inelastic high-energy electron scatter- 
ing from C": Both absolute scattering cross sections 
and angular distributions have been measured for 
inelastic electrons corresponding to excitation from the 
C" ground state (0+-) to the 4.43-Mev level (2+-) and 
to the 7.65-Mev level in question. An analysis" of the 
angular distribution, if it were known completely, would 
determine the spin and parity of the level. The present 
data are compatible with 0+ and 2+, although 0+ 
gives the better fit. If we assume the 0+ assignment, 
then the absolute inelastic scattering cross section gives 
the electric-monopole matrix element.'® This in turn is 
related to the partial width 'y,=I', for the electron- 
positron pair emission accompanying the direct transi- 
tion from the 7.65-Mev level to the ground state and 
gives 

ry.=Ty=4X10 ev. (3) 
On the other hand, if we were to assume a 2+ assign- 
ment, the same electron-scattering data would yield 
quite a different value for !',, which would now corre- 
spond to an electric-quadrupole y-ray transition di- 
rectly to the ground state. This value would be about 
I’, 4 10~* ev, which we shall see is much too large to 
be compatible with the California Institute of Tech 
nology data embodied in Eq. (2). 

We come now to theoretical estimates of the partial 
widths I’, and I',. An upper limit to the alpha-particle 
width I’, is given by the so-called Wigner limit'® and a 
rough estimate for the radiation width T, is given by 
the Weisskopf formula,'* once we have made a spin and 
parity assignment. The Wigner limit I’, depends on the 
I-value of the alpha particle (and hence on the spin 
assignment for the level) and on the nuclear radius of 
C" through the barrier-penetration factor. Our uncer- 
tainty in nuclear radii introduces an error of about a 
factor of two or three into the Wigner limit; with a C” 
radius of 5.2*10-" cm we find <7 ev if the state is 
0+ (s-wave alpha-particles) and ', <0.2 ev if the state 

8 J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955) ; 
Phys. Rev. 104, 225 (1956). 

“LL. I. Schiff, Phys. Rev. 96, 765 (1954). 

1°. F. Sherman and D. G. Ravenhall, Phys. Rev. 103, 949 
(1956); also private communication from Dr, Ravenhall. 


J. Blatt and V. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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is 2+ (d-wave alpha-particle). For the 2+ assignment 
one would get from the Wigner limit and from Eq. (2) 
the inequality ',<2X10~* ev, which would clearly be 
incompatible with the value of [,~4X10~ ev, which 
the electron-scattering data would give for 2+. We 
therefore discard the 2+ assignment, assume 0+ and 
hence Eq. (3) for '4.=I',. The first step in the cascade 
transition from the 7.65-Mev level to the ground state 
is then an electric-quadrupole transition to the 4.43- 
Mev state with the emission of a 3.32-Mev y ray. The 
Weisskopf estimate for I’, gives about 5X 10~ ev. 

Instead of considering the Wigner limit for T, and 
the Weisskopf estimate for I',, it may be of interest to 
use an extremely crude but explicit model for the C” 
nucleus: We consider the nucleus as a two-particle 
system made up of one alpha-particle and one (‘‘point- 
particle”) Be* nucleus. For the potential V(r) between 
the two particles we take a repulsive core of radius r,, 
surrounded by an attractive square-well potential of 
depth Vo out to a radius R. We fit the three parameters 
Vo, re, and R by requiring the excitation energies of 
the lowest D-state and the first excited S-state to have 
the correct experimental values of 4.43 Mev and 7.65 
Mev, respectively, and for the binding energy Q of the 
first excited S-state to be 278 kev, Eq. (1). We find 
r.=0.7X10-" cm and R=5.2XK10-" cm. T, and I, 
can now be evaluated explicitly and the results are 
r,=2.5 ev and l',=2.2K10~ ev. This model should 
give upper limits both for IT, and for I',, since the 
overlap integral between initial and final state of the 
substructure which we call the “Be*-particle” has been 
replaced by unity in our model. In fact, according to 
the simplest “pure” alpha-particle model or shell model 
one would expect I’, to be extremely small. However, 
it has been shown'®"” that both the 4.43-Mev and the 
7.65-Mev states must have fairly “impure” wave 
functions from the point of view of either model and 
we expect I, to be lower than our upper limit of 2X 10~* 
ev by not much more than a factor of 10. The quantity 
we shall need for the reaction rate is the sum of the 
two partial widths for transitions which lead to the 
ground state and we adopt 


Py et+ly=1X 10" ev, (4) 


We have the value of Eq. (3) as a rigorous lower limit 
for ',.+T', and the upper limit of 2 10~* ev given by 
the model described above. The value of Eq. (4) can 
thus be in error by a factor of at most twenty and in 
reality the error is probably considerably smaller than 
that. 


3. RATE OF THE 3a-+C'? REACTION 
The individual steps in the process we are considering 
are 
2a+94 kev—Be'’, 
Be*+a+278 kevC™, (5) 
C"*+C"+ 27+7.654 Mev, 
‘7 R. A. Ferrell and M. Visscher, Phys. Rev. 104, 475 (1956). 





NUCLEAR 


and the net result is 
3a—>C?+-27+7.282 Mev. (6) 


We are interested in the rate of this reaction for 
temperatures of the order of 10°°K. Between about 
0.8 and 10 (X108 °K) the overwhelming contribution 
to the rate of reaction (6) comes from the resonances 
of Eq. (5) and we can neglect the nonresonent contri- 
bution to the reaction. The reaction rate can be calcu- 
lated by using the Breit-Wigner single-level formula 
for reaction cross sections for the steps in Eq. (5) and 
integrating the Maxwell energy distribution of the 
alpha particles over each of the two relevant reso- 
nances. However, we can obtain the same result more 
simply from statistical mechanics. 

The partial width for the absorption of an alpha 
particle by a Be* nucleus is negligibly small compared 
with the partial width for the breakup of a Be* nucleus 
into two alpha particles. A dynamic equilibrium is thus 
set up between the concentrations of Be* and Het. 
Similarly the inequality, Eq. (2), shows that the partial 
width for the decay of the second excited state C'* to 
the C” ground state is small compared with the width 
for its breakup into Be*+a. Thus the concentration of 
the C!* state is also in equilibrium with those of Be® 
and He‘. The law of mass action'® then gives the 
equilibrium concentration ng of second excited states 
C!* of C in terms of the concentration n, of Het 
(just as for the equilibrium between a triatomic mole- 
cule and its constituent atoms). This relation is 


2rh? \3 
nena ) 3he Blt (7) 
M kT 


where M, is the mass of the alpha particle and £, is the 
energy difference between C* and three free alpha 
particles, Eq. (1). The number P of C® nuclei in their 
ground state which are formed per cc per second is 
then simply P=n,(C,+I',)/h, where h/(T,+T,), Eq. 
(4), is the mean decay time for a transition from C!* 
to the C” ground state. ‘The mean rate of destruction 
pa of He‘ per alpha particle per second is 3P/n, and the 
rate of energy production e per g per second is PQ/p, 
where (= 7.282 Mev is the energy release per reaction, 
p is the density in g/cc and x, is the fractional abun- 
dance (by mass) of Het. 
We find then 


2rh? \* se+Ty 
p= 3ine(— 5 -) é€ sane - ) 
M kT h 
prta\? (Vset+T'y 
=2.37x104( ‘) ( yr 4 
10° 10~* ev 
43,2 
xew(- ) sec", (8) 
T 


8y. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1940), p. 206 
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TABLE I. The rate of energy production ¢9 (in erg/g/sec) for 
temperatures 7) (in 10* °K). The quantity m is the exponent in 


Eq. (10). 


Te 0.85 1.0 1.1 1,2 1,35 1.5 2.0 


2.410? 9.1108 1.85108 7.110" 1.3108 7,3 x10" 


& 0.19 
n 40.2 36.2 33.0 29.0 25.8 18.6 


47.8 


where T is the temperature in units of 10°°K. The 
rate of energy production is 


2 ’ c . 
= 1asx10"(— ) ea'(—* +I ‘yr . 
10° 107 ev 
43.2 
xexp( —_ ) erg lg sec. (9) 
T 


For temperatures 7 near 7», € can be written in the form 


€= €o(T/To)*. (10) 


For p*x,’=10" and for Ty,+1',=10% ev, the param 
eters «9 and m are given in Table I for a number of 
temperatures 7. The mean rate p, of destruction of 
alpha particles, Eq. (8), has the same strong tempera 
ture dependence as the energy production in Table I. 
For px,= 10° and T=1.0, for instance, the mean life of 
helium, pa™', is 7.710" years. 

The possible errors inherent in Eq. (8) and (9), or 
the numerical values in ‘Table I, can be summarized as 
follows: we have included in the reaction rate only the 
resonance contribution from the 7.65-Mev level in C”. 
In stellar cores which are “burning helium,” only a 
fairly narrow temperature range is of importance; for 
T less than about 0.9 (108 °K) the rate of energy 
production is negligible; for 7 larger than 2 or 3 
(108 °K) the rate is so enormous that practically all 
the helium has been used up before such temperatures 
are reached. In this temperature range the error due to 
neglecting the nonresonant contribution is negligibly 
small, The error in the rate due to the uncertainty in 
the resonance energy E, is only about 40%. The 
largest uncertainty lies in the partial width, 'y,+T', 
=10~* ev, which could be in error by a factor,of not 
more than 20 either way. The rates in Eq. (8) and (9) 
are simply proportional to the square of the density p. 
At high densities (p2 10°) the effects of electron screen- 
ing can increase the rate by an appreciable amount. 
This is discussed in Sec. 5. 


4. SUBSEQUENT (a,y) REACTIONS 


We calculate next the rates of the successive (a,7) 
reactions, starting with the C produced by the 3a—+C 
reaction. Such (a,y) reactions are exoenergetic for the 
whole chain of nuclei with Z=N=even, from C” up 
to Ca®. However, at temperatures less than 2108 °K, 
(a,y) reactions on Mg™ and heavier nuclei are negli- 
gibly slow and we only consider the three (a,7) reactions 
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TABLE II. Some of the relevant quantities involved in the 
calculation of the rates of three (a,y) reactions 


R 
y | aio" 
rT’ (Mev) (Mev) cm) y &? 


69.2 715 0.23 §.27 13.0 3.5108 
85.6 4.75 0.29 5.5 19.7 2.8108 
100.7 931 034 57 26 4.1 10° 


‘w* 
(Mev) 9," 


0.74 
0.63 
0.57 


0.07 
0.02 
0.10 


C—O 
O-Ne 
Ne »Mg 


on C®, O'*, and Ne”. The energy release Q (in Mev) 
for these three reactions is given in the second column 
in Table II. 

Let A,;=2Z,;=4, Ax=2Z, be the atomic weight of 
the alpha-particle and of the colliding nucleus (C”, 
Q'*, or Ne”, spin zero, parity even) and £ their relative 
kinetic energy (center-of-mass coordinates). We shall 
use the Breit-Wigner single-level formula for the 
contribution to the reaction rate from a level of spin / 
and parity (—)! of the compound nucleus A ,+ A2 (O", 
Ne”, or Mg™), whose energy (relative to a free a 
particle plus colliding nucleus A,) is £,. We need first 
of all theoretical estimates for the partial alpha-decay 
width I’, of the level at energy E (not E,). We define 
a nuclear radius R for the collision by 


R=[1.3(A;+A2)!+2.0]X10- cm. (11) 


Our rather arbitrary recipe Eq. (11) for the fiction of 
a sharp nuclear boundary R gives values which are 
slightly smaller and vary slightly less strongly with A» 
than the more usual 1.45(A,!+A,!)X10°" cm. We 
assign a probable error of about 10% to our values of 
R (see column three, Table IT). 

We further define two dimensionless quantities 


R2ye’Z 22 e 
“ek 
hi hy 


ossizz 
( 


where uw is the reduced mass and E£ is the relative 
kinetic energy expressed in Mev. For our cases, 277 is 
large compared with unity and the a width I, can be 
written in the form 


Pa(E) = tre y* = tre Ory wy", 


yerr" Yu f 3h? ( 13) 
E/ , 


nG?(n,¥) R 2MR® 


In Eq. (13), y*@7°/R is the reduced alpha-particle 
width in energy units, yw* is the Wigner-Teichmann 
upper limit to this quantity and 6? is a constant, 
smaller than unity, which depends on the internal 
structure of the resonance level. G:(n,y) is the irregular 
Coulomb wave function, normalized in the usual way.” 
The dimensionless quantity £? is a slowly varying 
function of » and hence of the energy FE. The cross- 
section factor S [S in laboratory coordinates, see I, 


7. Bloch ef al., Revs. Modern Phys. 23, 147 (1951). 
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Eq. (7) ], using the Breit-Wigner single-level formula, 
is then given by 


A2S 
A\+A,z 


=¢""Ka(E) 
ah’ (t’y*)T, 


(2/+-1) m 
2u [(E—E,)*+1*/4] 


(14) 


where yu is the reduced mass, I’, is the partial width for 
a y-ray transition from the resonance level to the 
ground state of the compound nucleus, and f=P,+T, 
is the total width. 

The total reaction rate p is obtained by integrating 
the cross section o(£), obtained from Eq. (14), times 
the Boltzmann factor which is proportional to e~*/*7, 
over all energies EZ. In the integrand the function & 
varies slowly with the energy E and the two factors 
which vary strongly with £ are the energy denominator 
in Eq. (14) and the exponential factor exp(— 2m 
— E/kT). This exponential factor has a maximum value 
of e~' at an energy E,, and the behavior of the factor 
near its maximum is 


E-E, \? 
exp(—2an— E/kT) =e-* exp] ~( ) | 
2Em//T 


ZYZPA\A2 i 
Em=kT'r/3, 7 12.5 ~ |. 
(A,+A,)100T 


(15) 


where 7’ is the temperature in units of 10° °K. In the 
first and third columns of Table II the constants Tr! 
and the values of E,, for a temperature of T7=1.2 are 
given. In all our cases, 7>1 and the energy width of 
the Gaussian in Eq. (15), 2E,,/+/7, is small compared 
with E,, but very large compared with the total width 
I’ of the resonance level. The integral over E which 
yields the reaction rate p can then be approximated by 
the sum of two terms. One of them, the nonresonant 
contribution p, from energies near E,,, is obtained by 
substituting the expression (14) for S into Eq. (9) of 
reference I. It is 


Pn (21+-1)(A1+A:2)? tPy*T, 
re * 
t ApAdZide (Em —E,)?-+1/4 


X 2.82108 sec, (16) 
where &; is evaluated at an energy of En, p is the 
density in g/cc and «, is the fractional abundance (by 
mass) of species 1 (the alpha particles). The quantity 
p' is the mean lifetime of a nucleus of species 2 in 
seconds. If £, corresponds to a positive relative kineti« 
energy between the nuclei 1 and 2, then we get another 
contribution p, to the reaction rate from energies in 
the vicinity of Z£,. This contribution is 


. wel 2eh?\! 1,1, 
; —_—-¢ ene ) : 
xX) A, kT A(T. } ry) 


(17) 
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where No is Avogadro’s number, u is the reduced mass, 
and I’, is the partial width, Eq. (13), evaluated at an 
energy of E,. If '4&I,, then¥p, does not depend on 
I, and Eq. (17) reduces to 


br 1 fAr+As\! E, 
ss ( ) T ‘exp _ 2m.) 

px, Ay A\A2 kT 

EP (21+1)y*X 4.8710" sec, (18) 
where the expressions n, and £/, Eqs. (12) and (13), 
are evaluated at an energy of E,. T is the temperature 
in units of 10° °K and ¥* is the reduced alpha-particle 
width in Mev. 

In the last three columns of Table II we give the 
values we shall adopt for the factors &? and @,? and the 
Wigner limit yw* to y* for the three (a,y) reactions 
considered. We now discuss the choice of these numbers 
and the reaction rates in more detail. 


(i) C!?(a,7)O'* 


The energy release” Q of this reaction is (7.148 
+0.008) Mev. There are no resonance levels” in O'* 
for positive values of /, less than at least 1.5 Mev (the 
8.6-Mev level). We can therefore neglect any resonant 
contribution p, to the reaction rate and consider only 
Eq. (16) for the nonresonant contribution p,. This 
contribution comes overwhelmingly from the fourth ex- 
cited (7.115+0.012)-Mev level, i.e., from £,= — (0.033 
+0.02) Mev. The contributions from the three lower 
excited states is negligible because their gamma-ray 
widths I’, are much smaller than those from the higher 
excited states because the energy denominator in Eq. 
(16) is much larger for them. 

From Eq. (15) the reaction mainly involves relative 
kinetic energies near F,,=0.20T! (with T in 10% °K) 
and the energy denominator in Eq. (16) reduces 
approximately to 


(E,n— E,)?= (0.20T! Mev)?(1+0.3T~4). 

The 7.12-Mev resonance level has spin and parity 1- 
and requires an alpha-particle with /=1. The Wigner 
limit of the reduced alpha width yw* and the factor &? 
are given in Table IT for our assumed nuclear radius of 
R=5.27X10-" cm. An analysis of elastic alpha-particle 
scattering” from C” indicates that (for the higher 
resonance levels) the value of R is uncertain by not 
much more than 10%, which introduces an uncertainty 
of a factor of about two into £7. Elastic a-scattering 
also gives values for the reduced widths y* of the levels 
at higher energy. For most of these, the value of 
6,°=7*/yw* lies between 0.01 and 1, For the 7.12-Mev 
0.05 Mev, i.e., 0,?=0.07, 


level we adopt a value of * 


»F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
2R. W. Hill, Phys. Rev. 90, 845 (1953); J. W. Bittner and 


R. D. Moffat, Phys. Rev. 96, 374 (1954) 
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which should be in error by a factor of less than fifteen 
either way. 

The 7.12-Mev gamma-ray transition to the ground 
state is an electric-dipole (£1) one. For an allowed £1 
transition the Weisskopf estimate for the gamma-ray 
width I’, is about 200 ev. However, to a first approxi- 
mation, the transition is forbidden since both initial 
and final states have isotopic spin zero. ‘Theoretical 
estimates” of isotopic-spin mixing indicate a width of 
the order of 10°* of the Weisskopf estimate. Nuclear 
recoil experiments gave a limit of I',0.08 ev and a 
recent resonance-fluorescence experiment™ gives a value 
of ', 0.13 ev, to within a factor of about two. 

Using this value of ',=0.13 ev, we thus find for the 
cross section factor S, defined in Eq. (14), 


2.0% 10! 
ev barns. 
(0,2079+-0.03)? 


The reaction rate, given by Eq. (16), is 


p 5.310" Ee 20/7 


pXa 72(14-0.3T~ 4) 


to within a factor of about twenty either way 


(ii) O'*(a,y)Ne*’ 


The energy release Q of this reaction" is (4.75-+-0,02) 
Mev. There are two resonance levels of Ne*® in the 
relevant energy region™ at (4.95+-0.02) Mev and at 
(5.62+0.02) Mev, i.e., with £,= (0.20+0.03) Mev and 
E,= (0.87+0.03) Mev. Unfortunately nothing is known 
about the spin and parity of these two levels and such 
a level can contribute to the reaction rate only if it is 
0+, 1—, 2+, etc. We shall therefore estimate the 
resonance contribution p, for each of the two levels 
separately and also the nonresonant contribution py. 

For the lower level, I’, is about 10°'® ev and thus 
certainly less than I’, and we can use Eq. (18) for the 
resonance contribution p, to the reaction rate. The 
Wigner limit yw* for the reduced width is given in 
Table II as well as £? for /=0 and F,=0.2 Mev. The 
factor (2/+-1)&? does not decrease very rapidly with 
increasing /-values until /~4 and is about twenty 
times smaller for /=3 than for /=0. We shall use the 
value of & for /=0, but use a rather small value, 
6,’=0.02, for y*/yw*. This gives for the reaction rate 


2.2/7 2.4% 10~" sec (20) 


The uncertainty in the nuclear radius R, and in the 
resonance energy E,, make p uncertain by a factor of 


21,. A. Radicati, Proc. Phys. Soc. (London) A67, 39 (1954); 
D. H. Wilkinson, Phil. Mag. 1, 379 (1956) 

4. P. Swann and F. R. Metzger, Bull. Am. Phys. Soc 
1, 211 (1956) 

“RK. G. Freemantle et al., Phys. Rev. 96, 1270 (1954) 
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about 3 and of 5, respectively. The biggest uncertainty 
comes from (2/+1)§/70,’—about a factor of 50 either 
way, if the level is 0+, 1—, 24-, or 3—. The contribu- 
tion is of course zero if the level is 14+, 2—, etc. 

For the resonance contribution p, from the upper 
level at E,=0.87 Mev we don’t even know whether I’, 
or I’, is the larger. Nevertheless the quantity I'T,/ 
((.+1T',), which we need to substitute into Eq. (17), 
can be estimated to lie within about 2X10~ ev and 
2 ev, if the state is 0+, 1—, 2+, 3—, or 4+: for 
instance, for /=1, 6,2=1 and a large E1 gamma-ray 
width we get 2 ev for this expression; for /=3, 6,” 
=().005, we get 10°* ev. We thus adopt 0.02 ev for 
this quantity, to within a factor of 100 either way, 
and get” 

T $e" 9/7 % 5K 108 sec. 


Pu Pra (21) 


‘To get an order of magnitude estimate for the non- 
resonant reaction rate p,, we assume the following 
hypothetical level: E,,—E,~1 Mev, l=0, 6,?~0.03, 
and [',~0.05 ev. These numbers and Eq. (16) give 


Pn/pXa~VPT he 6/74 sec, (22) 


In the temperature range T=1 to 2, both the contri- 
butions p, and p,, Eqs. (21) and (22), are negligibly 
small compared with the resonance contribution p, 
from the lower level, Eq. (20). 


(iii) Ne?’ (a,7~)Mg*' 


The energy release of this reaction is 9.31 Mev. The 
resonance levels in Mg™ have been studied by elastic 
alpha-particle scattering’ for a-energies of E,=2 Mev 
and larger. The average level spacing between levels 
with 0+, 1—, 24+, or 3— is about 150 kev. The opti- 
mum energy E,,, defined in Eq. (15), varies from 290 
kev at T’=1 to 460 kev at T= 2 and the width 2E,,/4/r 
of the Gaussian factor in Eq. (15) is about 60 kev. 
We therefore overestimate the reaction rate by a factor 
not much bigger than unity if, for each temperature T 
separately, we assume there is just one level with energy 
E,,= E,. At these energies, '4<<T, and we can use Eq. 
(18). If we assume /=0 and 6,’=0.1, we obtain 


T4e.11T' >” 4.610" sec, (23) 


p/pxa 
This expression is probably an overestimate and the 
correct rate should lie between about 10~* and 10 times 
the rate given in Eq. (23). 

Even an upper limit for the rate of the Mg™(a,y)Si** 
reaction is much smaller than the rate in Eq. (23) for 
Ne” (a,y)Mg™ and we shall not consider this or subse- 
quent reactions. 


* W. W. Buechner and A. Sperduto, Massachusetts Institute 
of Technology Annual Progress Report, May, 1955 (unpublished), 
give preliminary values of Z,=0.22 Mev and 1.06 Mev for the 
lower and upper level (instead of Freemantle’s 0.20 and 0.87). 
These values, if confirmed, would increase p; slightly and decrease 
fu quite considerably. The contribution from the upper level 
would then be even more negligible 

* FE. Goldberg ef al., Phys. Rev. 93, 799 (1954). 
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5. OTHER REACTIONS AND RESULTS 


We have so far discussed only the reaction chain 
which can take place, starting from pure He‘. The 
interior of the star may also contain small amounts of 
other nuclear species, in particular carbon and heavier 
elements. At temperatures in the range T7=1 to 2 (in 
10°°K) we can neglect alpha-particle reactions on 
nuclei heavier than neon. The alpha-particle reactions 
on all the isotopes from carbon to neon (besides those 
on C®, O'8, Ne” which we have already discussed) are 
listed in Table ITT. 

The importance of the C%(a,n) reaction for the 
formation of heavy and neutron-rich nuclei in the 
interior of stars was first pointed out by Cameron.* 
The role played by the other two (a,m) reactions in 
Table III in nucleogenesis has been discussed by 
Fowler et al.,° and some of the reaction rates have also 
been calculated.””? From the point of view of energy 
production (at temperatures below T= 2), only those 
reactions in Table III could be of any importance 
which are much faster than the 3a—>C reaction, since 
the initial nuclei in Table III have low abundances. 
We shall see that only the C(a,m) reaction is very 
fast at the lower temperatures. 

We have calculated the rate of the C(a,n)O' 
reaction as follows: The energies and neutron widths 
I,, of all resonance levels in O'’ (near the relevant 
energy region) are known from elastic scattering of 
neutrons from O'* [see Table I (17) of reference 20]. 
The main contribution comes from the J= 4+ level at 
6.30 or 6.34 Mev (£,= —0.04 or 0 Mev) with neutron 
width I’, =120 kev. This state can be reached by an 
alpha particle with /=1 impinging on the ground state 
of C". We shall use the nonresonant single-level Breit- 
Wigner contribution, Eqs. (14) and (16), just as we 
had done for C'*(a,y) in the previous section, except for 
two modifications: I’, is replaced by I’,=120 kev and 
the statistical weight factor (2/4+-1) has to be generalized 
to (2Ji74+-1)/(2Jis+1) =1, where J;7 is the spin of the 
resonance level in O'? and J,, that of C'*. For the 
Wigner limit to the alpha-particle width we use the 


TABLE III. The reactants (‘final’) in alpha-particle reactions 
on various nuclei (“initial”). Q is the energy release in Mev and 
t is the mean life for the reaction (in years) for T=1.2 and pxq 
= 105. 


Initial Final Q 
Cu ou 

Oo" Ne 
Ne® Mg™ 


2.10 
0.60 
2.58 


N 4 Fs 
Ni | hid 
oO" Ne* 
Ne” Mg** 


4.41 
3.99 
9.66 
10.64 


FY Ne” 1.70 


7 J. B. Marion and W. A. Fowler, Astrophys. J. 125, 221 (1957). 
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same numbers as for C"(a,y), for 6.2 we use 0.03, 
accurate to within a factor of 30 either way. Our 
cross-section factor is about 1.4X10° times that for 
C"(a,y) and our reaction rate®* for C¥(a,n)O"* is 


p= (pxa)7 X10" T-* exp(—69.65/T4) sec! (24) 


to within a factor of about 30 either way. 

For the other reactions in Table III we have esti- 
mated the rates only crudely, using the methods 
described in Sec, 4, but making rougher approximations. 
In the last column in Table III we give our rough 
estimates for /, the mean reaction time (in years) at 
temperature 7=1.2 and p=10°. It will be seen that 
the other reactions are much slower than C(a,n): The 
reaction on N" is slow since there is no resonance in 
F'* in the relevant energy region; for N'® the main 
contribution does come from a resonance but the reso- 
nance energy is rather high (£,=0.42 Mev). For 
O'"(a,n) there is again no resonance in the relevant 
energy region. For the reactions on O'%, F'’, and the Ne 
isotopes we have overestimated the rates somewhat by 
assuming one resonance level just at the optimum 
energy E,, (the level densities in these cases are indeed 
large” and there should be levels fairly close to E,,). 

The main numerical results of this paper are summar- 
ized in Fig. 2, in which the logarithm of the mean 
reaction time ¢ (‘= p"') is plotted against temperature 
T. The curves are for density p= 10° g/cc and almost 
pure He (x,=1). For other densities and He-abundances 
note that ¢' is proportional to (px)? for 3a—C and 
proportional to px, for all the other reactions. The four 
solid curves refer to 3a—+C and to the three subsequent 


T ——— 


= 











1 
1.4 16 
’-e 


Fic. 2. The mean lifetime ¢ (in years) plotted against tempera 
ture 7 (in 108 °K) for a helium density of 105 g/cc. The dotted 
curves marked u and n refer to the O-+Ne reaction, assuming 
only the resonance contribution from the upper level and the 
nonresonant contribution, respectively. 


8 Our rate is somewhat faster than that calculated by Cameron® 
and somewhat slower than that of Marion and Fowler.”’ 

*# P.M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 
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TaBLe IV. The logarithm of the mean lifetime ¢ (in years) at 
T=1.2 of He, C, O', Ne®, and C, for densities such that 
pXq_=10* g/cc, together with estimates for the possible error in 
this logarithm. (O—Ne); holds if the lower resonance state in 
Ne™ has suitable spin and parity, otherwise (O—Ne), holds, 
4 logt is the effect on the lifetime of electron screening at density 
p= 10° and temperature T= 1.2 

da + (O—Ne)i (O-Ne)an Ne Mg C'*(a,n)O'# 
13.6 
$3.0 

0.26 


10.0 
+ 2.0 
0.30 


0 A 56 
t2.0 
0.26 


log iol 5 
error +1.2 
A log iol 0.26 


(a,y) reactions; for O-Ne the solid curve assumes that 
the lower resonance level in Ne” does have the required 
spin-parity relation, The dotted curves in the upper 
right-hand corner were calculated for O-+Ne, assuming 
only the nonresonant contribution in one case, and only 
the contribution from the upper resonance level in the 
other case. The dotted curve in the lower left-hand 
corner refers to the C'8(a,n)O"® reaction.” 

In Table IV we give again log! for the various 
reactions discussed at one temperature 7'= 1,2, together 
with estimated limits of error for log? Note how re 
markably similar the reaction times are for the first 
three reactions 3a-C, C—O, O-Ne. The Ne-oMg 
reaction is considerably slower. In the last row of 
Table IV we give rough estimates for the effect of 
electron screening® on the reaction times calculated 
again for density p=10°. For much lower values of p 
the effect is negligible; for higher values up to about 
p~10", the A log? given in ‘Table IV can be re-estimated 
by using the rough relationship 


A log! « (pT~*)°". (25) 


6. ASTROPHYSICAL DISCUSSION 


From the point of view of energy production, the 
3a—>C and subsequent reactions are now understood 
well enough. The uncertainty in the rate of the 3a-+C 
reaction itself is now at most a factor of 30 either way 
and probably much smaller, Any uncertainty about the 
subsequent reactions has a small effect on the rate of 
energy production. If the subsequent reactions were 
slow compared with 3a—C, then the rate of energy 
production ¢ is given by Eq. (9) or Table I. If the 
reaction chain from C" to Ne” is much faster than 
3a—>C, then the energy release per original reaction is 
19.2 Mev instead of 7.3 Mev. In this case the values 
for ein Eq. (9) and Table I would have to be multiplied 
by a factor of 2.6. Since the conversion to Ne is probably 
not complete (and the production of Mg is quite 
negligible below T7~1.5) the correct multiplying factor 
is probably nearer to 2.0. 

In previous calculations on the evolution of Type IT 
stars, Hoyle and Schwarzschild? did not use an explicit 


” The values in Fig. 2 and in Table IV for Ne-+Mg are for 
6,?=0.01, instead of the 0.1 of Table IT 
“ E. E. Salpeter, Australian J. Sci. 7, 373 (1954) 
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rate of energy production from 3a—>C, but assumed 
that the rate will become appreciable for temperatures 
near T7=1,2 (X10°°K). This qualitative assumption 
is still justified in the light of our present numbers, but 
greater accuracy will now be possible in future calcu- 
lations. In the evolution of Type II red-giant stars,’ 
the 3a-+C reaction is important at two different stages. 
In the first, the electrons are degenerate and the density 
slightly larger than 10° g/cc (and T~1.0). The effect 
of electron screening [see Table IV and Eq. (25) } is to 
increase the reaction rate by a factor of about 2.0. In 
the next stage of evolution the density has dropped 
well below 10* g/cc, with a small increase in tempera- 
ture, and the effect of electron screening is negligible. 
As regards nucleogenesis,** the following can be said. 
Observationally, the cosmic abundances of C”, O'*, and 
Ne” are roughly comparable. As Table IV and Fig. 2 
show, the reaction times for 3a—+C, for C-+O and for 
O->Ne are also roughly the same, if the lower resonance 
in Ne” has the right spin-parity (and Ne->Mg is much 
slower). For a given temperature, density, and life 
history of a star, one can calculate predicted abundance 
ratios for the C, O, and Ne produced and these ratios 
will not differ very greatly from unity. This qualitative 
agreement with present is at least 
reassuring, considering the extremely large numerical 
factors that enter in the calculation of these ratios. For 
instance, if the lower resonance in Ne” did not con- 
tribute to the O-»Ne reaction the Ne-production would 
be too low by a factor of 10°; if the resonance level in 
C” had been at an energy different (from the value 
which was predicted by Hoyle and later observed) by, 
say, 200 kev the 3a—>C rate would be off by a similar 
factor, etc. On the other hand, quantitative comparison 
with the observational abundance ratios is still difficult. 
As the limits of error in Table IV show, any abundance 
ratio predicted at the moment could be in error by a 


observation at 


factor of more than 100 either way. Using the numerical 
rates given in Fig. 2 and simple assumptions about 
stellar evolution, the predicted Ne/O abundance ratio 
is larger than the observed one by a factor of more 
than 10, In view of the present uncertainties, this 
discrepancy should not be taken too seriously. 

We finally discuss the significance of the C(a,n)O" 
reaction. If any C™ was originally present in the core 
of the red-giant star, it will certainly be burned up at 
temperatures well below those (7~1.2) necessary for 
the 3a-+C” reaction. At a density of helium of 10° g/cc, 
the mean reaction time for C(a,n) is about 410° 
years at T=0.70 and about 5X10* years at T7=0.85 
(in 10°°K). From the calculations of Hoyle and 
Schwarzschild,’ one can find the central temperature 
T., density p, and total luminosity Z as a function of 
time, for a Type II red-giant star. At one stage of its 
evolution, the electrons in the helium-core are degener- 
ate and 7, and L are rising rather rapidly. At a par- 
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ticular time, for instance, p, is about 10° g/cc, T, is 
0.80 and 7, is rising about 0.01 every 10° years. About 
210° years later, 7, has risen from 0.8 to 1.2 and the 
luminosity L has increased by a factor of about 2.5. 
One can now find the temperature range in which most 
of the C” will burn up, namely near T,~0.75 to 0.80. 
At lower temperatures the reaction rate is too low and 
before the star has had time to increase 7, much above 
0.8 most of the C™ has already burned out. Thus the 
typical reaction time for C(a,n) in such stars will be 
about 510° years. We can now also estimate the peak 
rate of energy production from C(a,n)O' and from 
the subsequent neutron absorption. From the core as 
a whole we find an energy production of slightly less 
than 10*x;3/9, where x3 is the abundance by mass of 
C and Ly is the sun’s luminosity. If this rate of energy 
production were to exceed the rate of gravitational 
energy release, about 5, the structure of the core 
could change drastically. This would require x;;~10~%. 
C probably constitutes only about 4% of the C, N 
isotopes which have previously gone through the C, N 
cycle and in most stars the original value of x, is 
probably less than the required amount. Nevertheless, 
in view of the uncertainties in some of our numbers, 
the possible influence of the C'(a,n) reaction on the 
development of the stellar core should perhaps be kept 
in mind, 

Neglecting the effect of the C(a,n) reaction, we can 
now estimate somewhat more accurately the tempera- 
tures at which helium burning is important in Hoyle 
and Schwarzschild’s’ model for the evolution of a red- 
giant star of about 1.2 times the mass of the sun. Near 
T.~1.0 (108 °K), the central density is about p, 

1.7*10° g/cc and the gravitational energy release 
about 10/5. The structure of the star’s core will begin 
to change drastically when the total energy production 
from helium burning roughly equals this amount. If one 
assumes that the rate of energy production from helium 
burning averaged over the whole mass of the star is 
about 5% of the rate at the center of the star, the 
required central rate of energy production is about 
500 erg/g sec. Using the above value of p,, Table I, a 
multiplying factor of two for the extra energy released 
in C—»Ne and another multiplying factor of 2.5 for the 
effect of electron screening on the reaction rate, we find 
a required central temperature of 70.99, Stars near 
the ‘tip of the red-giant branch” should have central 
temperatures near this value (or slightly higher), but 
this numerical value is uncertain by about 10%, 

After helium burning first takes place, the density of 
the core decreases, the structure of the star changes 
and the star is now on the “horizontal branch” of the 


Hertzsprung-Russell diagram, according to Hoyle and 
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Schwarzschild.? About 5% of the total luminosity of 
the star is now supplied by helium burning in the core 
(the rest by hydrogen burning in an outer shell) and 


the central density is about 4X10* g/cc. Assuming a 
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central energy-production rate of a few thousand ger/g 
sec, a central temperature of about 7.~1.3 is required 
(the effect of electron screening is negligible in this case). 

I am indebted to Dr. G. Ravenhall for some inter- 
esting discussions and to Dr. C. Cook, Dr. W. Fowler, 
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Neutron Total Cross Section of Np’*’ from 0.02 to 2.8 ev*t 


M. S. Smitu, R. R. Smirn, 


E. G. Joi, anv J. 


E. Evans 


Atomic Energy Division, Phillips Petroleum Company, Idaho Falls, Idaho 
(Received March 18, 1957) 


The total neutron cross section of Np®7 has been measured in the energy region 0.02 to 2.8 ev with the 
Materials Testing Reactor crystal spectrometer. Measurements were made on a sample containing 152 mg 
of Np*’ in oxide form dissolved in deuterated nitric acid. A value for the absorption cross section at 0.025 ev 
of 170422 barns was obtained. Resonances were observed at energies 0.489+4-0.002, 1.33740.015, and 
1.488+0.018 ev, with the respective values of ool’ being 84.2 ev barns, approximately 29 ev barns, and 
approximately 140 ev barns. Values for oo of 26004100 barns, I of 0.032+-0,003 ev, and gI’, of 0.016 my 


were determined for the 0.489-ev resonance. 


I, INTRODUCTION 


HE thermal-activation cross section of Np”? was 
determined by Jaffey and Magnusson! from 
radiometric measurements of the Np** and Pu 
activities resulting from neutron capture in Np’. A 
recent re-evaluation’? of this experiment, in which a 
later value of the half-life of Pu** was used, gave 
170+20 barns for the activation cross section of Np’. 
Since Np”*’ is used as a fast-neutron flux monitor in the 
presence of slow neutrons, a knowledge of the thermal 
neutron cross section is necessary to correct for the 
fission in the Pu®* formed. It is of interest to nuclear 
theory to know the level spacing and other parameters 
for this nucleus, which is one of the heaviest odd proton- 
even neutron nuclei available for such measurements. 
The problems associated with transmission measure- 
ments on limited quantities of material have been 
treated by Shull and Wollan,* and by Bernstein et al.‘ 
An important consideration in such measurements is 
the arrangement of the sample in the thickest manner 
consistant with a beam sufficiently large to provide 
satisfactory counting statistics. The theoretical aspects 
of optimizing sample geometry have been considered 


* Work carried out under contract with the U. S. Atomic 
Energy Commission. 

t A preliminary report of these measurements was made at the 
1955 Washington, D. C. meeting of the American Physical 
Society [Phys. Rev. 99, 611(A) (1955) ] 

1A. H. Jaffey and L. B. Magnusson, Atomic Energy Commis 
sion Report, ANL-4030, 1947 (unpublished). 

* Neutron Cross Sections, compiled by D. J. Hughes and J. A 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955) 

4C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 

‘ Bernstein, Borst, Stanford, Stephenson, and Dial, Phys. Rev 
87, 487 (1952). 


by Rose and Shapiro. With the high neutron flux 
provided by the Materials Testing Reactor the require- 
ments for sample sizes are less critical, and transmission 
measurements may be extended to higher energies. 


Il. EXPERIMENTAL DETAILS 


The spectrometer system consists of a collimator 
located in the reactor shielding, the spectrometer 
proper, a monochromating crystal, an automatic sample 
changer, slits to define the Bragg beam, a neutron 
detector, and the associated control and counting 
electronics. The neutron beam from the reactor was 
defined by a steel collimator of inside dimensions 
§ in. X 23 in. X96 in. This system, when the (240) planes 
of NaCl crystal were used, had an overall resolution of 
0.9 wsec/meter. The (220) planes of NaCl were used 
to obtain some of the lower energy data. 

The cross-section data reported here were obtained 
by transmission measurements on a sample of Np”? 
having a total sample cross section of 0.06 cm? at 
0,025 ev. Since Np”’ has a half-life of 2.20 10° years, 
the problems of radiolysis and alpha heating are 
not troublesome, and specialized handling equipment 
is not necessary. Since only 152 mg of Np were available 
for the measurements, a special sample changer was 
developed to allow the placement of the optimum 
amount of sample in the Bragg beam. For these meas 
urements the Bragg beam was reduced to a width of 
0,24 cm and a height of 1.5 cm by a boron carbide and 
paraffin collimator 12.7 cm long placed adjacent to the 
sample between the sample and the detector. 

The detector was a group of three B'°F, proportional 
counters located with the cylindrical axes parallel to 


5M. E. Rose and M. M. Shapiro, Phys. Rev. 74. 1853 (1948) 
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the Bragg beam. The active volumes of the counters 
were 18 in. long and 1 in. in diameter. The counters 
had 0,006-in. diameter center wires and were filled to a 
pressure of 65 cm of Hg. The counting rate at 0.025 ev 
for a Bragg beam area of 0.36 cm* was approximately 
10’ counts per second. The automatic-control and 
counting circuitry of the spectrometer has been de- 
scribed elsewhere.® 

The fabrication of limited quantities of material into 
small uniformly thick samples is difficult, and it is 
usually expedient to dissolve the target material in a 
solution of deuterated mineral acid. The use of light 
hydrogen acids is undesirable because of their higher 
attenuation ‘of the neutron beam. The neptunium used 
in these measurements was prepared, purified, and 
placed in DNO, solution by Dr. James Wallmann of 
the University of California. Final steps in the chemistry 
consisted of a conversion of the neptunium to NpsOxs 
and dissolution of the oxide in 2.91N DNOs. 

Two solutions of different concentration were pre- 
pared, One, containing 60.8 mg of Np per ml, was used 
for measurements in the region of major resonances; 
and the other, containing 304 mg of Np per ml, was 
used for measurements in the valleys between reso- 
nances and in the energy region below 0.4 ev. 

The “thick sample,” consisting of 50041 microliters 
of the 304-mg/ml solution, was contained in a quartz 
cell having the inside dimensions 3.0X9.0X20 mm. 
The cell was closed with a fitted ground stopper and 
Glyptal was applied to the edges of the seal to prevent 
creeping of the material and possible changes in concen- 
tration through evaporation. A matched cell was filled 
with 2.91N DNO,. The ratio of the counts obtained 
with the two cells placed alternately in the Bragg 
beam was approximately the transmission of the NpsOx. 
The cells were mounted in the vertical automatic 
sample changer. Horizontal and vertical alignment with 
respect to the Bragg beam collimator was accomplished 
by means of set-screw adjustments. 

The ‘thin sample” was prepared by placing 400 
microliters of the “thick-sample” solution in a quartz 
Beckman spectrophotometer cell and diluting it with 
DO to a volume of 2 ml. This sample was large enough 
to utilize most of the Bragg beam. A suitable blank was 
prepared by filling a matched cell with equivalent 
quantities of DyO and DNOs. These cells were mounted 
on a turntable designed to move the cells in and out of 
the beam in an alternate manner. 

The neptunium concentration was determined by a 
radiometric assay. A 25-microliter aliquot of the thick- 
sample solution was diluted to a volume of 10 ml. 
Aliquots of 100 microliters of this solution were evapo- 
rated on platinum plates and were heated to red heat 
in an induction heater to remove the trace quantities 
of volatile matter. Nosample localization effects were de- 


*G. L. Smith and L. G. Miller, Atomic Energy Commission 
Report, IDO-16168, 1955 (unpublished). 
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tected by a microscopic examination. Since the maximum 
amount of mass occurring as nonvolatile material on 
the plates was less than 0.01 microgram, the effects of 
self-absorption of alpha particles were regarded as 
negligible. The plates were counted with 27 geometry 
in a gas-flow proportional counter calibrated against 
samples of RaF standardized by the National Bureau 
of Standards. 

Spectrographic analysis’ revealed the presence of 
the following impurities: Al, 0.1%; Ca, 0.07%; Fe, 
0.07%; Mg, 0.03%; and U, 3.0%, where the percentages 
are relative to the weight of Np;Os. An additional 
analysis® revealed the presence of 0.13% boron. With 
the exception of boron and uranium these impurities 
had no appreciable effect on the cross section measure- 
ments, and corrections for the effects of these two 
elements were applied to the data. A small contami- 
nation of Pu’ and Am! detected through alpha pulse- 
height analysis’ necessitated a 0.5% correction to the 
assay data to account for alpha events arising from 
these impurities. 


III. RESULTS 


The total cross section of Np*’ as a function of energy 
is shown in Fig. 1. Major resonance peaks occur at 
0.489+-0.0017, 1.3374+0.015, and 1.488+-0.018 ev; and 
there is some evidence that small peaks exist at higher 
energies. Positive identification of the smaller peaks is 
made difficult by the closeness of the observed widths 
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Fic. 1. Neptunium-237 total cross section. The indicated 
precision limits are those due to counting statistics only. The 
Pal width of the triangles represents the full width at half 
maximum of the resolution function of the crystal spectrometer 
and the spacing between the high- and low-energy values of the 
individual data which have been averaged for convenience in 
plotting. 


7 James Wallmann (private communication). 
* G. V. Wheeler (private communication). 
* A. Ghiorso (private communication). 
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to the resolution width of the spectrometer and by the 
high transmission of the sample in these regions. Data 
were taken from 0.02 to 0.12 ev with the (220) planes 
of NaCl. Below 0.030 ev the data were corrected for 
the effects of second order neutrons in the Bragg beam. 
In the region from 0.035 to 3.0 ev data were taken with 
the (240) planes of NaCl, and in the region of overlap 
with (220) plane data good agreement was found. 

The data from 0.020 to 0.17 ev vary approximately 
as 1/v and give a value for the total cross section at 
0.025 ev of 180+22 barns. The limits are standard 
deviations which take into consideration the statistical 
accuracy of the transmission measurements, the uncer- 
tainties in the neptunium concentration, as well as 
uncertainties in the corrections applied for impurities 
and for differences in the ‘‘sample” and “blank” 
solutions. The subtraction of 10 barns, obtained from 
the formula for the geometrical scattering cross section, 
4 (1.45 10-41)? (cm?) from the total cross section 
at 0.025 ev results in a value 170+ 22 barns for thermal 
neutron absorption cross section. 

Breit-Wigner parameters, o9 and I’, were determined 
for the 0.489-ev resonance by two different methods. 
The resonance-fitting method described by Sailor,!° 
which includes corrections for the instrument resolution 
and Doppler broadening, gave values of a9= 2600+ 100 
b, I’ =0.032+0.003 ev, and gI’,=0.016 mv. Since the 
nuclear spin of Np”? is 3, the statistical weight factor, 
g, can have values of 5/12 or 7/12, and I’, is either 
0.0384 mv or 0.0274 mv. Since this method was derived 
with the assumption that H»>0.5 ev, its applicability 
to this resonance was uncertain. A two-sample area 
analysis" was made, which resulted in a value of 
ool'= 83.5 ev barns in agreement with ool'=83.2 ev 
barns obtained from the values of the parameters listed 


VY. L. Sailor, Phys. Rev. 91, 53 (1953). 
4 Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, 476 (1954). 
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above. Values of ool’, obtained by area analysis, for the 
1.34- and 1.49-ev resonances are approximately 29 and 
140 ev barns, respectively. Since I',=T’, it is possible to 
obtain a value for I’, from the product ool’. For the 
1.34-ev resonance, I’, is approximately 0.036 or 0.025 mv 
for the respective values 5/12 and 7/12 of the sta 

tistical weight factor. 


IV. CONCLUSIONS 


The average level spacing S for Np™’ is one of the 
lowest yet observed. For the three low-energy levels 
S=0.5 ev (the average spacing per spin state D= 1.0 
ev). The observed [',°/D is the order of 0.7*10~. The 
measurements reported here agree, in general, with the 
resonance structure reported by Adamchuck ef al.,"” 
but show a much smaller cross section at 0.025 ev. The 
thermal neutron absorption cross section of 170+ 22 
barns obtained in this experiment agrees with recently 
reported thermal activation cross-section values of 
172+-7 barns obtained by Brown and Hall’ and 16948 
barns by Smith ef al."* Since the correction necessary 
for the presence of boron involves an uncertainty of 
+20 barns at 0.025 ev, the good agreement of the 
thermal neutron absorption cross section with other 
results is fortuitous. 

The authors are indebted to Dr. James Wallman of 
University of California for the preparation and purifi- 
cation of the neptunium sample. The authors also 
extend their thanks to Dr. R. G. Fluharty for his many 
helpful suggestions and to Mr. L. G. Miller for the 
design of the sample-changing equipment. 

1% Adamchuk, Gerasimov, Yefimov, Zenkevich, Mostovoi, 
Pevzner, Chernyshov, and Tsitovich, /nternational Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 4, p. 216, Paper No. A/CONF.8/P/645, 
USSR 

PF. Brown and G. R 
(1956) 

4 Smith, Passell, Alley, and Lewis, Atomic Energy Commission 
Report, IDO-16225 (unpublished) 
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Neutrino Magnetic Moment Upper Limit* 


Crype L. Cowan, Jr., AND FREDERICK REINES 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received April 11, 1957) 


A giant liquid scintillation detector was employed in a fission-reactor neutrino flux to set an upper limit 
of 10° Bohr magneton for the neutrino magnetic moment. The experiment consisted in searching for a 
count-rate difference associated with the reactor neutrinos. 


INTRODUCTION 
TIMULATED by the growing body of evidence for 


the distinction between neutrinos and antineu- 
trinos,! one is led to ask on what basis such a distinction 
arises. The recent two-component theory of Lee and 
Yang,’ in which the two kinds of neutrinos are dis 
tinguished by a spin angular momentum which is 
uniquely tied to the linear momentum of the neutrino, 
provides a theoretical basis on which to make a distinc- 
tion: a neutrino would be “right handed” and an anti- 
neutrino “left handed.” Salam? points out that accord- 
ing to the two-component theory the neutrino magnetic 
moment must be identically zero. Another basis for dis- 
tinguishing between neutrinos and antineutrinos which 
is made more plausible by the recent discoveries of anti- 
nucleons? is the possible existence of a neutrino magnetic 
moment which results from the virtual dissociation of 
antineutrinos into positron, neutron, and antiproton. (A 
neutrino virtually dissociates into a negative electron, 
antineutron, and proton.) The difference between neu- 
trinos and antineutrinos would then consist in opposite 
spin orientations relative to their magnetic moments. 
Estimates of the neutrino magnetic moment made on 
this basis by Houtermans and Thirring‘ give the value 


f~10-”** Bohr magneton. 


We have in the present work sought to lower the 
previous upper limit® of 10-7 Bohr magneton set in 
1954 and have accomplished this aim by using a larger 
and better-shielded detector with improved energy 
resolution and a coincidence arrangement to elimingte 
photomultiplier-tube noise. In addition, greatly im- 
proved knowledge of the fission neutrino spectrum 
made possible less conservative assumptions on that 
score. As in the previous work, a liquid scintillator pro- 


* Work performed under the auspices of the U. S. Atomic 


Energy Commission 

! The evidence prior to the recent work on parity nonconserva 
tion is reviewed in F. Reines and C. L. Cowan, Jr., Nature 178, 
446 (1956) 

*T. D. Lee and C. N. Yang, Phys. Rev. 106, 1671 (1957). We 
are grateful to Dr. Lee and Dr, Yang for sending us preprints of 
their work. See also L. Landau, Nuclear Phys. 3, 127 (1957); 
A. Salam, Nuovo cimento 5, 299 (1957) 

4 Chamberlain, Segr?, Wiegand, and Ypsilantis, Phys. Rev. 100, 
947 (1955); Cork, Lambertson, Piccioni, and Wentzel, Phys. Rev 
104, 1193 (1956). 

4F. G. Houtermans and W. Thirring, Helv. Phys. Acta 27, 81 
(1954), and private communication from Dr. Thirring 

* Cowan, Reines, and Harrison, Phys. Rev. 96, 1294 (1954) 


vided the reactor-neutrino targets. The counter used 
yas one of the tanks designed for the detection of the 
free neutrino.! 
THEORY 


Bethe gives a formula for neutrino-electron collisions 
via a neutrino magnetic moment® which relates the 
cross section o(W)dW for target electrons to appear in 
a given energy range dW at energy W for a given inci- 
dent neutrino energy, E. Since the neutrino mass is 
small (<500 ev)’ relative to its energy in the energy 
region of interest to us (>10° ev) and the target- 
electron energy is much greater than the ionization 
potential, Bethe’s formula reduces to 


1 W\ dW 
a(W)dW=Af? (1- ) , (1) 
1+W EI W 


where A=classical electron area (=2.5X10~*5 cm’), 
f=neutrino magnetic moment in Bohr magnetons (1 
Bohr magneton=eh/m,c), and all energies are in units 
of the electron rest energy. Integrating over the fission 
neutrino spectrum, n(£), the recoil-electron spectrum 
N(W)dW is given by 


E wax 
vowyaw =aw f o(W,E)n(E)dE 
Ww 


Af*dW Emax W 
= | f n(E)}1— 
W(1+W) ly E 


Emax 
f n(h)dE=1. (3) 


0 


dE}, (2) 


where 


The reactor-associated count rate S(W ,,W2) in the 
energy range W,—> W, for a detector containing 
target electrons with a detection efficiency ¢ and in a 
neutrino flux / neutrinos/cm? sec is given by 


Wa 
S(W2,W) Pref N(W)dW. (4) 


Wi 
Solving (4) for the magnetic moment, /, of the neutrino 


*H. A. Bethe, Proc. Cambridge Phil. Soc. 31, 108 (1935) 
7L. M. Langer and R. J. D. Moffat, Phys. Rev. 88, 689 
(1952); Hamilton, Alford, and Gross, Phys. Rev. 92, 1521 (1953). 
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Fic. 1. Dimensionless neutrino spectrum factor. 


we find 


S(W,W1) 
AFIeG(Wo,W) 


where 


G(W2,W)) 


Ws dW Emax W 
= f “ | f n(E)} 1— 
Wi W(1 4 W) Ww EB 


dE (6) 


For the purposes of the present calculation we take 
Muehlhause and Oleksa’s measured beta spectrum from 
fission® as the antineutrino (v_) spectrum. Since the 
antineutrino spectrum is in fact slightly more energetic 
than the 8 spectrum from fission fragments, we predict 
on this count a slightly lower-lying recoil spectrum than 
we should predict and hence fewer recoil electrons in a 
given energy range because the recoil spectrum de- 
creases monotonically with increasing energy. This 
means that the denominator of Eq. (5) is calculated to 
be a trifle too small and hence we obtain from this 
assumption too large a number for the magnetic mo- 
ment limit. It follows from Eq. (6) that the value of G 
in the energy range <0.5 Mev is not sensitive to the 
precise shape of the spectrum above 2 Mev. Calculating 
N(W)/Af? from the spectrum of Muehlhause and 
Oleksa, we obtain Fig. 1. Inserting numerical values 
for A, e(=1), N(=4x10") target electrons, v— flux 
F=1.3X 10*"*/cm? sec, we find, for /, the expression 
f=9X10-"LS(W2,W1)/G(W2,W,) |} 


Bohr magnetons. (7) 


EXPERIMENTAL ARRANGEMENT 


Figure 2 shows a schematic diagram of the experi- 
mental arrangement.’ 


*C. O. Muehlhause and S. Oleksa, Phys. Rev. 105, 1332 (1957) 
We are grateful to Dr. Muehlhause who kindly communicated 
these results to us in advance of publication 

*Some details of the detector construction are given in refer 
ence 1. 
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Fic. 2. Schematic diagram of the experimental arrangement. 


The experiment was performed as follows: first an 
energy scale for minimum-ionizing particles was set for 
each bank of 55 5-inch DuMont photomultiplier tubes 
which viewed the scintillator by employing the peak 
in the counting rate versus energy curve for cosmic-ray 
u mesons passing through the detector. Since the system 
is linear, the through-peak energy of about 100 Mev 
determines the calibration for all minimum-ionizing 
particles. In addition, the scintillator response to elec 
trons is linear over the range considered, i.e., 0.1 to 
0.5 Mev. The pulses from each photomultiplier bank 
were sent into a coincidence unit which in turn pulsed 
a scaler when the pulses were coincident in time. The 
resolving time of the system was about 0.2 microsecond. 
A 10-channel pulse-height analyzer, gated by the 
coincidence circuit, measured the pulse-height spec 
trum. A standardized pulser was used to set all energy 
gates relative to the w meson through peak. 

The energy resolution of the detector itself is of some 
concern in the evaluation of the results. The point here 
is that the background as well as the expected signal 
decreases monotonically with increasing energy in the 
range of interest. Consequently the effect of finite 
resolution is to “throw” the more abundant low-energy 
signals into the higher energy range and so give more 
counts in the energy range selected than are really 
there. To estimate the effect of finite energy resolution, 
we consider a 0.1-Mev energy deposition and obtain a 
figure for the spread due to statistical fluctuations in 
the number of photoelectrons, n,, ejected from the 
photomultiplier cathodes. The number n, is given by the 
product of several factors: the energy deposited in the 
scintillator, the number of photons produced per ele 
tron volt absorbed (~1/150), the number of photo 
electrons produced per photon reaching the photo 
cathode (~1/10), the fraction of light emitted which 
reaches the photocathode (~0.15). Using the values 
here listed, we find that n,=10+3 photoelectrons are 
collected in each bank for 0.1 Mev deposited in the 
scintillator solution. If we allow in addition several 
percent of variation in the signal because of the non- 
uniformity of collection of light originating throughout 
the scintillator, we obtain as a more reasonable figure 
an energy resolution at 0.1 Mev of +35%,. It is felt 
that the rapid rise of the background with energy 
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shows that this energy resolution would enable one to 
account for as much as 4 of the counts in the 0.1- to 
0.5-Mev range as due to spillover from the lower 
energies. 

EXPERIMENT 


The counting rate in the range 0.1 to 0.5 Mev was 
observed for a sequence of 100-second runs as the 
reactor went from full to zero power. The scaler rate at 
full reactor power was observed to be 4044-2 sec™!, and 
that with the reactor at zero power was 388+-2 sec™', 
the difference being 164-3 sec™'. Since the likely cause 
of the reactor-associated signal was gamma rays and 
neutrons, an experiment was performed in which addi- 
tional shielding was provided against these radiations in 
the form of water-soaked sawdust. Measurements with 
an Am-Be neutron source showed this shield to cut the 
source neutrons by about a factor of twenty. The 
sawdust shield cut the counting rate by 13 counts per 
second, i.e., from 476 to 463 counts per second. The 
difference in absolute counting rate in the two experi- 
ments cited is attributed to equipment drift over the 
weeks which elapsed between the two sets of measure- 
ments. Correcting the residual reactor-associated count 
rate by subtracting the counting-rate drop due to the 
sawdust, we find, after normalizing the total absolute 
rate to that occurring during the reactor “up-down” 
experiment, 


Areactor™ (16+ 3)— 13 (400/470) =54-:3 sec. 


A source of drift in the equipment was its sensitivity to 
the ambient temperature at the discriminator circuits. 
Although we did not make a precise determination of 
this dependence, it appeared that a coefficient of some- 
thing like —2 counts/sec °F was applicable to our 
system. Using the above and the observation that 
temperature rises from 3 to 4°F occurred in the equip- 
ment during the time of day appropriate to the reactor 
shutdown under consideration, we arrive at a_ net 
reactor associated signal of —1+3 counts per second 
in the energy range 0.1 to 0.5 Mev. Taking the count 
rate 2 sec! as the largest which could reasonably be 
due to a neutrino magnetic moment and W,=0.2 mc’, 
W = 1.0 mc’, we find 


f<14X10~ Bohr magneton. 


Allowing for the spillover from energies below 0.2 mc* 
because of the finite energy resolution and the generally 


JR. 
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conservative treatment of the various factors involved, 
we quote 

f<10~ Bohr magneton. 


This calculation assumes that all the neutrinos which 
follow a fission have been emitted between the ‘reactor 
up” and the “reactor down” measurements. The best 
information on this point is the work of Muehlhause 
and Oleksa* which indicates, in conjunction with the 
work of Way and Wigner,” that in our experiment more 
than half of the 6.1 antineutrinos per fission were 
emitted. The effect on our limit is however less than v2 
because the more energetic neutrinos are emitted 
promptly, i.e., between our two sets of measurements, 
and so are accounted for. Indeed it can be seen from 
an integration of Eq. (1) that a 2-Mev neutrino is 
twice as effective in producing a 0.1-Mev recoil electron 
as is a 0.5-Mev neutrino. The cross section correspond- 
ing to the production in the scintillator of 2 counts 
per second for electrons in the energy range 0.1 to 0.5 
Mev is 4X 10-“ cm’. 

It is interesting to contemplate how much further 
down one might hope to push this limit. We guess that 
by careful stabilization of the equipment against tem- 
perature changes and a redesign of the detector with 
the use of low-background materials and improved 
shielding against local backgrounds as well as better 
energy resolution through the use of cylindrical ge- 
ometry, an improvement of two or so in the limit on / 
might be attained. 

It has been pointed out by Houtermans and Thirring* 
and Feynman" that if one assumes a universal Fermi 
interaction as discussed by Konopinski and Mahmoud,” 
a direct interaction can be calculated between electron 
and neutrino and should give rise to a neutrino-induced 
recoil-electron spectrum. The total cross section for 
this direct interaction is variously estimated to be from 
two!" to four orders of magnitude below the limit we 
have been able to set. 
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The beta spectrum of Bi? was measured by using a short magnetic-lens beta spectrometer. Pb?” in equi 
librium with its decay products was used as a source. The spectrum of Bi? was separated from the other 
component spectra by measuring the coincidences between the beta spectrum and the alpha particles from 
Po? (the nucleus formed after the beta decay of Bi?) emitted with the half-life of 31077 sec 

One obtains a complex spectrum whose maximum energy is 2.27 Mev. The beta components were sepa 
rated by Fermi plots. The end points for the component spectra and their relative intensities were found. 


Spins and parity assignments for the excited levels of Po*® were made 


1. INTRODUCTION 


HE radiations emitted from a source of Pb*? 
(ThB) in equilibrium with its products has been 
studied by many authors. Although in particular, the 
B-decay of Bi? (ThC) has been investigated, our 
knowledge of this decay has been very inadequate, 
largely because of technical difficulties in separating the 
spectrum of Bi?” in the presence of other complex 
spectra. In this work the 8 spectrum of Bi?! has been 
separated by measuring coincidences between § par- 
ticles and the 8.78-Mev a particles of Po*!* (which are 
delayed by 310-7 sec with respect to the § particles 
of Bi**), 

Figure 1 shows the disintegration scheme of Pb?!* in 
equilibrium with its decay products. In one third of 
the cases Bi? decays to Tl** which then disintegrates 
by beta decay to stable Pb** with a half-life of 3 min- 
utes. In two thirds of the cases Bi?” disintegrates by 
beta decay to Po” which subsequently decays by 
alpha emission to Pb** with a half-life of 31077 sec. 
The energy distributions of the beta spectra of Bi?” 
and ‘T}** are roughly in the same range and, moreover, 
their spectra are complex, containing many compo- 
nents with different end points. A direct measurement 
of the spectrum will therefore lead to a complicated 
superposition of the two spectra. In addition, in the 
lower range of energy (less than 0.569 Mev) the beta 
spectrum of Pb? may contribute, if a chemical com- 
pletely successful separation of lead from bismuth is 
not carried out. 

Martin, Richardson, and Hsii' separated the beta 
spectrum of TIl*®* by collecting the recoil nuclei of this 
isotope which had been obtained after alpha decay of 
Bi”, Pb* in equilibrium with its decay products was 
used as the initial source and the recoil nuclei of ‘Tl*”* 
were collected on a special support which served as a 
source for the spectrometer. There is a serious draw- 
back in this method however, because of the relatively 
short half-life of T]*°* (3 minutes), and the measurement 
had to be made using sources of recoil nuclei, the results 
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* Present address: Department of Physics, Uppsala University, 
Uppsala, Sweden. 
1 Martin, Richardson, and Hsii, Proc. Phys. Soc 


A60, 466 (1948). 


(London) 


being normalized. In later work, Martin and Richard- 
son’? measured the beta spectra of Bi*” and Tl** which 
were in equilibrium with Bi?”. The spectrum of Pb*? 
was eliminated by a chemical separation between 
bismuth and lead. The beta spectrum of Bi" was ob- 
tained by subtraction of the beta spectrum of TI? 
which was obtained in the previous work, from the 
compound spectrum in the later work. In their work 
on the 8 spectrum of Tl*** the authors were disturbed 
by aggregate recoil which resulted in Pb?” nuclei’s being 
carried away, and the measured spectrum had to be 
corrected for this activity. Furthermore, the authors 
had to take into account the incomplete chemical 
separation of Pb*”. Because of all the reasons men- 
tioned above, and the indirectness of the method, there 
was an obvious uncertainty about the resulting shape 
of the beta spectrum of Bi?”. 
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Fic. 1. The disintegration scheme of Pb?” in equilibrium 
with its decay products 


*D. G. E. Martin and H. O. W. Richardson, Proc. Roy. Soc. 
(London) A195, 287 (1949). 
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These various difficulties were overcome in the 
present work, by utilizing the fact that Po”? (which is 
produced after the beta decay of Bi?!”) decays by the 
emission of a particles of 8.78 Mev with a half-life of 
3X10~7 sec, Coincidence measurements between the 
8 particles from a source of Pb? in equilibrium with 
its decay products and 8.78-Mev alpha particles should 
thus effectively separate the beta spectrum of Bi?” 
from the compound spectrum including those of the 
other isotopes. 

The components of the complex spectrum found in 
this way were separated by Fermi plots. The end points 
for the component spectra and their relative intensity 
were found, These results are compared with previous 
work on the y-ray spectrum produced in the de- 
excitation of excited levels of Po?!*. Spins and parity 
assignments for the excited levels of Po*? are made. 


2. EXPERIMENTAL ARRANGEMENT 


The experimental arrangement was similar to the 
general arrangement described in a previous work by 
Burde and Cohen? on the spectrum of L Auger electrons 
from ‘Tl** and Bi*”, The beta spectrum was measured 
by using a short-lens beta spectrometer. A Geiger 
counter was used to detect the electrons. For energies 
above 200 kev a 1-mg/cm* mica window was used. 
Below 200 kev the window was prepared from alter- 
nating layers of Zapon and Formvar supported on thin 
wires of tungsten. The absorption through this window 
was negligible for electrons down to 17 kev. 

The alpha scintillator was, as in the previous work,’ 
a thin wafer of plastic scintillator situated behind the 
source, 8 mm in diameter and 0.2 mm thick, which sat 
in a suitable depression at the top end of the light pipe. 
A source of Pb*’ in equilibrium with its decay products 
was obtained by collecting recoil nuclei from radio- 
thorium emanation on a circle 1.5 mm in diameter on a 
foil of aluminum of thickness 0.17 mg/cm*. The latter 
was centered on a 10-mm diameter thin Zapon film, 
supported on a light aluminum frame 1 mm high. This 
was inserted into the depression of the light pipe above 
the plastic scintillator. The source was grounded and 
covered with a film of Zapon of thickness 10 yg/cm? to 
stop the recoil nuclei of Tl’ and the associated aggre- 
gate recoil. 

In order to obtain the coincidence spectrum with a 
satisfactory statistical accuracy, it was important to 
use a large solid angle for the alpha-particle detector 
which had to sustain a high counting rate without 
losses. In investigating this isotope it had to be taken 
into account that there was a limitation in the duration 
of the time for every measured point of the spectrum. 
This was due to the effective lifetime of each source 
used (the half-life of Pb* is 10.6 hours). There existed 
a lower limit to the resolving time of the coincidence 


4 J. Burde and S. G. Cohen, Phys. Rev. 104, 1085 (1956). 
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system which could be used due to the half-life of Po?! 
of 3X 10-7 sec, this limiting the source strength used. 

The distance between the source and scintillator was 
1 mm and the solid angle subtended at the source was 
about 4/3. It was not desirable to move the source 
nearer to the scintillator, because many electrons would 
then enter the scintillator obliquely and would have a 
large path length in the scintillator. In consequence 
these electrons might give pulses comparable in height 
to those produced by alpha particles. As was shown in 
a previous work,’ under the above conditions, the 
pulses of the two groups of alpha particles were clearly 
displayed above the electron pulses, the higher group 
being due to alpha particles of energy 8.78 Mev. This 
was the group under consideration, and could be easily 
separated by discrimination. 

The resolving time of the coincidence unit was 
3.6 1077 sec and during the period of the measurements 
this time was often checked. This was essential since a 
drift in the resolving time would result in an alteration 
of the number of true coincidences, the lifetime of Po?” 
being comparable to the coincidence resolving time. 
For a counting rate of a particles which did not exceed 
40 000 counts per second, no counting losses occurred 
in the scintillation system including the scalers, and no 
losses were obtained in the coincidence unit. It was 
important to avoid losses in order to prevent a distor- 
tion in the observed shape of the beta spectrum due to 
the change of the source activity with time. The 
change in the activity of the source was taken into 
account by dividing the number of the true coincidences 
by the number of the counts recorded by the scintil- 
lator. The resolving time was found by measuring the 
number of random coincidences of two independent 
sources. The random coincidences for every point were 
calculated and subtracted from the total number of the 
total coincidences. 

As it was necessary to measure electrons of energy 
exceeding 2 Mev, the effect of the magnetic field of the 
spectrometer coil on the photomultiplier was investi- 
gated. A disturbing effect was noticed even for magnetic 
fields necessary to focus electrons of 1.3 Mev. To cancel 
this disturbance the photomultiplier was covered with 
a thick iron housing. The presence of this iron at the 
end of the light pipe produced no noticeable effect on 
the performance of the spectrometer even in the lowest 
range of energy under investigation. This was checked 
by comparing the shape of the 24.5-kev “A” line, with 
and without the iron housing. 

The measurements were carried out at a momentum 
resolution of 4% in the 8 spectrometer. Coincidences 
were recorded during 30 minutes for each value of 
momentum chosen. The measurements of ten to fifteen 
points took a day’s run. During nine days about a 
hundred different points were measured, every day a 
new source having been inserted. After every insertion, 
special attention was paid that the experimental condi- 
tions be preserved, and, in addition, during every day’s 
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Fic. 2. The upper curve shows the experimental results, The ordinate gives the number of true coincidences NV, 
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series of measurements, a recurring point was measured. 
Moreover a set of measurements were made which 
included points of all the sets to check the normalization. 


3. EXPERIMENTAL RESULTS AND DISCUSSION 


The upper curve of Fig. 2 shows the experimental 
results. The ordinate gives the number of true coin- 
cidences divided by the momentum and by the number 
of alpha particles detected by the scintillator. The 
arrow points at the position of the coverted line in the 
K shell of the 0.72-Mev transition. The vertical lines 
on the curve indicate the statistical errors. More than 
five thousand true coincidence for each chosen value of 
the momentum were recorded for the middle part of the 
spectrum (between 400 kev and 1500 kev), and in this 
region the number of random coincidences was between 
15% and 25% of the true coincidences. In the region of 
50 kev a thousand true coincidences were recorded for 
each point and the random coincidences were 80% of 
the true. For the high-energy part of the spectrum fair 
statistical accuracy was obtained, since the momentum 
resolution of the lens spectrometer is independent of 
momentum and the spectrometer therefore transmits a 
wider range of momenta at the higher momentum settings. 

A Fermi plot of the most energetic part of the spec- 
trum did not differ from a straight line within statistical 
accuracy. The end point of the spectrum corresponding 
to the beta transition between the ground state of Bi?!” 
and the ground state of Po”? was found to be 2.27 Mev, 
in good agreement with the work of Martin and Richard- 
son.” In the Fermi plot there was a clear change in slope 
at an energy of 1.55 Mev, indicating an additional less 
energetic component corresponding to a transition to an 
excited level of Po” at anenergy 0.72 Mev. The existence 
of the level is known from the 0.72-Mev gamma rays 
accompanying the decay of Bi*”’, and from the existence 


of long-range alpha particles whose energy exceed those 
that decay from the ground state of Po?! by 0.73 Mev.4 

Po*” is an even-even nucleus whose ground state is 
undoubtedly 0+. Furthermore, from the measurement 
of the internal conversion for the 0.72-Mev, transition, 
Martin and Richardson? deduced that this transition 
is electric quadrupole, leading to 2+ assignment for 
the first excited level, as is to be generally expected for 
even-even nuclei. The shape of the most energetic 
component indicates that the degree of forbiddenness 
cannot exceed the first. This removes the possibility of a 
transition with a spin change of two (unique transition) 
which would have led to a shape that differed sig- 
nificantly from an allowed shape. This leaves two al 
ternatives for spin of the ground state of Bi", either 0 
or 1. From the log(ft) value for the most energetic 
component of the spectrum (7.6) the ground-to-ground 
transition has to be classified as first-forbidden, indi 
cating odd parity for the ground state of Bi?”. 

The possibility of a O— assignment for the ground 
state of Bi’! was investigated. In this case the transi- 
tion is of the type 0— — 0+. The experimental points 
in the Fermi plot for the most energetic component were 
corrected for the suitable interaction. Under the present 
assumption there must be a spin change of two for the 
transition to the 0.72-Mev level. The experimental 
points after subtracting the first component were cor 
rected for the tensor interaction characteristic of a 
unique transition. The curve thus obtained differed 
significantly from a straight line, thereby contradicting 
the original assumption. 

The remaining alternative is that the ground state 
of Bi* is 1—. This result is in agreement with the work 
of Horton’ who arrived at this result from measurements 


4A. Rytz, Compt. rend. 233, 790 (1951) 
5 J. W. Horton, Phys. Rev. 101, 717 (1956) 
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of the angular correlation between alpha particles 
emitted from Bi and gamma rays from the 40-kev 
excited level of Tl. The final resolution of the spec- 
trum into its component spectra was carried out ac- 
cording to this assignment. The ground-to-ground 
transition is then of the type 1— — 0+-. As the element 
under investigation has a high Z, the energy-dependent 
terms in the matrix element for this transition is over- 
whelmed by the energy-independent Coulomb term 
which is proportional to Ze’/2R (R being the nuclear 
radius), and so the expected deviations from an allowed 
shape should be small. Nevertheless, it is desirable to 
correct for the deviation from the allowed shape in order 
to extrapolate to lower energies correctly, and to obtain 
by subtraction the lower-energy components. 

The Fermi plot was therefore corrected for the first- 
forbidden ground-to-ground transition by dividing the 
ordinates of the points by the square root of the ap- 
propriate energy-dependent coefficient known as the 
shape factor for the following three different assump- 
tions concerning the interactions: (1) scalar interaction, 
(2) tensor interaction, and (3) equal mixtures of 
scalar and tensor interactions. In the mixed interaction 
the interference term, assumed to be small in com- 
parison to the other terms, was neglected. 

The shape of the second component, found by sub- 
traction of the extrapolated most energetic component, 
was sensitive to the type of correction applied to the 
first component. A good straight line was obtained for 
Fermi plot of the second component when the first was 
corrected for the equally mixed scalar and tensor 
interaction, whereas for the other possibilities, includ- 
ing the possibility for the uncorrected allowed shape, 
a fit of the points to a straight line was definitely less 
successful. Figure 3 shows the experimental points in a 
Fermi plot which was corrected for an equal mixture of 
scalar and tensor interaction, neglecting the interference 
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Fic. 3. The experimental points in a Fermi plot which was 
corrected for an equal mixture of scalar and tensor interaction 
neglecting the interference term, for a first-forbidden transition 
with a change of spin one. The straight line gives the most ener- 
getic component which intersects the abscissa at an energy of 
2.27 Mev. N, gives the number of true coincidences, Nq the 
number of alpha particles, and / the function of Fermi. P:(oXr) 
and P,(r) indicate the tensor and scalar interactions, respectively 
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term. The straight line gives the most energetic com- 
ponent which intersects the abscissa at an energy of 
2.27 Mev. At about the energy of 1.5 Mev, the experi- 
mental points begin to deviate from the straight line 
as a consequence of the second superimposed com- 
ponent. The deviation of the Fermi plot from a straight 
line for the second component (which is also first- 
forbidden), the energy of which is lower, should be less 
than for the first component. The subtracted experi- 
mental points of the second component were not cor- 
rected for the first-forbidden interactions, both for this 
reason and since the accuracy of the shape of a 
spectrum determined by subtraction is reduced. The 
straight line fitted to the subtracted spectrum in the 
Fermi plot intersects the abscissa at the energy of 1.55 
Mev, and near the energy of 0.9 Mev there is a devia- 
tion of the experimental points from the straight line. 
By subtracting the second component, a straight line 
was obtained in a Fermi plot, the intersection of which 
is at the energy of 0.93 Mev. This indicated that a third 
8 spectrum excites a second level in Po?!” at 1.34 Mev. 


TABLE I. Summary of experimental data on the complex beta 
spectra in the decay of Bi?". 


Intensity of beta 
transition (percent) 
Correcting 

for first 
forbidden 

shape in 
most 

energetic 

spectrum 


63 0 


Energy of 
level 
excited by 
the beta 
transition 


(Mev) 


Assuming 
allowed 
shape for 
most 
energetic 
spectrum 


Spin and 
parity 


End point log (ft) assign- 


ev) value 


y Br sf 7.6 66 
1.55 7.9 8.5 10 0.72 
0.93 7.1 5.5 7.5 1.34 
0.67 6.7 6 6 1.6 
0.45 6.1 9 8.5 1.8 
0.08 4 5 5 2.19 


A 1.34-Mev gamma ray has been observed by Johans- 
son® and also by Latyshev.’ But these authors inter- 
preted the gamma ray as being emitted in a transition 
from the 2.2-Mev level to a 0.84-Mev level which they 
assumed to exist. Johansson claims that the intensity 
of the gamma ray from this level was equal to that of 
the 0.72-Mev gamma ray. In coincidence measurements 
which had been made at our laboratory® between the 
8.78-Mev alpha particles and the gamma rays, a gamma 
ray of energy 1.34 Mev was found, but no 0.84-Mev 
gamma ray could be detected in coincidence with these 
alpha particles. The intensity of such a gamma ray if 
present must be less than ten percent of the 0.72-Mev 
gamma ray. These experimental results thus confirm 
the assumption of a level at 1.34 Mev. 

In the lower energy region three further component 
spectra were observed. Obviously, one could not expect 
to get the exact shape for these components, but as- 


* A. Johansson, Arkiv Mat., Astron. Fysik 34A, No. 9 (1947). 
7G. D. Latyshev, Revs. Modern Phys. 19, 132 (1947). 
® Wiener, Burde, and Ofer (to be published). 





BETA SPECTRUM 


suming that their Fermi plots do not differ much from 
straight lines, one could get the end points within 
definite limit of accuracy and the relative intensity for 
the components. The last assumption seems quite 
reasonable since the ft values for the low-energy com- 
ponents are lower than for the two high-energy com- 
ponents so that the degree of forbiddenness cannot 
exceed the first. 

By subtracting the third component, a straight line 
in a Fermi plot intersects at the energy of 0.67+0.05 
Mev, which corresponds to a transition of the fourth 
beta component to an excited level at the energy be- 
tween 1.55 Mev and 1.65 Mev. The fourth component 
transition is thus consistent with an excitation of the 
1.6-Mev level of Po”. 

In a similar way the end point of the fifth component 
was found at an energy of 0.45+0.04 Mev which is 
consistent with a transition to the 1.8-Mev excited 
level. The existence of the 1.6-Mev and 1.8-Mev levels 
is known from previous work on the gamma-ray 
spectra and the energy of the long-range alpha particles. 
The end point of the less energetic component was 
found, with relatively greater accuracy, at an energy of 
0.085+0.005 Mev, which corresponds to the excitation 
of the 2.19-Mev level of Po”. The existence of this 
level is also known from previous work on the gamma- 
ray spectra. 

The resolved beta spectra are plotted in Fig. 2. 
Their ordinates are added in the upper curve, which, 
as can be seen, fit quite well the experimental points 
plotted in the same figure. From the relative intensities 
of the spectra the log(/t) values were calculated. The 
experimental data on the 8 spectra is summarized in 
Table I. The relative intensities obtained when the 
most energetic spectrum is left uncorrected for a first- 
forbidden transition is also given for comparison. It is 
seen that differences in intensities of about a few per- 
cent are involved for some of the transitions. The end 
points are not sensitive to whether a correction is 
made or not. Figure 4 shows the decay scheme for the 
B decay of Bi*"?, based on the present work. The presence 
of a gamma ray of energy 1.5 Mev’ can be explained by 
a transition between the levels 2.19 Mev and 0.72 Mev; 
the known 1.1-Mev® gamma ray can occur as transition 
between the levels 1.8 and 0.72 Mev. 

From the log(/t) value for the least energetic com- 
ponent spectrum (end point 0.08 Mev) it is clear that 
the beta transition to the 2.19-Mev level is allowed, so 
that the parity of this level must be odd. As there is a 
gamma transition to the ground state from this level, 
the possibility of an 0— assignment is excluded and 
we are left with either 1— or 2—. According to Laty- 
shev,’ the gamma transitions from the 2.19-Mev level 
to the 0.72-Mev level and to the ground state are both 
dipole. Thus the 2.19-Mev level should be 1—. 

Since there are gamma transitions to the ground state 
from all the three remaining higher levels, their spins 
should be different from zero. Furthermore as the 
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Fic. 4. The beta-decay scheme of Bi?", based on the present 
work. The gamma rays were measured by Johansson,® Latyshev,’ 
and Wiener et al.* 
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log(/t) values for the corresponding beta transitions 
point to first forbidden transitions, the parities of the 
levels should be even. The spins of these levels could 
not be 3, because the shape of the beta components are 
not of the unique transition type. There remain thus 
two alternatives for the spins of these levels: 1 or 2. 
According to Latyshev,’ the 1.6-Mev and 1.8-Mev 
transitions are of quadrupole transitions, and therefore 
the assignment of these two levels should be 2+. 

According to Latyshev,’ the 1.34-Mev transition is 
dipole and thus the resulting assignment for this level 
should be 1+-. This assignment, however, is in disagree- 
ment with the empirical observation of Glaubman*® 
(which has been explained theoretically by ‘Talmi'® on 
the basis of the shell model) that low-lying levels of 
even spin in even-even nuclei should have even parity, 
and the levels of odd spins should have odd parity. 
Although the 1.34-Mev level can hardly be classified 
as a low-lying level and it is doubtful whether Glaub- 
man’s observation should apply in this case, the re- 
maining level assignment is in agreement with this 
observation. Latyshev determined the multipolarity of 
the 1.34-Mev gamma transition by measuring the con- 
version coefficient for internal pair production; how- 
ever, his value for the intensity of the 1.34-Mev gamma 
ray is 1.8% which differs from Johansson’s value of 
4.5% for the same gamma-ray transition. The latter 
figure might indicate a quadrupole transition on the 
basis of Latyshev’s calculations. Johansson’s result is in 
reasonable agreement with the measurement of the 
intensity of the beta transition to the 1.34-Mev level 
(5.5%-7.5%) in the present work, in particular if one 
does not exclude the possibility of a weak gamma-ray 
transition to the 0.72-Mev level, which might be un- 
observed in the presence of the much stronger 0.72-Mev 
gamma ray. Therefore the two alternatives are left for 
the spin assignment of the 1.34-Mev level. 

The 6% beta excitation of the 1.6-Mev level is in 


9M. J. Glaubman, Phys. Rev. 90, 1000 (1953) 
“7. Talmi, Phys. Rev. 90, 1001 (1953) 
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good agreement with Latyshev’s value of 5% and 
Johansson’s value of 7% for the intensity of the 1.6-Mev 
gamma ray. The 5% intensity of the beta transition to 
the 2.2-Mev level is consistent with the combined 
intensities of the 2.2-Mev and the 1.5-Mev gamma 
rays (4.3%, according to Latyshev). The 8.5%-9% beta 
excitation of the 1.8-Mev level is consistent with the 
sum of Latyshev’s value for the 1.8-Mev gamma-ray 
intensity and Johansson’s figure for the 1.03-Mev 
gamma (together 8.6%). Finally, Johansson’s value of 
18.5% for the 0.72-Mev gamma is in fair agreement 
with the combined intensities of Johansson’s result 
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for the 1.03 Mev gamma and Latyshev’s value for 
the 1.5-Mev gamma and the beta excitation of the 
0.72-Mev level (together 15.8%-17.3%). 

As was indicated above, the 0.84-Mev gamma ray 
reported by Johansson was not found in alpha-gamma 
coincidence measurements*® and is most probably the 
0.859-Mev gamma transition in Pb**, 
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Gyromagnetic Ratio of the 10-*-sec State of Ta'*'+ 


V. E. 


KROHN AND S. RABOY 


Argonne National Laboratory, Lemont, Illinois 
(Received April 1, 1957) 


The gyromagnetic ratio of the 482-kev state of Ta'*'(10~*-sec) has been measured by angular correlation 


techniques and found to be +1.2340.05 nuclear units. 


HE present measurement of the gyromagnetic 
ratio of the 482-kev 10~*-sec state! of Ta! (Fig. 1) 
was undertaken to improve the accuracy of our previous 
result? and to obtain additional information about 
the effect of extranuclear fields on the results. Since our 
preliminary report, a group in Zurich’ has made a 
similar measurement. 
Hafnium metal, irradiated in the Reactor CP-5 at 
the Argonne National Laboratory, was dissolved in 


Fic 1 Decay 
scheme of Hf!" as 
given by Boehm and 
Marmier.' The dark 
lines indicate the 
gamma rays involved 
in the present meas 
urements 








"| 
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t Work performed under the auspices of the U 
Energy Commission 

1 F. Boehm and P. Marmier, Phys. Rev. 103, 342 (1956) 


2S. Raboy and V. E. Krohn, Phys. Rev. 95, 1689 (1954). 
? Heer, Ruetschi, and Scherrer, Z. Naturforsch. 10a, 834 (1955). 
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concentrated hydrofluoric acid. ‘The sources were con- 
tained in Teflon holders with the active volume in a 
cylinder 3.2 mm in diameter and about 3.2 mm high. 

The 482-kev and 133-kev or 137-kev gamma rays 
were detected by cylindrical NaI(T1) crystals 3.8 em in 
diameter and 2.54 cm long. These crystals were fastened 
to 28-cm Lucite light pipes which were optically bonded 
to fourteen-stage photomultipliers (6810). A fast-slow 
coincidence circuit was used for the measurements. The 
fast coincidence circuit was similar to the circuit de- 
scribed by Bell, Graham, and Petch,* and resolving 
times (27) from 20 to 70 mysec were used during the 
course of the measurements. The pulses for the fast 
coincidence circuit were limited by EF P-60, secondary- 
emission pentodes, and fed to the fast-coincidence 
circuit without amplification. Pulses from the tenth 
dynodes of the 6810 multipliers were utilized for pulse 
height analysis. The system required a coincidence of 
the output pulses of each of the two single-channel 
analyzers, and the fast-coincidence circuit in order to 
register an event. 

For a liquid source, with a magnetic field H applied 
perpendicularly to the plane of the detectors of the two 
gamma rays, the directional correlation is given by® 


W (6,w) -f > Ane P,, (cos[O+ut |)e!"F (tdt, (1) 
0 n 


where @ is the angle between the directions of emission of 


‘ Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952) 
‘A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 





10-*-SEC 
the gamma rays, the P,, are even Legendre polynomials, 
the A, are coefficients which appear in the unperturbed 
correlation function, /'(¢) is the acceptance function of 
the coincidence apparatus, the A, are attenuation 
coefficients determined by the average interaction 
between the time-varying extranuclear fields and the 
quadrupole moments of the intermediate state of the 
nucleus, and w is the angular velocity associated with 
the Larmor precession of the magnetic moment of the 
intermediate state and is given by 


w= guoll/h, (2) 


in which g is the gyromagnetic ratio of the state and yo 
the nuclear magneton. In Eq. (1), 7 is the mean life of 
the intermediate state and the summation is over even 
values of n and is limited by the spin of the intermediate 
state and/or the multipolarities of the gamma rays. 

In the case of the Ta! cascade we are concerned with 
terms up to n=4. In order to determine dA» and dq for 


TABLE I. Values of the angular-correlation coefficients obtained 
with two different delays and identical geometries. The quoted 
uncertainties were determined from the scatter of the data and 
are valid for comparing the two rows, but are believed to be 
somewhat smaller than the systematic errors 


F(t)> 4 max Ai’ Ad’ 


0.263 40.002 0.075 4-0.003 
0.2664-0,002 0.073 +-0.003 


0 to 15 mysec 
10 to 30 mysec 


hafnium metal dissolved in hydrofluoric acid, measure- 
ments were made at two values of the delay with a 
resolving time of 20 mysec. In the first case, the ac- 
ceptance function of the coincidence circuit, F(t) of 
Eq. (1), emphasized times from 0 to 15 mysec, while the 
second set of measurements was made with emphasis 
on time from 10 to 30 mysec. These measurements were 
made in the absence of the magnet; and, after correction 
for the solid angle of the detectors, the results of Table I 
were obtained for A»’ and A,4’, where 


A,’ f Age tAstlis rina f e''F(t)dt, (3) 


and a similar expression holds for A,’. ‘There is no evi 
dence of attenuation; and the maximum attenuation 
consistent with the data would cause only a one percent 
error in the value we have obtained for the gyro- 
magnetic ratio on the assumption that the attenuation 


is negligible. 
The anisotropy [W(180°)/W (190°) 
ured (with 70-mysec resolution) as a function of applied 
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Fic. 2, Experimentally obtained anisotropy plotted as a function 
of magnetic field. The smooth curve is the anisotropy calculated 
as a function of w and is fitted to the experimental points 


magnetic field and compared to the curve calculated 
from Eq. (1) with r= (1.534-0.04) K 10-* sec,® Ae =Aq=0, 
and values of Ay and A, measured in the presence of the 
magnet without correction for the solid angle of the 
detectors. The results are shown in Fig, 2. The data 
were fitted to the calculated curve by adjusting the 
+ 1.23 
t(0).05 nuclear units, was obtained by means of Eq. (2) 
The spin of the 480-kev state has been détermined?* 
+ 3.04+0.13 


H scale relative to the w scale, and the result, g 


to be §, so the magnetic moment is u 
nuclear magnetons. 

The present result is in good agreement with our 
previous measurement and with the value (g=+1.30 
£0.07) obtained by the Swiss group.’ At the present 
time the precision of the measurements is limited by a 
2.5% uncertainty in the lifetime of the intermediate 
nuclear state. This contributes a 2.5% 
the measured values of g. Allowing for this uncertainty 
being common to both obtain 
g=-+1.25+0.04 as the weighted mean of our measure 
ment and that of the Swiss group 


uncertainty to 


measurements, we 
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Differential Cross Sections for the C'*(He’,p)N’® Reaction 


Ek. Geer Ivistey,* H. D. Hotmoren, R. L. Jounston, anp E. A. Wotick1 
Nucleonics Division, United States Naval Research Laboratory, Washington, D.C. 


(Received April 12, 1957) 


The differential cross sections for the C(He?,p)N** reaction leaving N'* in the ground state have been 
measured at 17 angles for bombarding energies of 2.0 and 4.5 Mev and at 6 angles in 0.2-Mev intervals 
from 1.8 to 3.8 Mev. The angular distributions are generally peaked in the forward and backward directions 
and change relatively slowly with bombarding energy. The angular distributions at 2.0 and 4.5 Mev have 
been fitted with Legendre polynomial expansions by using the method of least squares. The data indicate 


a weak resonance at a bombarding energy of about 3.6 Mev. 


I IF FERENTIAL cross sections of He*-induced re- 

actions have been investigated for several light 
nuclei as a function of bombarding energy. In some 
cases, the angular distributions are quite complex and 
energy-dependent. At present, there is no simple theo- 
retical model of the interaction which can provide a 
satisfactory interpretation of the experimental results. 
On the other hand, theoretical progress is hampered by 
the lack of sufficient experimental information. The 
present paper is a contribution to the latter, being a 
report of an investigation of the ground-state proton 
group produced by He* bombardment of C™. The ex- 
periments were performed using the U. S. Naval Re- 
search Laboratory 2-Mv and 5-Mv Van de Graaff 
accelerators. 

The differential cross sections were studied at 17 
angles extending from 10 to 150 degrees in the center- 
of-mass system for bombarding energies of 2.0 and 4.5 
Mev. Ilford C-2 200-micron nuclear emulsions were 
used as detectors and the absorbers were chosen so that 
the ground-state protons stopped in the emulsion. 
While the ground state of the residual nucleus, N?°, is 
well separated from other states, the first and second 
excited states are not sufficiently separated to permit 
the resolution of the associated proton groups with 
nuclear emulsions. The absorbers in most cases stopped 
the protons from all higher states as well as the scattered 
He’ particles. The target chamber was the same as the 
one used by Holmgren ef al.' The targets and method of 
measuring the absolute cross section have been de- 


scribed by Holmgren.” 


TABLE I. Least-squares Legendre polynomial expansions of the 
differential cross section for the C“(He',p)N"™ reaction. oo is the 
total cross section for the reaction leaving N'™ in the ground 
state. (0) = (ao/4r){ Pot ay P1 (C080) + aaP’2(cosd) + +++ J. 


Eijes 
Mev 


aomb ai ar aa a as ae 


+0.07 
+0.45 


+0.02 
+ 0.09 


0.005 
+0.06 


+-0.30 
+051 


+0.74 
+0.97 


21 +-0,038 
14 +045 


2.00 
4.5 


* Now at Queen's College, Georgetown, British Guiana 
1 Holmgren, Bullock, and Kunz, Phys. Rev. 104, 1446 (1956) 
2H. D. Holmgren, Phys. Rev. 106, 100 (1957). 


Figure 1 shows the observed differential cross sec- 
sections at 2.0 and 4.5 Mev. The uncertainties indicated 
on the experimental points are due to the statistical 
fluctuations, the uncertainty in the determination of 
the camera solid angles, and an estimated counting 
uncertainty of 1%. The uncertainties in the absolute 
differential cross sections arise almost entirely from the 
measurement of the target thickness and are estimated 
to be about 20%. The distributions show pronounced 
forward and backward peaking, and are nearly sym- 
metrical about 90 degrees. In order to fit the data 
within the experimental uncertainties with Legendre 
polynomial expansions, it is necessary to include poly- 
nomials of the sixth degree. These solutions are indi- 
cated on the graph by solid lines.’ Table I presents 
coefficients computed for the Legendre polynomials 
and the total cross sections, a9. On the basis of com- 
pound nucleus formation, the Legendre polynomial 
expansions imply that contrutions due to angular 
momentum including /=3 are important. 

In order to determine the manner in which the 
angular distributions vary with bombarding energy, 
the yield was measured at six angles and the energy 
was raised in 0,.2-Mev steps from 1.8 to 3.8 Mev. The 
target chamber had apertures at 0, 30, 90, 120, and 150 
degrees, and thin CsI scintillation counters were 
mounted at these positions. Each aperture subtended 
a solid angle of 0.013 steradian at the target. This 
study showed that the angular distribution changes 
relatively slowly throughout the energy range in- 
vestigated. The yields at all angles indicate a possible 
weak resonance at about 3.6 Mev. The data are pre- 
sented in Fig. 2. Where comparison can be made, the 
differential cross sections reported here are in agreement 
with the results of Schiffer et ai.4 

The validity of the concept of a compound state at 
an excitation energy of 25 Mev is questionable; how- 
ever, if this concept is meaningful, the character of the 
angular distributions at 2.0 and 4.5 Mev is consistent 
with compound-nucleus formation, the lack of sym- 
metry about 90° being explained by an interference 


‘The least-squares solutions were performed on the SEAC 
computer at the National Bureau of Standards. 

‘Schiffer, Bonner, Davis, and Prosser, Phys. Rev. 104, 1064 
(1956). 
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Fic. 1. The center-of-mass differential cross sections as func 
tions of the center-of-mass angle for the C’(He*,p)N"™ reaction 
leaving N* in the ground state at bombarding energies of 2.0 and 
4.5 Mev. The solid lines are Legendre polynomial expansions 
fitted to the data by the method of least squares 


between states of opposite parity.‘ On the other hand, 
the strong forward and backward peaking (recent 
calculations by Owen and Madansky® indicate that 
exchange interaction effects in He*® reactions may give 


*G. Owen (private communication) 
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Fic. 2. The laboratory 
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rise to complex angular distributions, as well as for 
ward and backward peaking) together with the slow 
change in the angular distribution with bombarding 
energy suggest This 
possibility is further strengthened by the observation 


a direct-interaction mechanism 
that the forward peaking becomes stronger with in 
creasing bombarding energy and that the resonances 
are small variations superposed on a large smoothly 


varying yield, 
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Radiation Age of a Meteorite from Cosmic-Ray-Produced He’ and H‘t 


¥. BEGEMANN AND J. Geiss, The Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 


AND 


D. C, Hess, Argonne National Laboratory, Lemont, Illinois 
(Received February 12, 1957) 


The tritium and He’ contents of the Norton County stone meteorite were measured. At the time of fall 
(1948) the tritium activity of two different specimens were (0.28+0.02) and (0.25+-0.02) disintegrations 
min™ g™. The measured He’ contents per gram were (2.2740.11) and (2.35+0.11) 10-6 cc STP respec- 
tively. Experiments were made which indicate that there has been no appreciable loss of He*. The amount 
of He* accumulated and the tritium production rate combined give apparent He’— H? ages for irradiation of 
420 and 480 million years respectively. If an assumption is made as to the direct production rate of He® by 


+640 


spallation, these ages reduce to 240 and 280 million years. The A®—K® age of this meteorite is 4400 — 740) 


million years. The possible significance of this difference in age is discussed 


INTRODUCTION 


N recent years much interest has been given to the 

spallation products produced in meteorites by 
cosmic radiation.” On the basis of the observed 
contents of He* and neon attempts have been made to 
estimate the length of time the meteorites were exposed 
to cosmic radiation, These calculations are hampered 
by the facts that (a) the cross sections for the production 
of He® and Ne are not well known, and (b) the actual 
irradiation rate at the site in question is difficult to 
evaluate. Both uncertainties are partly due to the fact 
that the meteorites change their size and shape con 
siderably during their passage through the atmosphere. 

These difficulties can be overcome, however, in such 
cases where it is possible to measure the production 
rate of a certain isotope as well as the amount accumu 
lated. Probably the spallation product where such 
measurements are most promising is He* because (a) 
the amounts accumulated can be measured with high 
accuracy and do not have to be corrected for any 
original He*® content of the meteorite, and (b) the 
production rate of tritium is high enough to be deter- 
mined by standard low level counting techniques. The 
tritium production rate allows the total He*® production 


S. Air Force, Air 


t This work was in part supported by the U 
bs) 


Research and Development Command, and in part by the U 
Atomic Energy Commission 
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rate to be calculated if corrections are applied for the 
amount of He* produced directly.” 


EXPERIMENTAL TECHNIQUES 


Aliquots of the powdered meteorite samples were 
placed in a Ni crucible and heated by induction in 
order to extract the gases. In such cases where a He‘ 
tracer and/or Hy» carrier were used they were added 
before the heating was started. Where necessary 
purified CO, was added to maintain a minimum 
pressure of a few mm Hg in order to prevent a gas 
discharge. 

The evolved gases were passed through CuO at 600°C 
and the condensable part frozen out with liquid 
nitrogen. This process was repeated until no further 
decrease of the pressure was detectable. The remaining 
amount of gas, always less than 1% of the initial, was 
exposed to hot Ca and to a tungsten wire at about 
2000°C. After that it was transferred by means of a 
Toepler pump into a sample tube and sealed off. 

The CO, and H,O from the condensed fraction were 
carefully separated by repeated fractional distillation 
at dry ice temperature. The water was converted to 
hydrogen with a mixture of CaO and Zn dust at 550°C," 
the evolved gas passed through a liquid nitrogen trap 
and transferred into a counter (850 cm*) with a Toepler 
pump. 4 cm of argon and 2 cm of ethylene were added 
and the mixture was counted inside a ring of anti- 
coincidence counters surrounded by an 8-inch iron 
shield. The background of this counter with hydrogen 
prepared from essentially tritium-free water by the 
same process as mentioned before was (6.6+0.1) 
counts/min. The given error includes the statistical 
error and shows the reproducibility of the background 
measurements with hydrogen prepared in different runs. 

The He samples were analyzed with a 12-inch radius, 


‘8 Martin, Thompson, Wardle, and Mayne, Phil. Mag. 45, 410 
(1954). 

Grosse, Johnston, Wolfgang, and Libby, Science 113, 1 
(1951) 
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TABLE I. Results of the tests for completeness of extraction 


lime of 
heating 
hours 


Sample 
weight 
Sample g 


remp 
deg ( ee STP 
49.60 
29.46 
20.09 
18.836 
21.307 
31.50 


1050 
1300 
1150 
1200 
1200 
1400 


Norton Co. 
Norton Co. 
Norton Co 
Norton Co. 
Furnas Co 
Furnas Co. 
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60° single-focusing mass Ions were 
produced by electron bombardment and the resolved 
ion beam measured by an electron multiplier. The 


amount of He*® was determined by isotopic dilution. 


spectrometer. 


Corrections for discrimination in the mass spectrometer 
were made by comparison with mixtures of He*® and 
He‘ of known composition. 


EXPERIMENTAL RESULTS 


The results of the various tests for completeness of 
extraction are given in ‘Table I. ‘These experiments 
were performed on aliquots of samples of the Norton 
County achondrite. 

The fact that within the limits of error the H® yield 
is the same when heating the sample without flux to 
1050°C and 1400°C (with and without carrier) indicates 
this yield to be 100%, 

As a further check, an attempt was made to extract 
the tritium by fusing the sample with Na,B,O;7. The 
low yield in case of run No, 43 is believed to be due to 
absorption of tritium in the white deposit on the cooled 
jacket above the crucible, formed during the reaction 
of the sample with the flux material. Although this 
effect can be eliminated almost completely by adding 
H, as carrier (run No. 48), heating the sample without 
flux to a temperature below the melting point still 
seems to be the most favorable method for the extra: 
tion of tritium from the stone meteorite for two reasons. 


(a) Keeping the temperature below the melting point 
avoids the formation of sublimates which also occur 
when melting the stone without flux. 

(b) The difference in the diffusion constant at tem- 
peratures just above and just below the melting point 
should be more than compensated by the increase of 
the diffusion length due to melting. 


The He?® yield appears to be 100%, independent of 
the method of extraction. Table II gives the final 
results for the different meteoritic samples. 

The He*— H? ages given in column 5 of ‘Table II are 
obtained by dividing the total number of He’ atoms by 
the number of tritium atoms decaying per time unit. 
Taking into account that some of the He’ is produced 
directly, these ages have to be corrected. In column 6, 
the corrected ages are given, assuming a value of 0.7 


Carrier 
He 


H* at time 
of fall 
dis/min g 


Flux 
NazBiOy 
& 


H4, counts 


Het, 10°¢ 
per min ‘ 


c STP gg 


&.0 +08 
5.38+0.3 
1.73+0.16 
2.83+0.24 
3.03-+40.25 
4.91+40,20 


0.26 +0.03 
0,296-+0.015 
0.139+0.015 
0.245 4-0.02 
0.236+40.02 
0.255+40015 


2.24+0.11 


2.29+0.11 
2.35+0.11 


for the ratio of the spallation production rates, He* 
to H®.* 

In the sample of the Marion chondrite (21.0 g) which 
fell in 1847 and thus should contain no tritium unless 
small amounts are still produced after the fall of the 
tritium This 
somewhat in contradiction to the finding of Fireman 


meteorites, no could be detected is 


who found about equal amounts of 
their 


and Schwarzer 


tritium terrestrial material (iron) and most 


recent meteorite (Para de Minas, fell 1934).f 


in 


DISCUSSION 


The difference the He*—H?* of the 
specimens from the Norton County meteorite are not 


in ages two 
regarded to be significant as the experimental values are 
almost within the limits of error. Moreover, the ratio 
of the production rates of He® and H® will be dependent 
on the energy of the particles causing spallation, and 
thus be different for specimens from different locations 
in the same meteorite, depending on the shielding. This 
uncertainty, however, does not influence the results 
seriously because this ratio certainly has to be between 
zero and one, thus leading to a possible range of the 
He*— H?® of (200-500) 10° This 
even be true if all the He* were produced by the process 
Li®(n,a)H*. Taking for the lithium content of the 
Norton County meteorite the highest value given by 
Fireman and Schwarzer for achondrites'’ and making a 


age years would 


reasonable assumption for the slow-neutron flux in the 
meteorite, the possibility of a considerable contribution 
of He’ from this process can be excluded. Therefore, 
H’ 
production ratio by spallation, obtained with 340-Mey 


= the 


the only available experimental value for the He’ 


protons on iron, used to calculate most 


probable He? 
The most striking result is that for the same specimen 


was 
H? ages (Table I], column 6). 


of this meteorite the He*— H® age is more than a factor 
of ten lower than the A®— K“ age. A trivial explanation 
for this difference would be a preferential loss of He’ 
compared with A”, In order to investigate this possi 
bility an aliquot of the Norton County sample was 
heated for two hours at 700°C and the evolved gases 
t Note added in proof. Dr 
in agreement with our result, no tritium wa 
oldest meteorite (Charcas, 1804). He consider 


material for background determinations 
to be misleading 


Fireman pointed out to us that 
detected in their 
the use of terrestrial 


as was implied here 
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TABLE II. Final results for the various meteoritic samples. 


Tritium 
dis/min g 
at time of fall 


Tritium 
counts/min 
measured 


Norton County” 0.17540.012 0.28+-0.02 


Furnas County” 
stone fraction 
meta] fraction 

Marion® 


0,1564-0.012 0.2540.02 


<0.01 


* See reference 11, 


He* —H# age [10° years) 
Uncorrected Corrected for A-K age 
direct prod 10° years*® 


" +640 
4400 | 740 


He#, 10~¢ 
cc STP/g 
2.2740.11 


420 240 


2.35+0.11 
1.0 +0.1 


480 280 


» Norton County and Furnas County are two specimens of the same fall. Date of fall: February 18, 1948. 


* Stone meteorite (Chondrite), Date of fall: February 25, 1847, 


were taken out. Then the sample was completely 
reacted with Na»B,O; flux at 1200°C and a second gas 
sample removed. The first fraction contained about 


75% of both the A® and He’. This result shows that a ° 


heating of the meteorite to a temperature of 700°C or 
more would influence both gases equally. However, the 
possibility of a preferential loss of He® at lower tem- 
peratures over a long period of time cannot be excluded 
on the basis of this experiment. 

With this possibility in mind, the He* content of a 
sample of several small metal inclusions from the 
Furnas County specimen was measured. Unfortunately, 
the small amount of this sample (1g) precluded a 
measurement of the tritium content. As can be seen 
from ‘Table II, the amount of He* found in the metal 
phase is only one-half that found in the stone phase. 
Diffusion losses, however, certainly would cause a 
greater loss in the stone phase than in the metal phase. 

The metal and stone phases were intermingled. Thus 
the irradiation of both phases must have been the same. 
As the dimensions of the metal inclusions were large 
compared to the range of the H*® and He’ atoms 
produced by irradiation, the amount of He’ found in the 
metal phase cannot have been influenced seriously by 
its smaller stopping power compared with that of the 
stone phase. The He’ which was found must have been 
produced locally so that the amounts obtained from 
the stone and iron phases should be proportional to the 
cross sections per gram. Using the measured cross 
sections for tritium production in various elements !®-!® 
and the chemical composition of the stone phase of the 
Norton County meteorite as given by Beck and LaPaz," 

1 EF. L. Fireman and F.S. Rowland, Phys. Rev. 97, 780 (1955). 


FE. L. Fireman, Phys. Rev. 97, 1303 (1955). 
17(, Beck and L. LaPaz, Am. Mineralogist 36, 45 (1951). 





a calculation shows the cross sections per gram for the 
stone phase to be twice that of iron. If one assumes that 
the ratio of the rates of direct production of He* and H* 
does not change appreciably between Z= 28 and Z=8, 
this is in agreement with the results given in Table IT. 


CONCLUSION 
The difference between the He’— H® and the A®— K® 
age of the Norton County achondrite appears to be 
real and not due to preferential loss of He*. This low 
He*— H® age can be explained in several ways: 


1. The cosmic radiation has not been constant for the 
past 4400 X 10° years; it has not had its present intensity 
for more than about 500X 10° years. 

2. The cosmic radiation has not varied greatly with 
time (C™ dating experiments have indicated that it has 
been roughly constant for the past 10* years!*.*), Thus 
the He*— H? age defines the time at which the breakup 
of a much larger body produced this meteorite. 


ACKNOWLEDGMENT 


We wish to thank Dr. M. G. Inghram, Dr. W. F. 
Libby, and Dr. H. C. Urey for encouragement and 
helpful discussions. We are grateful that the facilities 
of the Enrico Fermi Institute for Nuclear Studies and 
of the Argonne National Laboratory were provided for 
this investigation. 

We wish to thank H. H. Niniger of the American 
Meteorite Museum for supplying the sample of Norton 
County meteorite and C. B. Schultz of the State 
Museum, University of Nebraska, for donating the 
sample of Furnas County meteorite. 

'8W. F. Libby, Radio-Carbon Dating (University of Chicago 


Press, Chicago, 1955), second edition, p. 8. 
J. L. Kulp and W. L. Volchok, Phys. Rev. 90, 713 (1953). 





PHYSICAL REVIEW VOLUME 


107, NUMBER 2 


Electron Polarization in Beta Processes 
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Recent experiments have confirmed the hypothesis of Lee and Yang that there exist terms in the beta 
interaction which destroy the invariance of the theory under space inversion and charge conjugation; the 
possibility of the lack of invariance under time reversal had not yet been tested conclusively. We explore 
further consequences of these additional interactions, limiting the discussion to experiments involving the 
detection of polarized electrons and gamma rays from unpolarized nuclei. In particular, formulas are 
derived for the longitudinal polarization of electrons in beta decay, and for the correlation of the transverse 
polarization of electrons with the direction of a gamma ray. Such experiments would lead to an independent 
verification of the violation of selection rules for parity and charge conjugation, and to a possible test of 


the invariance under time reversal. 


I. INTRODUCTION 


HE recent experiments of Wu, Ambler, Hayward, 
Hoppes, and Hudson!” have proven conclusively 
that there are beta transitions in Co and Co®* which 
violate parity selection rules; that is, they observed a 
correlation between a pseudovector (the nuclear polar- 
ization) and a vector (the electron momentum). 
Measurement of the magnitude of the correlation also 
proved that charge-conjugation invariance was violated. 
The experiments in principle could have yielded infor- 
mation on the time-reversal invariance as well, but 
were not conclusive. 

It is the purpose of this work to investigate further 
experiments with nuclear beta decay which can provide 
an independent verification of these results, and can 
also reveal violations of time-reversal invariance, if 
present. Clearly the generalization of the beta-decay 
interaction to include terms which violate these invari- 
ance requirements suggests many new experiments. In 
particular there will be extra terms in the transition 
rate for beta decay and in the beta-gamma correlation 
function. We shall restrict the discussion to only those 
experiments involving the detection of electrons and 
gamma rays emitted by unpolarized nuclei. To observe 
nonconservation of parity one must then detect the 
polarization vector of either the electron or the gamma 
ray ; we shall (rather arbitrarily) select the measurement 
of electron polarizations as being more feasible. The 
problem then splits rather naturally into the discussion 
of the experiments arising from a measurement of the 
longitudinal electron polarization, and of the transverse 
polarization. Accordingly, we shall discuss in Sec. I 
the information which can be obtained by measuring 
the longitudinal polarization of electrons from unpolar- 
ized beta emitters. It will be shown that a situation 
very similar to that of the experiment of Wu ef al. 
pertains; the detection of a polarization will prove 


*On leave of absence from the University of Notre Dame, 
Notre Dame, Indiana. Research supported in part by U. S$ 
Atomic Energy Commission. 

1Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
105, 1413 (1957). 

2T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 


nonconservation of parity, while the measurement of 
the magnitude and energy dependence of the polariza 
tion will provide possible proof of the violation of 
charge-conjugation invariance and of time-reversal 
invariance, respectively. 

In Sec. III we discuss the information gained from 
the measurement of transverse electron polarizations 
in coincidence with gamma rays. By measuring the 
magnitude of the polarization alone, both im the plane 
of the electron and gamma ray, and perpendicular to 
the plane, it is possible to observe violations of charge- 
conjugation invariance and of time-reversal invariance, 
respectively. 


II. LONGITUDINAL POLARIZATION 


Suppose we measure only the momentum p and the 
spin direction | of an electron emitted in the decay of 
an unpolarized beta source. Since there are only two 
directions specified, the rotational invariance of the 
theory requires that the transition rate has the form 


N~at+b(p-D. (1) 


Because the second term is a pseudoscalar, it could not 
appear in a theory in which parity is conserved, and 
hence the electron spin would have no correlation with 
its momentum; i.e., the electron would be unpolarized. 
If conservation of parity is not required, then the 
expression (1) pertains, and the electrons can be 
polarized along their directions of motion, It seems 
surprising at first that this polarization could escape 
detection for so long, until one recalls that a longitudi 
nally polarized beam of particles does not give rise to 
an asymmetry on single scattering, but only on double 
scattering.’ For example, the experiments‘ utilizing 
beta sources to check the validity of the Mott scattering 
formula, would not be influenced by the presence of a 
longitudinal polarization of the electrons. To analyze 
the longitudinal polarization by scattering,’ one could 


* See for example R. Oehme, Phys. Rev. 98, 147 (1955) 

*N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Oxford University Press, New York, 1949), second edition, p. 83 

5 See for example H. A. Tolhoek, Revs. Modern Phys. 28, 277 
(1956) 
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first rotate the polarization into a transverse direction 
by passing the electrons through an electrostatic field, 
and then perform a single Coulomb scattering. Alter- 
natively, one could perform a double Coulomb scatter- 
ing, and search for an asymmetry in the plane per- 
pendicular to the plane of the first scattering. It is 
interesting to note that this experiment was attempted 
many years ago,® and a positive result obtained, indi- 
cating the existence of longitudinally polarized beta 
rays. Subsequent experiments failed to reproduce the 
effect ;’ in the light of present knowledge about the 
magnitude of such asymmetries, it is unlikely that the 
effect was due to the polarization of the beta rays. 

Using the beta-decay interaction proposed by Lee 
and Yang, one can calculate the transition rate for an 
allowed beta decay into a state in which the electron 
has momentum p and spin in the direction of the unit 
vector 1, which is chosen either parallel or antiparallel 
to p. The result is’ 


1 
h(Z,W)pW(Wo—-W)*dWdaQ, 
4 


on 


V(pldwae, 


m pl 
x4] 1+b—+d—]. (2) 
W W 


We are using a notation identical to that of reference 
2, with the additional definition 


td={|My|*[CsCs"*—CyCy"*+c.c. | 


| Man | ( ‘7 '7* Cat are { GAx \) 
iaZ 
My | CgCy’*+Cs'Cy*—c.c. 
p 


taZ 
{ Mor\*LCrCa™+Cr'Ca*—c.c.]}, (3) 
p 
where “c.c.”” means ‘ 
the polarization as 


‘complex conjugate.” Defining 


p/p) 


p/p) 


Ve d 
P ( ) (4) 
c \1+bm/W 


Let us note here that under the special conditions as- 
sumed in the Lee- Yang neutrino theory’ (C= —C’), and 
with a single term in the interaction Hamiltonian, the 


N(p,p/p)—N (p, 
N(p,p/p) +N (p, 


we find that 


* Cox, MclIlwraith, and Kurrelmeyer, Proc. Natl, Acad. Sci 
U.S. 14, 544 (1928) 

7C. T, Chase, Phys. Rev. 34, 1069 (1929) 

* This same result has been derived in references 14 and 16, 
as well as by M. E. Ebel and G, Feldman (unpublished preprint) 

*T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). See 
also L. Landau, Nuclear Phys. 3, 127 (1957); A. Salam, Nuovo 
cimento 5, 299 (1957) 
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polarization is just +v/c,"° and therefore complete for a 
fast electron. Since this is the assignment of coupling 
constants suggested by the experiment of Wu e¢ al., let 
us make clear the origin of this result. Under the above 
conditions, the interaction Hamiltonian contains the 
light-particle wave functions in the form ¥'0(1—~s)@, 
where © is any of the operators appearing in the various 
interactions. For S, 7, and P, we find that ys commutes 
with ©, while for V and A, it anticommutes. Therefore 
we can write it as ¥'(1+75)0@. But it has been empha- 
sized that if the mass of a Dirac particle is zero (or 
negligible, as for a fast electron), the operators } (1-5) 
acting on positive energy states, are projection operators 
for states with spin parallel or antiparallel to the mo- 
mentum.'' Therefore fast electrons, as well as the 
neutrino, are emitted in only one of the two possible 
spin states, and are completely polarized. Notice that 
this should be true for the basic differential process, 
before averaging over the neutrino directions, or making 
the expansion into degrees of forbiddenness, etc. 

The polarization arising from a pure interaction will 
therefore approach a constant for high electron energies ; 
the same result is true for the polarization arising from 
the interference between S, 7, and P, and between V 
and A. The polarizations arising from S-V and T-A 
interference, however, will vanish like 1/W for fast 
electrons. This difference in the energy dependence of 
direct and interference terms is characteristic of beta 
decay, and is very important in deciding the form of 
the beta interaction from experiment. 

Examination of the formula (3) for the polarization 
shows that it provides exactly the same information as 
is obtained by the experiment of Wu et al. [see Eq. 
(A.6) in reference 2]. The detection of a polarization 
proves the violation of parity conservation; a non- 
vanishing value for the first (energy-independent) term 
in d violates charge-conjugation invariance, while a 
nonvanishing value for the second (energy-dependent) 
term violates time-reversal invariance.” There is the 
further possibility of studying pure Fermi transitions 
(0-0, no), for which there is no analogous experiment 
with polarized nuclei. 

As is well known, the only interference terms for an 
allowed beta transition of an unpolarized source are 
between S and V and between 7 and A (the Fierz 
interferences). Since it is generally concluded that V 
and A are both absent in nuclear beta decay, this 
would prevent the observation of terms violating time- 
reversal invariance in an allowed transition.” For this 


Perhaps we should point out here that, if one assumes the 
Lee-Yang neutrino theory, time-reversal invariance implies 
complete polarization, but the converse is not true, The polar- 
ization in an allowed transition would be complete even if there 
were no time-reversal invariance, but if |Cs| |Cy| =0 held. 

'! We are neglecting the Coulomb field here. 

1 Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957). 

‘8 We should note that the Fierz condition, which now reads 
[CsCy*+Cs'Cy’*+c.c. ]}=0 does not necessarily imply the van- 
ishing of the S-V and 7-A interference terms in the polarization, 
which contain [CsCy"*+Cs'Cy* —c.c. ]. 
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reason, it may be important to examine a forbidden 
transition, where S-7' interference can occur; the 
of RaE may be a good example. 

In this case (first-forbidden, 1 
the polarization" 


case 


4), yes) we obtain for 


where 


)*CLitsglotsMot+4qNo] 
SoxXe\) |"CLit 4g Lot2M o—$qNo] 

—barr| (lS Ba!) *LLo | 
pmb St )( foxr  . My | 
+} fiasr( Sr) )( Sa )*+c.c.j)L4glotNo] 
Soxr )( S ba +e.c.}[4glo—N 


A ass ( 


be T 


o], 


(5) 


— arr! 


and 


Sl) (°C Ly + 3g2 Le + 4M + 4gN 0") 

Saxe) | Ly + 4g? Lo! +2M 0! 

(| Bal!) |*LL0"] 

St) (| Soxr'))*+e.c.j CL — Mo] 
iBsr(\\ Sr) (|S Ba! )*+e.c.J[hqlo +N 0! ci 

ie SoxXr))() Sa! )*+c.c.}[4qlo’ 

+{Bsr(| Sr!) (| foxXr'|)*+c ¢ }U4gRo'] 

-(Bsr(\ S|) (|S Ba IL3Ro’ J 

+{iBrr(| foxXr )(|| f Ba )*¥+e.c.}[4Ro’ |. (6) 


3=B ss 
+ {Brr 
+ 38rr 
- fig 


tgN o” 


We have made the useful abbreviations a,;;=C,C;* 
+C/C,;'* and B);=C.C;'*+C,'C,;*. The functions L,, Lo, 
Mo, No, Li’, Lo’, Mo’, No’, Ro’ are defined in the ap- 
pendix. The symbol (| f°©)|) is an abbreviation for the 
reduced matrix element of a vector operator for the 
nuclear transition being considered, and the assumption 
has been made that only the scalar and tensor forces 
contribute. 

If time reversal is valid for the nuclear forces, then 
(| foxr )(|SBa'))* term in the 
expression for B is zero. The preceding two terms will 
be nonvanishing only if invariance is 
violated in 8 decay. These terms are proportional 
aZ/p and thus are a Coulomb effect. 

For a heavy element, the functions My and Mo’ are 
very large and approximately energy-independent. In 
general one would therefore expect the 6 spectrum to 


is real and the last 


time-reversal 


have an allowed shape, and the polarization to be 
independent of the terms violating time-reversal invari- 
ance. However, RaE does not have an allowed shape, 
owing to cancellation of the terms containing M». If, as 
tC, 

: 4 / 
occurs among the terms containing M4’. 


seems likely, C; then a similar cancellation 


In this event, 
Alder 


“This result has also been obtained by Stech, and 


Winther, Phys. Rev. (to be published) 
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the terms violating time-reversal invariance might be 
It seems unlikely that this experiment will 
checking the under 
theory ; however, polarization experi 
provide 
S, T coupling ‘aan 


observable. 


prove useful in invariance time 
reversal in the 
new information on the 


ments on Rak can 


III. TRANSVERSE POLARIZATION 


If another direction is introduced into the problem by 
the 
components of its polarization transverse to its mo 
mentum, as well as longitudinal.'® For example, Jack 


measuring another particle, electron can have 


son, Treiman, and Wyld'® have suggested experiments 
in which nuclear recoils or nuclear polarizations are 
measured in addition to electron polarizations. We shall 
consider the case in which a gamma ray is detected; 
that is, the 


correlation functions. One easily discovers that no such 


measurement of § polarization-gamma 


transitions; we 
lor sim 
and 


correlations exist for allowed beta 
therefore consider first-forbidden transitions. 
plicity we shall 
consider only those beta transitions involving the scalar 


ES and the 


main 


also neglect Coulomb effects, 


nuclear matrix element tensor matrix 


elements foXr. It 


illustrative examples, rather than an extensive tabu 


is our purpose to present 
lation of correlation functions. 

A similar argument to that of Sec. II, based on 
rotational invariance, leads us to expect the following 


terms in the transition rate: 


N~at+b[3(p-k)?— pk? |+d-kp-k+d1-pxkp-k. (7) 


Here p is the electron momentum, I is a unit vector 
orthogonal to p in the direction of the electron spin,” 
and k is a unit vector in the direction of the photon 
The first two terms are the ordinary B-y correlation 


function; the third term leads to a polarization in the 


plane of p and k, and the last term leads to a polar 


ization perpendicular to the plane A calculation of the 


transition rate for the emission of an electron p, | and 
a photon I yives 


\ (p,LkjdW dQ dQ, ~pW (Wo? W*) dQ. dQ, 
{A + (I,J 2,J 3,1.) B(3(p-k)? P’) 
tCp-kl-k+ Di pxXkp-k |jdlV, (8) 


'® We shall drop longitudinal polarization terms in this section ; 
we take pl 0 

© Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957 

'7 The transverse polarization of a beam of relativistic particles 
is usually defined as the ensemble average (fo 
of the particles. Defining the polarization 
four-(pseudo) vector, it is given in an arbitrar 
An electron polarized in its rest system in the 
in an eigenstate of Ba-I, and in an arbitrary {1 
state of ivsyyly. Formula (4) gives 
state. Here L, is defined to transform like a four 
and is (1,0) in the rest frame, and satisfic Ldy=1, pully =O. Note 
that a unit vector transverse to p is 
transformation along p. 


in the rest frame 


to transform like a 
frame by @ yu 
direction |, is thu 
ime i8 In an eigen 


the transition rate into such a 


) eudo) vector 


unchanged by a Lorentz 
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where f{(J;J2J3,L) is a numerical coefficient and 
A=ags| (Jo) Sr) Js) P+) —t9r/W} 
tarr| (Ji Soxr Ji) PUP+E)+hqr/W}, 
Be=ags\ (Jo\| Sr)\J1)\?((2g-3W)/8W} 
tarr| (Jo|| faxr!J;) \*{(4q+3W)/32W} 
iagr (Jo) fr Js) (Ja! Saxe J 1)*{3g/16W} 
+C.C., (9) 
C=Bgs\ (Jo!) S'r)\J,) \*{3q/4W} 
+Brr\ (Jo\| foXrJ,) |*{3q/8W} 
iB gr(J 2) Sr J1)(Jo!| SaXr J 1)*{9g/16W} +c.c., 
D agr(J 9)! Srl J 1) (Jo foxx J1)*{9/16W)} +c.c. 
The transition is J,;—*%’—~J,—7—~J5, where the B 
transition is through the matrix elements given above 
and the y-transition is through 2”-pole radiation. For 
L=1, 2 we have 
{(J\JoJ al) 
2W(JoJA1; 27,)W(JoJ ell; 2/3) 


3W(JoJol1:OF,)W(JoJoll OJ). 


f(IsF oJ 92) 
(?) W (FoF ol1; 2:)W (JoJ 222; 2S) 


BANTF W(JoF 011; OJ) W (JJ 222; OSs) 

Here W (abcd; ef) is the Racah coefficient. 

We define the polarization in the direction I as before. 
If we introduce a coordinate system such that p lies 
along the z axis, k in the xz plane, and the y axis along 
pXk, ic., p= p(0,0,1), k= (sin8,0,cos@) then the polar- 
ization in the x direction is 

[pC sin8 cosé 

: (11) 
A+ f(J Jo sL) Bp’ (3 cos*6— 1) 


and in the y direction is 
{p*D sin@ cosé 


P,= (12) 
A+ f(J \JoI aL) Bp? (3 cos’8—1) 


A detection of ?, proves that parity is not conserved 
and, if the Coulomb effects are negligible,'* that charge- 
conjugation invariance is also violated. If the Coulomb 
effects are negligible, P, will be present only if time- 
reversal invariance is violated. Of course Py, will vanish 
unless there are both S and 7 matrix elements present 
and only such beta emitters should be chosen. If 
Coulomb effects are not negligible, one cannot neces- 
sarily conclude that the existence of such a polarization 
component will violate time-reversal invariance, and 
the analysis of the experiment is more difficult. It might 
then again be necessary to study the energy dependence 
of the polarization to identify the terms present. 


‘6 The conditions for the validity of neglecting Coulomb effects 
are that aZ«1 and (aZ/pR)<«1, where R is the nuclear radius. 
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The magnitude and energy dependence of the trans- 
verse polarization cannot be estimated as easily, since 
they depend on the assignment of nuclear matrix 
elements, spin values, etc. However, we can say in 
general that polarizations are rather small. This comes 
about mainly because some of the electrons are emitted 
in j=} states, which show no correlation with the 
gamma ray. The energy dependence for fast electrons 
shows an inverse behavior to that of the longitudinal 
polarization: the terms arising from pure interactions, 
and from S-7-P interference and V-A interference, are 
proportional to m/W, and the terms arising from S-V 
interference and 7-A interference, etc., are proportional 
to 1. This is clearly associated with the fact that, if the 
longitudinal polarization is large, the transverse must be 
small (and vice versa). 

The authors would like to express their thanks to 
Professor C. N. Yang for suggesting this work, and are 
grateful to Professor R. Oppenheimer and the Institute 
for Advanced Study for their hospitality. 


APPENDIX 


Certain combinations of Coulomb radial wave func- 
tions continually reoccur in the discussion of 6 decay. 
Before considerations of parity nonconservation were 
made, the functions defined by Konopinski and Uhlen- 
beck” and tabulated by Rose and Perry” were suffi- 
cient. These are the unprimed functions in Eq. (5). 
However, there is now a need for new combinations, 
denoted by the primed functions in Eq. (6). For 
convenience we tabulate the definitions of these func- 
tions and their limiting value for aZK1, pR<1, 
aZ/pR~m1, where R is the nuclear radius. The functions 
f, and g, are the radial wave functions given by Rose”! 
normalized to one particle per unit sphere, and /'o(Z,W) 
is the Fermi function. Here k= |x|, A=aZ/p, §=aZ/2R, 
and S(p,k)=[2(2p)*“k!/ (2k)! P. 
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Ma a= (2p'Fo) (fat ge)R 


1 2 p’ 
S(p,k)| —?-+— ( Jet 
ke k(2k+1)\W 


Ng-1=(2p?Fo) 7 (f-ng_a— fag) RH 


1 1 Py) 
-sie.| b+ (. ) 
Rk 2k+1\W7 J 


EF. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 
(1941). 

*”M. E. Rose and C, L. Perry, Phys. Rev. 90, 479 (1953). 

1M. E. Rose, Phys. Rev. 51, 484 (1937). Dr. Rose has pointed 
out that the bilinear combinations of radial functions which occur 
are always independent of the (arbitrary) choice of signs of the 
radial functions fx, ge. This ambiguity of signs arises from the 
possibility of adding an arbitrary multiple of x to each phase shift. 
In this appendix we have chosen the phase shifts to satisfy 


- a 
(2k-+1)2) 





k 
cos(44—A-4) = Tas 


A 


sin (A,— =— : 
sin (A,— A_x) (Ady 





ELECTRON 


2 


p 
RAM S(pyk)— 
+42)! ui 


k 


Lys’ = (2p°F 0) "(2 feg ar 


M,_\' = (2p*F 0) \(—2f k2k) : R-**, 


(k?-+A?)} 


Pp’ 
(2k-+1)2)’ 


2W 
en 
k(2k+1) 


ppl 
S(p,k)—| —#+ 
WL R? 


PHYSICAL REVIEW VOLUME 


POLARIZATION 


IN 6 PROCESSES 


Ny-1' = (2p*F 0) ‘ff kn BR k) Ret, 
(k?+-A*)! 


ppl 
—S(p,k) E+ | 
WLR 2k+1 


Ry_s’ = (2p? Fo)" (fa fat pega) 
(k? 


107, NUMBER 2 


Measurements of the Proton Strength Function* 


J. P. Scnirrert ano L. L. Lee, Jr., Argonne National Laboratory, Lemont, Illinois 


AND 


R. H. Davis AND F. W. Prosser, Jr., The Rice Institute, Houston, Texas 
(Received April 8, 1957) 


The thick-target yield of gamma rays from the (p,p’y) reaction has been used to calculate values of the 


2 


strength function (7*)4/D, of states in the compound nucleus for the channel of s-wave inelastic protons 
Measurements of inelastic scattering to the 2+ first exciced states of nine even-even nuclides, ranging 
from Ca“ to Zn, indicate a constant value for (y%)a/D of 2.7*10°" cm, within experimental error. This 
may be compared with the resonance in neutron strength function near atomic weight 55 as found in neutron 


elastic scattering 


INTRODUCTION 


N comparing theories for various nuclear models, 
certain average properties of nuclear levels are of 

considerable interest. One such property is the average 
strength of levels in a nucleus as measured by the 
strength function, (y*)w/D.-* Here (2) is the average 
reduced width, for a particular reaction channel, of 
levels with the same quantum numbers w and J, and 
D is the average spacing of such levels. 

Previous measurements of the strength function have 
come primarily from experiments utilizing neutrons 
from nuclear reactors‘ or neutrons in the kev region 
obtained from the Li’(p,n)Be’ reaction by use of 
electrostatic accelerators.® The centrifugal barrier limits 
most of the resonances in such experiments to those 
formed by s-wave neutrons. It has become customary 
to define a modified reduced width, I’,°=I',//,', where 
both #, and I’, are measured in ev. This I’,”, defined 
only for s-wave neutrons, differs from the customary 
reduced width y’ only by a constant factor. 

Feshbach, Porter, and Weisskopf? have discussed two 

* Supported in part by the U. S. Atomic Energy Commission 

t At The Rice Institute for a portion of these experiments. 

1T. Teichman and E. P. Wigner, Phys. Rev. 87, 123 (1952). 

2 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

3 Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955). 

4R. Cote and L. M. Bollinger, Phys. Rev. 98, 1162(A) (1955); 
Carter, Harvey, Hughes, and Pilcher, Phys. Rev. 96, 113 (1954). 

5 'Karriker, Marshak, and Newson, Bull. Am. Phys. Soc. Ser. II, 
2, 33 (1957) 


models for the variation of the neutron strength func- 
tion with atomic weight. Assuming very strong absorp- 
tion of the neutron in nuclear matter, they expect the 
strength function to stay constant with atomic weight 
and to have the value of 1/(rK)=2.3K 10" cm.® This 
is sometimes called the ‘black nucleus” model. Here K 
is the wave number of the neutron inside the nuclear 
potential well and is taken to be about 1.410" cm™. 
If less absorption is assumed for the neutron, they find 
that maxima in the strength function would be expected 
at values of the atomic weight for which the nuclear 
radius is (n+ 4)4/K, where n is an integer. The data 
from neutron experiments were found to be consistent 
with this latter assumption. A maximum at A= 55 was 
found both by Bollinger,‘ using slow neutrons on nuclei 
of odd Z, and by Newson,® using neutron energies in 
the kev region. Even better evidence has been obtained 
for a second maximum at A = 150.4 Lane, ‘Thomas, and 
Wigner’ also have explained these results by a more 
detailed treatment where they consider the maxima in 
the strength function to be due to independent particle 
states whose strength has been spread out to neigh- 
boring levels. 

Recently an experimental technique has been used in 
which a large number of resonances in the compound 
nucleus are analyzed, and their reduced widths deter- 


* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. VIII 
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Tasi_e I. Summary of strength—function measurements. 
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be resolved from each 


mined, by using accelerated charged particles to induce 
nuclear reactions.’ In this method protons are inelasti 
cally scattered from an even-even target nucleus with 
a 0+ ground state and a 2+ first excited state, With 
thin targets, bombarded by protons from an electro 
static accelerator, the yield of gamma rays as a function 
of energy is obtained and resonances in the yield are 
associated with states in the compound nucleus. If the 
nuclei to be studied are chosen such that the heights 
of their Coulomb barriers are large compared to the 
energies of both the incident and the outgoing protons, 


the penetrabilities cause a preferential population of 


states with certain angular momenta. For the case of 
even-even nuclei of intermediate weight, with this 
condition satisfied, states formed by incident protons 
of angular momentum /=2 and outgoing protons with 
l'=0 should be favored over other states by at least a 
factor of four. 

Angular-distribution studies in reference 7 indicate 
that these assumptions are largely justified since most 
of the more intense reasonances are indeed consistent 
with angular momenta of $+ and $+ for the states in 
the compound nucleus. Since the technique used in 
reference 7 is extremely laborious and time consuming, 
it was thought to be of interest to measure the strength 
function by a simpler method in a number of even-even 
nuclei for which the assumptions made in reference 7 
are applicable. Using a thick-target measurement, a 


Rev. 104, 1661 
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II, 2, 60 


’ Schiffer, Moore, and Class, Phys 
Davis, Prosser, and Class, Bull. Am 
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AND PROSSER 
single determination of the absolute yield for inelastic 
scattering, at one energy in one isotope, should yield a 
measure of the strength function for the channel of 
s-wave protons to the 2+ first excited states of these 
nuclei. 

As in reference 7, the assumption was made that, 
with a target thick compared to the width of a reso- 
nance, the yield due to this resonance is given by 


Y = Sr?X?2(2J+ 1 VI y/T,+T >’), 


where § is the reciprocal of the stopping power in 
atoms/(cm? Mev) and includes the isotopic abundance, 
2k is the wavelength of the incident protons, J is the 
angular momentum of the compound state, and I’, and 
I',, are the partial widths for elastic and inelastic 
scattering. The partial width for inelastic scattering 
can be approximated by I',,=T',I'»/(I',+I',’), since if 
r,2l, then $0y<V,I',/T,+Tp)<Ip. The yield 
from a target which is thick enough to stop the beam 
of incident protons will be the sum of the yields from 
all the individual resonances. 


V thick ™= D Sw?A?(2J+1)0'y. 
If N is the number of resonances involved and AF is 
the energy interval, then (y?)4= >. 7*/N and D=AE/N, 
so that (y*\5/D > 7’°/AE. But since y?=T',-/2kPo, 
where k is the wave number and Po the penetrability 
for s-wave inelastic protons, it follows that 


at pB ry’ 


AE 
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The integral is carried out numerically over the appro- 
priate energy interval. The density of levels in the 
compound nuclei is high enough to justify the use of 
such an average. Since the yield is proportional to I',,, 
it is going to be due mostly to the $+ and $+ states 
for which l’/=0 and thus T’,, is the largest. The value 
of >> y’/AE thus is to be divided by two to take 
account of the fact that the yield was due to two types 
of states with different J. It was found in the experi- 
ments of reference 7 that the strength functions for the 
two states were very nearly equal. 


Y thick 


EXPERIMENTAL METHOD AND RESULTS 


A Nal crystal was used in measuring the gamma-ray 
yield from thick targets of six elements, Ca, Ti, Cr, Fe, 
Ni, and Zn. Gamma rays from two isotopes of Ti, Fe, 
and Ni were observed. The isotopes, the gamma-ray 
energies, the mean energies of excitation in the com- 
pound nucleus, and the values obtained for (y*)s/D 
are shown in Table I. Standard Co and Cs!" sources 
were used in a fixed geometry to calibrate the photo- 
efficiency of the detector. The over-all accuracy of the 
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method was tested by measuring the yield at several 
bombarding energies in the region between 2.5 and 4.0 
Mev, the range of energies being as wide as the validity 
of the assumptions permitted. The observed fluctuations 
in (y?)/D for a single isotope can probably be attrib- 
uted to the effects of individual resonances. This effect 
is most important for the lower bombarding energies at 
which the rapidly changing penetrabilities cause the 
yield to depend on fewer resonances than at the higher 
energies. As a further test, angular-distribution meas- 
urements of the gamma-ray yield from the thick targets 
showed no inconsistency with the assumptions about 
the angular momenta involved. Finally, the experiments 
were performed twice, using the Van de Graaff acceler- 
ators of the Rice Institute and the Argonne National 
Laboratory. Targets, standard sources, and detecting 
equipment were different for the two measurements 
and the results agreed well within the stated experi- 
mental errors. 

The penetrabilities used in the computation were 
obtained from the graphs of Morrison® and of Sharp 
ef al.,° and were spot-checked by values calculated from 
the tables of Bloch ef al." A radius of ro= 1.4K 10-% cm 
was used in the penetrability calculations. A difference 
of 0.1107" cm in the value chosen for ro might have 
shifted the whole set of values by as much as 25%. 
The stated probable errors include these effects, but 
they are dominated by the larger errors in the influence 
of individual resonances on the yield and, for the less 
abundant isotopes, the error in estimating background 
subtractions. The errors introduced by the penetra- 
bilities, the values of the stopping power, and the 
process of numerical integration are each about equal 
to the error in the calculation of the photoefficiency of 
the detector. However, since all these errors would 
tend to influence all the calculated strength functions 
in the same direction, the relative values of the strength 
function are expected to be more accurate than the 
absolute numbers. 

DISCUSSION 

Since the partial widths studied in this work are 
those corresponding to s-wave protons, a comparison 
with the widths for elastically scattered s-wave neutrons 
is of interest. As found experimentally by Bollinger and 
Newson and as predicted by theory, the maximum in 
the strength function has a width corresponding to 
several units of atomi or several Mev of 
excitation energy. The fact that the present work 
consists of averages taken over approximately one Mev 
should not affect the results appreciably, although the 
few Mev of added excitation energy will shift the 
maximum five or six units lower in atomic weight. 


weight 


§P. Morrison, in Experimental Nuclear Physics, edited by E 
Segré (John Wiley and Sons, Inc., New York, 1953), Vol. 2 

* Sharp, Gove, and Paul, Graphs of Coulomb Functions, Chalk 
River Report, TPI-70, 1953 (unpublished) 

” Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs 
Modern Phys. 23, 147 (1951) 
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Plot of the strength function for inelastic scattering of 
calculated from the yield of gamma rays from thick 
targets, vs atomic weight of the target nuclide. The experimental 
errors are those estimated for the absolute numerical values; 
the relative errors are somewhat smaller. The dotted line corre 
sponds to the value of the strength function expected from the 
“black nucleus’? model 


Over the interval studied, as shown in Fig. 1, the 
strength function appears to exhibit no systematic 
fluctuations. The absence of such an effect could be 
attributed to several possible factors. If, for instance, 
p2l'» Should be incorrect, this 
would cause the calculated value of the average reduced 


width to be smaller than its true value, However, the 


the assumption that I’ 


detailed work of reference 7 indicates that this assump 
tion is justified. If the assumptions in the present work 
are correct, it is still possible that the well depth for 
protons is considerably different from that for neutrons 
so that the maxima for s-states would occur at different 
atomic weights than for neutrons. 
that the absorption in nuclear matter may be consider 


It is also possible 


ably stronger for protons than it is for neutrons and 
»/D to stay constant 


that this causes the value of (y 
at the “black nucleus” 

The values of the strength function found in the 
experiments of reference 7, although in agreement 


value, 


within the limits of probable errors, are about a factor 
of two lower than the present ones. No entirely satis 
factory explanation for this discrepancy has yet been 
found; but weak resonances that were missed in the 
experiments of reference 7, some slight error in not 
having measured the peak yield on a resonance, uncer 
tainties in target composition, and a possible small yield 
from higher /-values and Coulomb excitation would all 
tend to cause disagreement in this direction. While the 
first three possibilities would cause the strength fun 

tions of reference 7 to be too low, the yield from other 
processes would raise the value obtained from the 
measurements with thick targets. Such a contribution, 
however, would tend to affect all the values of the 
strength function in the same way so that it could not 
account for the absence of a maximum in the strength 


function. 


} Note added in proof.—Recent results indicate a maximum in 
the proton strength function at atomic weight 75. This is in 
agreement with theoretical expectations of B. Margolis and V. F 


Weisskopf [Phys. Rev. 107, 641 (1957 
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Radiative Capture of Protons in Carbon from 80 to 126 kev* 


W. A. S. Lams anv Ross E, HESTER 
Radiation Laboratory, University of California, Livermore, California 
(Received April 2, 1957) 


An excitation curve has been measured for the reaction C"(p,y)N™ in the energy interval 80 kev to 126 
kev by utilizing beam currents of 30 ma to 50 ma from the high-current ion injector. The capture-gamma 
radiation was measured with a 4-in.X4-in. Nal scintillator which was arranged to count only gamma radia 
tion of the energy appropriate to the reaction. The yield per incident proton ranges from (7.04+2.3) K 107 
at 80 kev to (6.24-0.2) X10 at 126 kev with corresponding cross sections of (1.4+0.4) X10~" barn and 
(6.840.8)X10°" barn. A value for the cross section of the reaction C"(p,y)N™ has been obtained at two 
energies, namely: (8.242.5) 10% barn at 126 kev, and (5.142.0)10~ barn at 114 kev. The results are 
compared with previous measurements and with extrapolations from the resonance in this reaction at 456 
kev by means of the Breit-Wigner single-level dispersion formula. 


INTRODUCTION 


HE reactions discussed here are the first two in the 

carbon-nitrogen cycle! and are involved in 
nuclear processes which are believed to be responsible 
for energy generation and element synthesis in some 
classes of stars.?-* The energies of protons used in this 
experiment are considerably higher than those which 
seem reasonable for stars burning hydrogen in the 
C—N cycle, but at the present time the energy range 
of from 10-30 kev is not accessible to experiment. The 
extrapolation from measured cross sections to cross 
sections at stellar energies can be done with more 
confidence if the appropriate relation between cross 
sections and energy can be demonstrated in regions 
which are accessible to experiment. The energetic 
protons in the high-energy tail of a Maxwellian distri- 
bution which make the major contribution to the reac- 
tion rate are only a factor of two or three from the 
energy range studied here ; however, the cross section as 
extrapolated is some five orders of magnitude smaller. 


DESCRIPTION OF APPARATUS 


The high-current ion injector,® which was developed 
for the high-current linear accelerator® at Livermore, is 
capable of continuous currents of hundreds of milli- 
amperes over a continuous range of voltage up to 130 
kev. The beam from this machine was collimated and 
then analyzed by means of a large prismatic-pole 
electromagnet; the protons were turned 90° to the 
original direction of the beam and passed through 
another aperture and into the target tank (Fig. 1). 
The energy interval passed by this analyzing and 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

'H. A. Bethe, Phys. Rev. 55, 103, 434 (1939) ; Astrophys. J. 94, 
37 (1940) 

*W. A. Fowler, Mém. soc. roy. sci. Lidge 14, 88 (1954). 

* Bosman a Fowler, and Humblet, Bull. soc. roy. sci 
Lidge 9, 327 (1954) 

* Burbidge, Burbidge, Fowler, and Hoyle, “Synthesis of the Ele 
ments in Stars,” Revs. Modern Phys. (to be published). 

*W. A. S. Lamb and E. J. Lofgren, Rev. Sci. Instr. 27, 907 


(1956). 
* E. O. Lawrence, Science 122, 1127 (1955). 


collimating system was about 3 kev, and the interval to 
half the maximum intensity was typically +1 kev. 
The collimator in front of the target was 1} in. in 
diameter. 

The high-voltage power supply used for acceleration 
on the machine had an inherent 3-phase, 60-cycle 
ripple of about 2%. 

The target used in this experiment was a }-in. sheet 
of high-density graphite, which was mounted on a 
shaft. This shaft passed through a sliding vacuum seal 
and permitted the target to be inserted or removed 
from the beam. With the target drawn aside the beam 
strikes a water-cooled copper block called the calori- 
metric collector, which was used to make a measure- 
ment of the beam power. 

When the target was under bombardment it was 
cooled by radiation to the surrounding water-cooled 
surfaces. A little less than half of the total power 
radiated was intercepted by the calorimetric collector 
and provided a means of monitoring the beam power 
during a nuclear measurement. The output of a thermo- 
pile in the cooling-water circuit was fed to a recorder 
and continuously monitored during a run. 

The equipment for measuring the power consisted of 
a calibrated flowmeter and thermocouples mounted on 
the cooling water in and out of the calorimetric collector. 

The counting system consisted of a 4-in.X4-in. 


Vacuum seo! to remove forget 


4°44" Nol(Ti) Scintitietor 


7 


—=— Beam direction 


14 Collimotor 


Woter- cooling tubes 
forge! shown in place 


Lood shielding Woter-cooled block for 





Fic, 1. Diagram of target and counting arrangement. The beam 
has previously been analyzed and turned 90° to the original 
direction, The graphite target is shown in place. Additional lead 
shielding used is not shown. 
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RADIATIVE 


NalI(Tl) crystal and a 5-in. multiplier phototube 
surrounded by a 2-in.-thick cylinder of lead except on 
the front. The counter, which was outside the vacuum, 
was placed as close to the target as possible to optimize 
the solid angle. The front face of the crystal was 
approximately 2} in. from the target. The output of the 
phototube was fed into a 20-channel pulse-height 
analyzer from which the data were taken. 


EXPERIMENTAL PROCEDURE 
A. Counter Calibration 


It is necessary to know the absolute efficiency of the 
photon counter in order to determine the number of 
nuclear events taking place in the target. The efficiency 
was measured at two energies, namely, at 1.3 Mev 
using a Na” source and at 2.8 Mev using a Na” source. 

A Na” source whose activity is believed known to 
about 5% was placed in the position of the graphite 
target and a pulse-height spectrum was taken under 
conditions with which measurements were taken. This 
source was physically smaller than the 1-in. to 1}-in. 
diameter beam spot and so the effect of the larger 
source was simulated by moving the sample to several 
positions of the beam spot with the result that the 
geometry differences were negligible. 

A Na™ source was prepared for each calibration by 
bombarding a sodium salt such as NaOH in the Liver- 
more reactor until its activity was sufficient to permit 
a measurement of the gamma radiation with a 0-5 mr 
full-scale ion chamber which was calibrated against 
standard sources. This sample was too active to be 
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Fic. 2. Pulse-height spectrum of Na* 1.3-Mev gamma ray. The 
shaded portion was used to determine the “photofraction” 
efficiency. A similar measurement was made on the 2.8-Mev 
gamma ray of Na™. 


CAPTURE 


OF PROTONS IN C 551 
used in the position of the target and so it was dissolved 
in water and aliquots taken. The samples were made 
by putting aliquots of the solution on blotting paper 
which was cut to the diameter of the beam spot. 
Usually three equal aliquots were taken and the 
chemical technique was checked by their reproduci- 
bility. 

Figure 2 shows typical pulse-height distributions 
from these radioactive samples. The gamma-ray energy 
interval or window used in making the measurement 
was also used on the calibrations. A typical interval is 
shown shaded in Fig. 2, and is what could be called the 
“photofraction.” One can calculate these ‘“photo- 
fraction” efficiencies as a function of energy’* and 
geometry, and the results obtained by experiment at the 
two energies used are in substantial agreement. With 
the counting geometry determined in this way, and a 
calibration of the efficiency at two photon energies, the 
efficiency of the counter for a similar photon energy 
interval is calculated for the particular gamma ray 
under study. 


B. Accelerating Voltage Measurement 


The average accelerating voltage was measured by 
means of a 100-megohm resistor arranged as a voltage 
divider and measured with a potentiometer. The 
resistor used as a standard was borrowed from the 
California Institute of Technology where it was 
previously used in a similar measurement.'’ This 
resistor was further checked by constructing a similar 
resistor by means of the technique of measuring the 
resistors first individually, and then in parallel, which 
should lead to accuracy of better than 0.1%. 


C. Beam Current Measurement 


The beam current is deduced from a measurement 
of the beam power calometrically with the graphite 
target removed and then dividing the power by the 
average high voltage. The graphite target is then 
inserted in front of the calorimetric collector and the 
relative power maintained during the run. The graphite 
target was removed from time to time and the beam 
level checked during a run if the relative power level 
appeared to change. The calorimetric measuring 
apparatus was checked periodically with an immersion 
electric heater and precision electrical instruments. 


D. Nuclear Measurements 


Figure 3 shows the pulse-height distribution with the 
cosmic-ray background subtracted at 126 kev with the 
shaded portion encompassing events from 1.75 Mev 


7R. W. Kavanagh, thesis, California Institute of Technology, 
1956 (unpublished) 

*R. S. Foote and H. W. Koch, Rev. Sci. Instr. 25, 746 (1954) 

*G. R. White, National Bureau of Standards Report No. 1003, 
1952 (unpublished) 

 R.N. Hall and W. A. Fowler, Phys. Rev. 77, 197 (1950) 
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Fic. 3, Pulse-height spectrum of C!#(p,y)N™ at a proton 
energy of 126 kev. The shaded portion was used to determine 
yields 


to 2.17 Mev, which was used in determining the yield 
of the reaction C(p,y)N™. In this case all of the nuclear 
events result in a ground-state transition in N" of 
1.945 Mev." The same window was utilized in deter 
mining the yields at the lower accelerating voltage 
where the lower counting rate made the position of the 
gamma line less obvious. 

The background was normally taken with the beam 
turned off; however, this was compared with runs on 
blank targets made of copper with the beam on and no 
systematic difference was observed. It was impossible 
to take backgrounds with the beam striking the 
calorimetric collector for example, because of the 
presence of sublimed carbon on the components inside 
the vacuum after running the beam on the graphite. 


RESULTS C!"(p,y)N" 


Figure 4 shows the thick-target yields per incident 
proton for energies from 80 kev to 126 kev in the 
laboratory frame of reference, and was obtained by 
substituting in the following expression : 


net counts/sec 
Vs ) (1) 
beam current in maX 6.24 10! [ 


where / is the absolute efficiency of the counter including 
geometry for the interval used. 

The thick-target yield is related to the cross section 
by the following expression : 


Fao(k)dE 
Y; f : . (2) 
€ 


where ¢ is the stopping cross section per nucleus and 
a(#) is the nuclear cross section which is a function of 
energy. 

If the stopping cross section is considered to be 
constant over the energy interval covered by this 


“ F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 


(1955) 


AND R 


HESTER 


measurement, and the cross section is a steep function 
of energy,’® then the thick-target yield VY, can be 
related to the cross section by the following expression : 


€ kh 
i+—+::: 
i 6 


(3) 


= vi 


where ¢ is in Mev-cm’ and £ is in Mev. 

If one uses for the atomic stopping cross section for 
carbon 1.6210~% Mev-cm’,” then for C, e=1.62 
 10~-*°/0.989, where the factor 0.989 is the correction 
for the isotopic abundance. One has finally 


i 
[i+ +++ 
6 


1.63 10~* 


o&3Y (4) 
BE! 


The values for the cross section shown on Fig. 5 
were derived using this expression. 

Also shown in Fig. 5 are points derived from the 
Breit-Wigner single-level dispersion formula’®"* by 
extrapolating from the resonance at 456 kev, namely, 


exp] — (5) 


1.410% 6 
barn, 
i BE} 


where £ is in Mev. 
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Fic, 4. The thick-target yield ee incident proton is shown as a 
function of energy. The errors shown are rms errors in counting 
statistics plus estimated systematic errors. 


RK. Fuchs and W. Whaling, California Institute of Technology 
“Compilation of Stopping Cross Sections’ (private communi 
cations). 

J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, New York, 1952). 
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DISCUSSION OF ERRORS 


There are many sources of error in a measurement of 
this kind, but one can place reasonable limits on the 
major ones enabling an evaluation of the errors on the 
cross sections given. The principal errors on the thick 
target yield are: (1) counter calibration, +5%; (2) 
accelerating-voltage measurement, (average) + 1%; (3) 
beam-power measurement, +5%; (4) counting 
statistics, ranging from +5% to +40%. Hence, the 
rms error on the thick target yield ranges from +8.7% 
to +41%.’ 

It is believed that 
introduces an additional error of perhaps 10% because 
of errors in the stopping cross section and approximation 
in the formulations, hence, the rms errors range from 
about +13% to +41% at the extreme lower and higher 
energies. These errors are indicated on Figs. 4 and 5. 
The results shown in Fig. 5 are in substantial agreement 
with those given in Hall and Fowler.!” ; 


the reduction to cross section 


C'*(p,y)N' 


A by-product of the measurement discussed above 
are values at two energies for the cross section of 
C#(py)N™. These thick-target yields and cross sections 
were obtained on the assumption that each photon 
counted in the interval between 2.5 Mev and 7.5 Mev!! 
is due to one nuclear reaction in C'’, An average 


counting efficiency was used for this interval. The 
counting statistics are poor because of the 1.1% 


abundance of C" in normal graphite. The results are: 


Y.=7.9X10-"+40%, 
126 kev 
o = (8.2+2.5)K10~° barn, 


Y.=4.5X 10+ 35%, 
114.2 kev 
a=(5.1+2)10~° barn. 


The errors given are derived similarly to those 
quoted for the C(p,y)N™ measurement and do not 
include the uncertainty about the mode of decay of 
N" from its excited states. With this uncertainty, the 
values for the cross sections are perhaps within a factor 
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lic. 5. The cross section is shown as a function 
of proton energy in the laboratory system 


of two or so. These results are somewhat higher than 
those given previously by Woodbury and Fowler"; 
however, because of the uncertainties the differences 
are thought to be insignificant. 
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We compare Migdal’s calculation of o..= {oW *dW with experimental data on the nuclear photoeffect. 
The experimental data for seven nuclei from Al to U agree with the equation ¢.=3.5A 5/4 ub/Mev; while 
Migdal’s calculation gives an equation of this form, but with a smaller coefficient. We show that Migdal’s 
calculation gives a mean energy (o\,./o~2)' in essential agreement with Jensen’s two-fluid model calculation 
of the resonance energy. We then compare Khokhlov’s and Levinger’s calculations of the bremsstrahlung- 
weighted cross section oy for a finite square well with each other, and with experimental data, and find 
agreement with the equation o,=0.30A"* mb. In the appendix we give a very simple calculation of the 
polarizability a of the deuteron, with the result a=0.64X 10~" cm’. 


I. INTRODUCTION 


N previous discussions of the nuclear photoeffect, 
particular attention has been paid to calculations 

and experimental values for the integrated cross section 
(ainu= J odW). In this paper we shall instead consider 
other moments of the curve o(W) of absorption cross 
section vs photon energy : namely o,= J (o/W)dW, and 
a1= JS (a/W*)dW. These moments o, and o_» are 
better known experimentally than is oj,:, since they 
are less sensitive to the poorly determined values for a 
at high energies. The calculation of o, and o_» are 
different from those of ojn1, since they do not depend 
on the character of the neutron-proton force, but only 
on the nuclear properties for the ground state. o» is 
proportional to the ground-state expectation value of 
the squared dipole moment; while o_» is proportional 
to the polarizability of the nuclear ground state. 
Migdal' uses the empirical value of the nuclear sym- 
metry energy for a semiclassical calculation of the 
nuclear polarizability. Calculations of these moments 
also give us different mean energies for the nuclear 
photoeffect. Migdal’s value for Wy = (oini/o—2)' was 
the earliest calculation of a mean energy for the nuclear 
effect. Migdal’s calculation of Wy is in agreement with 
Jensen’s later independent calculation? of the nuclear 
resonance energy for a two-fluid collective model. 

In the next section we present a simplified version of 
Migdal’s calculation of o 2. In Sec. III we analyze 
experiments on 11 nuclei, and compare the experi- 
mental values of a, with Migdal’s calculation. In Sec. 
IV we compare two independent calculations of a» by 
Khokhlov’ and by Levinger and Kent‘ with each other, 
and with experimental data. In Sec. V we discuss 
different mean energies for the nuclear photoeffect. 
In the Appendix we present a simple calculation of the 
polarizability of the deuteron. 


* Supported by the Research Corporation 
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Il. MIGDAL’S CALCULATION OF NUCLEAR 
POLARIZABILITY 


Migdal' calculates the dipole moment induced in a 
nucleus by a constant external electric field, by a 
semiclassical treatment of interpenetrating proton and 
neutron fluids, of densities pp, and p,, respectively. He 
assumes that the total density p=p,+p, is constant in 
a sphere of radius R, and zero outside this sphere. He 
further assumes that the nuclear symmetry energy of 
the Weizsicker semiempirical mass formula k(N —Z)?/A 
is spread uniformly throughout the nucleus as a sym- 
metry energy density k(p,—p,)*/p. (Note that the 
fluid densities are given in terms of particles/cm*.) We 
shall repeat Migdal’s calculation here, since his original 
calculation is not easily accessible to American physi- 
cists. Also, we shall simplify his derivation, by neglect- 
ing from the beginning the electrostatic interaction 
between different parts of the proton fluid. Migdal 
includes this interaction, shows that it gives a change 
of less than 6% in the polarizability, and therefore 
neglects it. 

An electric field of magnitude & along the positive z 
direction causes a linear increase in the proton fluid 
density p, as a function of z: 


Pp= Pptp's. (1) 


The nuclear energy F is calculated by integrating over 
the nuclear sphere of radius R the sum of the nuclear 
symmetry energy density and the electrostatic energy 
of interaction of the proton fluid with the external field. 
We find 


BE f (_k(p—2pp»—2p'z)?/p—p’z%eS |d*r 


= trR®Lk(p—2p,)*/pt+-4kp"R*/Sp—p'eSR*/5). (2) 

The parameter p’ is determined by minimizing the 
nuclear energy #. From Eq. (2) we find 

p’=e&p/8k. (3) 


The dipole-moment density is e(p,—/,)z=ep’2"; thus 
the polarizability of the nucleus is found, using Eq. (3), 
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TABLE I. Experimental data on foW~*dW =o_. in ub/Mev. 


Nucleus Low energy 0-22 Mev 


D 
He 
Be 
Cc 
Al 


y--n’s 2804; y—p’s 204 

y—n’s 50°, 30!; y—n 208; y—p’s 1205 
y—n’s 260°; y—p’s 270%, 180'!; y—y 10) 
y—n’s 2900°; y—n 2100'*; y—p’s 900!; y— 
y—n’s 6400°; (y—p’s 500; y—y 200) 
y—n’s 8300°, 7600'; (y—2n 700; y—y 300) 
y~—n’s 18800", 15 000'; y—n 15 700°; 
y—n’s 25 500°; (y—2n 4000); y—y 900) 


r 


y—n 16000°; y—2n 2800°; y—f 6100°; y—y 500) 


* Jones and Terwilliger, reference 13. 

> M. L. Rustgi (private communication). 

© Rustgi and Levinger, reference 12. 

4 Nathans and Halpern, reference 14. 

* Montalbetti, Katz, and Goldemberg, reference 15, 
 Nathans and Halpern, reference 16. 

« Barber, George, and Reagan, reference 21, 

» Halpern and Mann, reference 19, 


to be 


(4) 


a= (e/ 8) f over eR’ A/AOk., 


This result is in agreement with Migdal’s Eq. (10). 

Migdal then uses this result for the nuclear polar- 
izability to calculate the scattering of low-energy 
photons, and to calculate a mean energy W x for dipole 
transitions in the nuclear photoeffect. We shall discuss 
this latter calculation in Sec. 5. Migdal’s calculation of 
photon scattering was performed later independently 
by the present author,® in essential agreement with 
Migdal’s earlier result. 

The nuclear polarizability can also be calculated by 
second-order perturbation theory. Migdal and others® 
show that the polarizability is proportional to what we 
call the minus-second moment of the electric-dipole 
oscillator strength fo,, or photon absorption cross 
section, o(W). 


a= 2e : 2 n(Zon)*, ‘( FE, = Eo) (eh? / M)>- n fon( Ee as Ko) . 


(he 2m) f ow dW. (5) 


Using Eq. (4) for a, we have 
a = fow "dW = (9?/20)(e?/hc) R°A/k. (6) 


In the next section we shall compare this calculation 
of o_2 with experiments on the nuclear photoeffect. 


Il]. EXPERIMENTAL RESULTS FOR o_, 


In evaluation of Eq. (6), to compare Migdal’s value 
of o_2 with experimental] data, we need numerical values 
for the nuclear radius R, and the coefficient k of the 


‘J. S. Levinger, Phys. Rev. 84, 523 (1951); also see L. I. 
Schiff, Phys. Rev. 70, 761 (1946). 

6 For example, N. F. Mott and I. N. Sneddon, Wave Mechanics 
and its Applications (Clarendon Press, Oxford, 1948), Sec. 32. 
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' Diven and Almy, reference 17 

) Fuller and Hayward, reference 27 

* References 22, 23, and 24 

! Byerly and Stephens, reference 20 

™ Goldemberg and Katz, reference 18, 
® Whalin and Hanson, reference 25. 

© Gindler et al., reference 26, 


nuclear symmetry energy. We adopt R= 1.2A'!x10~-" 
cm from electron-scattering measurements’ of the 
nuclear charge distribution. We adopt Green’s value* 
of k=23 Mev, based on his fit of the Weizsiicker 
formula to measured nuclear masses. However, other 
workers’ give k values as low as 18 Mev. 

With radius parameter ro= 1.2 10~" cm, and k 
Mev, Eq. (6) gives 


23 


a9=2,25A° (7) 


+ ub/Mev. 


The experimental data are analyzed in Table I, along 
the same lines as our earlier analysis" of experimental 
data on the bremsstrahlung-weighted cross section. 
However, we find o_, for the deuteron in the Appendix 
by using Rustgi’s analytical integration" of the effec- 
tive-range cross section ; while we find o_, for the alpha 
particle by using the composite experimental curve 
given by Rustgi and Levinger.” For the other nine 
nuclei from Be to U, we analyze the data in two energy 
regions: from zero to 22 Mev, and from 22 Mev to 
150 Mev. For the high-energy region we use the neutron- 
yield measurements of Jones and Terwilliger,’ with 
crude corrections made for neutron multiplicity, and 
for (y,p) reactions. This poorly known high-energy 
region seriously affects the total o_, only for the two 
nuclei C and Al. 

In the low-energy region we use experimental meas 
28, 214 (1956). See 


7R. Hofstadter, Revs 


Table VI, column 5, 

A. E. S. Green, Phys. Rev. 95, 1006 (1954). 

9E. Feenberg, Revs. Modern Phys. 19, 239 (1947); R. D 
Evans, The Atomic Nucleus (McGraw-Hill Book Company, Inc., 
New York, 1955), Chap. 11, Sec. 3. Note that in references 8 and 
9 the ratio symmetry-energy coefficient/Coulomb-energy coefli 
cient is about the same. The essential difference is that Green 
finds a larger Coulomb (and symmetry) energy, corresponding to 
a smaller radius parameter, ro=1.2X10°" cm. Feenberg and 
Evans use ro= 1.45 10°" cm. 

J. S. Levinger, Phys. Rev. 97, 1122 (1955). 
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Fic. 1. The 
show experimental values from Table I 
;= $.5A° 4 ub/Mev 


cross section ¢a.2= faW *dW ws A. The crosses 
The straight line shows 
the equation @ 


urements of the neutron yield'*'* (designated y, n’s), 
the proton yield'*'7"%.° (designated y, p’s) the activity 
induced by the (y,1m) and (y,2n) reactions,”"~** fission”® 
(y,/), and elastic photon scattering”’ (y,7v). Estimated 
the found by 
between 


contribution 
] 


| 
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values [e.g., Pb(y,2n) 


interpolation other nuclei] are given in 
parentheses. 
» are then divided by A*%, 


» US A on 


The resulting values for o 
for comparison with Eq. (7). We also plot @ 
a log-log scale in Fig. 1. We see from the table and 
figure that for the seven nuclei considered from Al to 
U, the experimental value of a » is in fair agreement 
with the equation o 3.5A°/8 ub/Mev. The fluctu 
ations of 15% around this value are within the experi- 
mental uncertainties. However, the experimental coeffi- 
cient of 3.5 ub/Mev is considerably larger than the 
theoretical coefficient of 2.25 wb/ Mev of Eq. (7). The 


discrepancy would be reduced if we used’ a smaller 
larger radius in 


symmetry-energy coefficient, or a 
Kg. (6). 

The nuclei He, Be, and C lie considerably above the 
line 3.5A° in Fig. 1; but much of this discrepancy 
could be removed by using Hofstadter’s’ larger values 
of ro for these nuclei: namely 1.31, 1.89, and 1.33 10~-" 


cm, respectively. The deuteron is orders of magnitude 
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“VE. Krohn and E. F. Shrader, Phys. Rev. 87, 685 (1952) 
\. I. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954) 
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* Gindler, Huizenga, and Schmitt, Phys. Rev. 104, 425 (1956 
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away from the line; but it seems that even for nuclei 
as light as the alpha particle the approximation of 
treating them as “nuclear matter” has some validity. 

We find that the nuclei from Al to U have values of 
a» that fit an equation of the form given by Migdal. 
The experimental value of the coefficient is 50% larger 
than the theoretical value of Eq. (7); but much of this 
discrepancy could be removed by using a lower value 
for the symmetry-energy term in the Weizsicker mass 
formula. 


IV. THE BREMSSTRAHLUNG-WEIGHTED 
CROSS SECTION 


In this section we review briefly independent calcu- 
lations by Khokhlov’ and by the present author*!” 
on the bremsstrahlung-weighted cross section, o» 

JS (¢/W)dW. Khokhlov, and the present author in 
reference 4, calculated o, using an independent-particle 
model in a finite square well. Our calculations are in 
agreement on method: namely, we calculate the mean- 
square radius for a single particle in each level, and 
calculate the dipole matrix element between pairs of 
occupied levels, thus taking account of the antisym- 
metry of the nuclear wave function. In reference 4 we 
calculated o, for only two nuclei of mass number 68 
and 184, respectively; while Khokhlov calculated for 
64<A<209, (We have used his formulas to calculate 
his value for U.) For ease of comparison of the two 
theoretical results, we give them both for the same 
radius parameter, ro=1.2X10~"% cm. We see from 
Table I] and Fig. 2 that the two theoretical calculations 
are in essential agreement with each other. We also 
show in Fig. 2 a solid line based on Levinger’s calcu- 
lations'’ for a harmonic-oscillator potential, which gave 


Tape II. Calculated and experimental values in mb for the 
bremsstrahlung-weighted cross section 0,= f{(¢/W)dW. 


Iixperimental 
ap/Ars 


* 1.47 
0.42 
().29 

0.33 

~0.23 
0).28 
0.26 
0.18 
0.34 
0.30 
0.22 
0.30 
0.30 
0.31 
0.29 
0.31 
0.34 
0.27 


alculated 
Nucleus or/Avs or 


D . see 3.7 
He tee . 2.7° 
Be . ‘ 5 1 
i o° 4 
Al ~19 
Cu 774, 74! 0.29 654, 80» 
Zn 814 0.29 734 

As god 0.31 574 

Mo 150° 

Ag 156" 0.30 1514, 155: 
In 1664 ).30 1254 

Sb 1834 0.30 183° 

I 1884 0.29 194° 

la 2944 0.30 3354. 300° 
Au 3284 0.29 3344 

Pb 375 

Bi 3544 0.29 4164 

U 4074 0.28 4004 


The calculated values are given for a finite square well with nuclear 
radius parameter re =1.2 K10°4% cm 
S. Levinger, Phys. Rev. 97, 970 (1955 
» Rustgi and Levinger, reference 12 
¢ Levinger and Kent, reference 4 for « 
10 for analysis of experimental data 


1 Khokhlov, reference 3, Table 1 


alculations, and Levinger, reference 
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the result o,=0.36A' mb. The calculations for a finite 
square well from copper to uranium are well represented 
by an equation of this form, but a smaller coefficient: 
namely, ¢,=0.30A! mb. 

In the table and figure we also show Khokhlov’s and 
our analyses of the experimental data. Our analysis is 
made as in reference 10, using experimental references 
13 to 27; the numbers given here are changed somewhat, 
particularly for Be, where we have corrected an earlier 
computational error, and for uranium, where we have 
used new experimental measurements.** The data for 
C and Al are particularly inaccurate, since they are 
sensitive to the virtually unknown proton yield in the 
region above 22 Mev. We see that for the three nuclei 
(copper, silver, and tantalum) treated both by Khokhlov 
and by us, there is reasonable agreement in the analysis 
of the experiments. The experimental values of o, from 
helium to uranium are fairly well represented by the 
same expression 0.30A! mb that fit the calculations for 
a finite square well. Arsenic and indium, analyzed by 
Khokhlov, fall far below this expression ; but we believe 
that this discrepancy would be removed by including 
the as yet unknown higher-energy cross sections in the 
treatment of the experimental data. Of course the 
deuteron is far above the line for other nuclei, though 
not as far off as for o_2 discussed above. 

We conclude that both experiments, and calculations 
for an independent-particle model in a square well with 
radius parameter ro= 1.2 10~" cm, are in reasonable 
agreement with each other, and with the analytical 
expression 

ap=0.30A! mb. (8) 


We note that the calculated value’ is proportional to 
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Fic. 2. The _ bremsstrahlung-weighted cross section ao» 
= f(c/W)dW ws A. The crosses show the calculations of 
Khokhlov and of Levinger, for a finite square well; the circles 
show the analyses of experimental data made by Khokhlov and 
by Levinger. (See Table II.) The dotted line shows Eq. (8), 
ap=0.30A* mb; the solid line shows the calculation for a har 
monic-oscillator potential, ,=0.36A%* mb 
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ro’. This agreement between calculation and experiment 
suggests that deviations from the independent-particle 
model, such as the formation of quasi-deuterons which 
influences the high-energy nuclear photoeffect, do not 
have large effects on the bremsstrahlung-weighted 
cross section,?* which depends principally on the low- 
momentum components of the nuclear wave function. 


V. MEAN ENERGIES FOR THE PHOTOEFFECT 


We can find mean energies for the photoeffect from 
the two moments o_» and a» calculated above, together 
with the integrated cross section. We have previously 
discussed the harmonic mean energy Wy, and the 
arithmetic mean energy W: 


W Tint ‘Ob foaw / fow ld ’ 
W fowaw or 


We now wish to discuss Migdal’s mean energy, 


. 4 
W 4 = (oint/o—2)! (foaw / fow “aw ) » Ud 


and also another mean energy, 


W'=0,/0 


(11) 


Our main interest in discussing these mean energies is 
for comparison with the experimental or theoretical 
values of the energy /,, for the giant resonance for the 
photoeffect. However, we should note for a photoeffect 
with a long high-energy tail these three mean energies 
are all above /,,. For example, for the deuteron photo- 
effect (binding energy ¢), using the Bethe-Peierls cross 
section, we find /,,= 2, W’=2.67¢, Wy=4e, Wy = 66, 

and W=, 
From Eqs. (9), (10), and (11) we have 
Wiy’?=WrW'. (12) 


We now find a relation between Wy and W’ by con 
sidering a distribution function {(W)=a(W)W~*. 


o_9 fro )dW, 
ob fronwaw Wyo 
mmm f svywraw (W*) yo 


The relation (W?*),,> (Ws)? gives us Wy>W’. Thus 
the various mean energies are ordered as follows: 


W'<Wy- Vv | Be W. (14) 


J. S. Levinger, Bull. Am. Phys. Soc. Ser. I], 1, 37 (1956) 
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Migdal' calculates Wy using o 2 given by Eq. (6), 
together with 


(2n’@h/Mc)(Z), (15) 


Tint 


for a summed oscillator strength of Z. This value for 
Jint 18 incorrect, since only NZ/A of the oscillator 
strength of Z appears (classically) as internal excitation 
of the nucleus. (The remaining Z*/A goes into Thomson 
scattering by the nucleus as a whole.) We correct Eq. 
(15) using the classical value of NZ/A for the oscillator 
strength for internal excitation: 


(2e’e*h/Mc)(NZ/A). (15’) 


Tint 
Migdal’s mean energy is then 


W y= (40(NZ/A*)R(h?/M R?) |. (16) 


This slightly modified result of Migdal’s is in essential 
agreement with Jensen’s value for the resonance energy 
for dipole oscillations on the two-fluid model? : 


Em=(34.6(NZ/A*)k(h?/M R?) |i. (17) 
The small numerical difference between Wy and E,, is 
due to dipole absorption into overtones for the two-fluid 
oscillation. 

Migdal’s calculation anticipated the Jensen result by 
several years, and has, we believe several advantages 
over the Jensen calculation.” (i) Migdal’s model is less 
specific. Thus, if one had a satisfactory calculation of 
the symmetry energy based on two-body exchange 
forces in the independent-particle model,” one could 
repeat Migdal’s calculation of the nuclear polarizability, 
and thus of Wy, from an independent-particle model 
basis. (ii) Migdal’s calculation allows us to increase W yy 
by increasing oj,, above the value in Eq. (15’): the 
precise numerical value is not yet established either 
theoretically or experimentally; but one may recover 
a result close to the oscillator strength Z originally used 
by Migdal. This nonclassical character of nuclear 
matter is quite difficult to treat in the framework of a 
collective model.” (iii) The simplicity of Migdal’s 
calculation gives promise for its application to more 
realistic nuclear models: e.g., ellipsoidal nuclei, com- 
pressible nuclear matter,” and a diffuse nuclear bound- 
ary. The experimental value*’ for 23< A < 238 is E,, 
82A~! Mev. We use N=Z=4A, k=23 Mev, and £0 

1.2X10-" cm in Eq. (16) to give Wy=82A~4 Mev. 
Increasing Wy by some number between (1.4)! and 
(2)', to account for the increase in aj,., we have Wy 

1104-4 Mev. Wy is”somewhat greater than the 


*” J. S. Levinger, Rev. Mex. Fis. 5, 177 (1956) 

” J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), Chap. VI 

" FE. Feenberg, Phys. Rev. 49, 328 (1936); Goldberger, Gell 
Mann, and Thirring, Phys. Rev. 95, 1612 (1954); Levinger, 
Austern, and Morrison, Nuclear Phys. (to be published) 

"J. Fujita, Progr. Theoret. Phys. (Japan) 16, 112 (1956) 

'K. Okamoto, Progr. Theoret. Phys. (Japan) 75, 15 (1956); 
M. Danos, Bull. Am, Phys. Soc. Ser. II, 1, 135 (1956) 

“ J, H. Araujo, Nuovo cimento 12, 780 (1954) 
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experimental value of £,,, because of the long high- 
energy tail in the nuclear photoeffect. 

The mean energy W’ is independent of both the 
nuclear radius parameter ro, and the nonclassical in- 
crease in ojnt, though it is more sensitive than Wy to 
the value of k. From Eqs. (6) and (8) we find, again 
using N=Z=4A, 


W’! =01/0-2=5.7kA~*=130A~4 Mev. (18) 


In Eq. (18) we use Green’s value k= 23 Mev, which 
gave too low a calculated value for o 2, and corre- 
spondingly gives a high calculated value for W’. We 
note that Eq. (18) gives a value for W’ that is larger 
than Wy, thus, contradicting Eq. (14). This serious 
discrepancy may be due to errors in the values used for 
int Yo, OF k; or to approximations in or lack of validity 
of the nuclear models used. 
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APPENDIX 


The author and M. L. Rustgi'! have calculated the 
polarizability of the deuteron using Eq. (5) of the text, 
and the Bethe-Longmire*® effective-range cross section 
for the deuteron photoeffect. Our calculation is in 
essential agreement with those of Ramsey ef al.** and 
Downs*’ who used second-order perturbation theory. 
Our calculation has three advantageous features: (i) 
its simplicity, (ii) its generality, since we use effective- 
range theory, and can neglect tensor effects** in the 
total cross section for the low-energy deuteron photo- 
effect, (iii) its direct connection with experiments, 
such as those of Wilkinson.” 

We use* 


a(W)= (1—-yr0)7* (82/3) (e?/hc) (h?/Me) 


K (x—1)!x-*.  (A-1) 


Here x=W/e=photon energy/binding energy. The 
effective range ro(—«, —e) is® about 1.7910~-" cm. 
Equation (5) gives 
J 
a= (4/3r)(eh?/Meé)(1—yro) | (1 


) 


vy) lyidy 


= (eh? /32Me)(1 '=().6410-" cm*. —(A-2) 


. 710) 
Our numerical value is larger than the value 0.56 10-* 


cm’ of Ramsey** and Downs,” since they used a smaller 
value for the effective range, namely ro= 1.56 10-" cm. 


**H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950). 
’ Ramsey, Malenka, and Kruse, Phys. Rev. 91, 1162 (1953). 
37 B. W. Downs, Phys. Rev. 98, 194 (1955 

* N. Austern, Phys. Rev. 85, 283 (1952). 

*D. H. Wilkinson, Phys. Rev. 86, 373 (1952). 
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Brueckner’s equation for the reaction matrix in the many-body theory is solved for an S-state potential 
by an iterative process. The effective potential energy of a nucleon, and hence the binding energy, are 
calculated in the first order, When the second-order term is calculated, it is found that it is only a small 
correction which raises the binding energy from 16.9 Mey to 19.4 Mev per particle. No explanation of the 


saturation of nuclear forces at the known density can be given in this way. 


1. INTRODUCTION 


T has been shown by Brueckner and Levinson! that 
the energy of a large nucleus can be calculated from 
the two-body reaction matrix G;; which is defined by 

the equation 
Gi j= Vj H04j;6°Gi;, (1) 


where the sums over intermediate states implied by 
the matrix product should only include those states 
allowed by the exclusion principle. The quantity »,; is 
the usual two-body potential matrix, and e is an energy 
operator which can only change the state of one par- 
ticle, and is defined by 

e=Ey—>D T:-E Gi, (2) 
where 7’; is the kinetic-energy operator for the particle 7, 
and G; is a matrix closely related to G. These definitions 
are discussed by Bethe.’ The energy of the ground state 
of the nucleus is approximately equal to Eo, the diagonal 
element of >>; 7;+>0i; Gi; taken between two Slater 
determinants representing a degenerate Fermi gas. 

If the potential v is a conventional potential without 
any singularities, such as the Yukawa or square-well 
potentials, Eq. (1) should be soluble by iteration, and 
some calculations using the first-order approximation 
G=v have been made by Bethe.’ In Sec. X of that paper, 
he estimates that the second-order contribution is less 
than 6% of the first order. 

In this paper, a precise calculation of the second- 
order contribution to the energy is described. An ex- 
ponential potential acting only in S-states is used, and 
the exclusion principle, which greatly reduces the 
second-order term, is taken into account. In Sec. 2, 
the first-order calculations are made; there is a discus- 
sion of the energy denominator e which is to be used 
for the second-order calculations in Sec. 3. 


2. CALCULATION OF FIRST-ORDER TERMS 


The exponential potential taken has to be trans- 
formed into momentum space. The fact that the inter- 
action is assumed only to occur in S-states means that 


* Work supported by a grant from the British Department of 
Scientific and Industrial Research 

1K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955). 

2H. A. Bethe, Phys. Rev. 103, 1353 (1956). 


the matrix depends only on the magnitudes of the 
initial and final relative momenta of the two particles 
considered, and not at all on the directions of the rela 
tive momenta. Writing the initial and final relative 
momenta as k and k’, the two-body potential can be 
written in configuration space as 


v(r) BaP, (3) 


and in momentum space as 


&rB’B 
(k’\0|k) B (4) 
[B°+ (k+k’)? |[B*+ (k—k’)? ] 


The effective potential energy of a particle, which is 
required for the calculation of e, is obtained by taking 
the diagonal element of G to be the interaction between 
two particles, and summing this over all the pairs of 
nucleons which contain the nucleon in question. As we 
are considering a large nucleus, the effective potential 
energy of a nucleon of momentum &, called V(&), can 
be obtained by integrating the diagonal element of G 
over ali the momenta of the second particle within the 
lermi sphere, keeping the momentum of the first 
particle equal to k. Remembering that there are four 
states of spin and isotopic spin, this vives the first 
approximation 


8B’ 2Bky 
V i(k) ky—B tan ( ) 
rhb B— kp? + hk? 


t 


ky’ — kh? +3? (- + (ke+k)? 
lo y 


4k P { (Ry k)? 
where kp is the Fermi momentum, 

This function is plotted against #? in Fig. 1 (Curve 
II). It is important to find out if the effective-mass 
approximation is valid for transitions between the 
interior and the exterior of the Fermi sphere’; the 
energy would be linear in k’, but it is clear that the 
approximation is not very good. We can, however, 
expect to get a good idea of the magnitude of the 
second-order contribution by using an effective mass 
M*, in order to simplify the denominator; there is then 


4K. A. Brueckner, Phys. Rev. 97, 1353 (1955) 
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Fic. 1. The line I shows the kinetic energy of a particle of 
momentum k; curve II shows the sum of this and the first approxi 
mation to the effective potential energy V,(%); the line III shows 
the effective-mass approximation used in Sec. 3. All these are 
plotted against the square of the momentum. 


no dependence on center-of-mass momentum, or on the 
direction of the relative momentum. ‘The second-order 
term is simply proportional to M*. 

The values used in calculating curve II of Fig. 1 were 
determined from low-energy scattering data by means 
of the effective-range theory.‘ The intrinsic range was 
taken as 2.4810" cm, the nuclear radius as 1.2A! 
10°" cm, and the triplet and singlet well-depth 
parameters as 1.45 and 0.93. ‘The effect of antisym- 
metrization is given by taking the sum of the singlet 
and triplet interactions multiplied by j. This gives 


kp/B=0.89, (6) 


B'/x= 34.7 Mev. (7) 

The average energy per particle is obtained by 
taking half the average of V(k) and adding the average 
kinetic energy. Writing «=ky/f, the analytical ex- 
pression for the average of V,(&) is 


6B’ a a 12 
- x4 ( | ) log(1+-42*) 
x* 


w wx 4 


8B’ 
{ tan-!(2x). (8) 
T 


The average kinetic energy is 20.0 Mev, the potential 
energy is —73.8 Mev, and so the average binding 
energy is 16.9 Mev. This is considerably larger than the 
value obtained by Bethe in Sec. XI of his paper,’ 
because he assumed a well-depth parameter one. 


‘J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 


3. CALCULATION OF THE EFFECTIVE POTENTIAL 
ENERGY IN THE SECOND-ORDER APPROXIMATION 


Equation (1) shows that the second-order correction 
to the diagonal part of the reaction matrix is obtained 
by taking the square of the modulus of the potential 
matrix v between initial and intermediate states of the 
same total momentum, dividing by (27)* times the 
energy denominator e in the intermediate state, and 
integrating over all intermediate momenta which take 
both particles outside the Fermi sphere. This follows 
because e is diagonal in momentum space and because 
center-of-mass momentum is conserved for very large 
nuclei? The contribution to the effective potential 
energy is obtained by summing this over all pairs of 
particles containing one particular particle; this is 
equivalent to integrating the momentum of one particle 
over the Fermi sphere and dividing by 2°. With S-state 
interactions only and the effective-mass approximation, 
the integrand contains only the magnitudes of the 
initial relative momentum g and the intermediate rela- 
tive momentum gq’. The total momentum 2p only 
affects the limits of the integrals. 

The average strength of the interaction B to be used 
is different from B’ used in the previous section. The 
exchange principle makes the interactions in the singlet 
S-state with isotopic spin zero and in the triplet S-state 
with isotopic spin one vanish, and it doubles the inter- 
actions in the singlet state with isotopic spin one and the 
triplet state with isotopic spin zero. As we are summing 
over all intermediate momentum states of one particle, 
which gives each Slater determinant twice, B* is equal 
to $ of the sum of the squares of the singlet and triplet 
interactions. This makes B/m equal to 41 Mev. 

According to this prescription and using Eq. (4), the 
integrand is 


M* 
X . 
169°(q’—q’*) 


647° Bs? 


LP+ (q+9')? PLY + (q—9')? P 


(9) 


lor a given value & of the initial momentum of one of 
the particles, the integral giving V.(k), the second- 
order term in the expansion of V(&), can be written as 
an integral over the three variables p, g, and q’. 

With fixed values of p and gq, the volume of momentum 
space available for either particle, in the intermediate 
state, with the relative momentum between gq’ and 
q' +6q’, is zero for q' < (kr’— p*)!, is 


2rq'*bq' (p’+ q? — ky") py’ (10) 


for kp-+p>q'> (kr’— p”)', and is 
4mnq'*5q’ (11) 


for g'>kr+p. The volume of momentum space avail- 
able for the second particle in its initial state, if p and q 
are within a range of 6p and 4g, is 


l6mpgi pig) k. (12) 





ACCURACY 


The limits of the integrations over p and g are deter- 
mined by the conditions that the second particle is 
inside the Fermi sphere, which gives 

2p?-+2q°—k?< kp’, 
and that a triangle can be constructed with sides of 
length g, k, and p. Thus the integral is 


128B%6°M* 4 (kp—k) (k+p) 
inate ont dp dq 


|k—p| 


(13) 


i(ket+k) 


(dkrt +h — pt 
f d rf dq 
i(kr—k) \k—pl 


kp+p 
: if dq‘qq'(p?-+-4?— kv’) f(q,9') 
(kp? —p2)9 


® 


+ dq’ 2pqq’ f(q,q’) | (14) 
ke+p 
where the function /(q,q’) is defined by 


£(9,9) = (q?—F) "B+ ('+qP PP? 
x [6?+ (q/—q)* }?. 


0, Eq. (14) simplifies to 


(15) 
In the case k 


rV,(0) fe 
ep’) 


ike ke+aq 
f iy f dq‘ qq’ (¢? | q? 
0 (kr* @)9 


bkF a 
x f(q,9’) rf if dq‘ 2q°q’" f(q,q'). (16) 
0 ke+q 


This integral was evaluated by changing to the coor- 


256 B°2°M* 


dinates x=q+q' and y=q'—q and then performing one 

integration analytically. Part of the second integration 

had to be done numerically, but most of it was done 

analytically. If one takes, for convenience, ky/B=5/4v2 
0,884, the result is 


mV (0) 
- (0.069, (17) 
4B°M* 


TABLE I. Values in Mev of the kinetic energy 7(k), the first 
order approximation V,(k) to the effective potential energy and 
the second-order correction V2(k), for a nucleon with momentum 
k<kp. 


k/kp T(k) V i(k) 
0.0 0.0 
0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 
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Figure 1 shows that the energy denominator can be 
approximated by taking M*=4M. Equation (17) then 
gives the value of V.(0) as —3.6 Mev 

Equation (14) was multiplied by & and then differ- 
entiated with respect to &, giving 
r d 


~ [kV 2(k) | 
128 B*s?M* dk 


kp +k—q 
f af dq’ 
(kp? +2kq —q?)? 


<¢qq'(q” | yg 2kq ; k kp’) f(q,q') 


k D 
i) ay | dq’ 2qq?(k 
0 kp+k—q 
h(ke+k) kp—k+q 
+ f yf dq’ 
k (ky? —k?-4+2hkq —qt)t 


Qky +k? 


q) f(q,q') 


qq (q?+¢ kv") f(q,q') 


~ 


h(kp+k) 
: kp ~k 1 
hike *) ketkt+gq 
{ f ay f dq’ 
0 (ky? —k? —2kq —q?)9 
: i) yf dq’ 2qq"(q+k) {(4,4’) 
0 kp +k +q 
h(kpt+k) he + (dhp? + 42 q@)) 
+f ay f dq’ 
h(kp~k) (hhv* + 4h? 4-29 


y | hk? Sky’) 
{(q,q') 


k) Al 4,9 ) 


x qq’ (q” } gy | 2kq +k? Fr’) {(q,q’) 


(kek) L 


kqq' (q” 
x 


(ky? + 2k? —4q°)) 


hiker+k) Db 
tf ay f dq’ kqq'? f(q,q’). (18) 
h (kek) he + (hho? + hh? —qr)d 


These integrals were worked out for values of k/kp 
at intervals of 0.1 from 0.0 through 0.9 on EDSAC at 
University Mathematical Laboratory. 
The integrals were taken in pairs in the order in which 
they occur in (18), 


the Cambridge 


and each pair was worked out as 
one integral. Gauss’ six point formula was used for the 
integral over q and the eight-point formula for the 
integral over q’; the correct lower limit was used for the 
integra! and the upper 
greater by 2ky. The results of 
given in Table | 


over q, limit was taken as 


these calculations are 
V2(ke) was calculated independently, by performing 
the p integration first, and then working out the double 
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integral on EDSAC. Equation (14) gives 
Shem’ V o(k) 
128 B°°M* 


A (2kq 
f ay| f 
0 @¢ 


th—q 

+ J dq’ (ke 
(2hq —q*)9 

-(k 


yy 


dq’ (k?— gq’) ( 3q? — g 2k’) 


(k?—q/2)4(2q’*— 2k) | 
q)*(3q — q?— 2k’) 


q)( 3q" r¢- 2kq - 2k*) } 


k+ Ue qs 
{ f dq'((k? — ¢*)§(3q'*— q? — 2k*) 
hq 


(q’ —k)(4q’* — 2kq! — 2k*) +-3q'(q' —q)(q' +q—2k) | 


£ 


dq‘ 6qq'(k—q) ¢49q' f(49,9'), (19) 


J hk + (kt ~qr)9 


where we have written k for ky. This integral was evalu- 
ated in one piece, using Gauss’ eight- and ten-point 
formulas for the integrals over g and q’, and taking 
$k—q as the upper limit for the gq’ integration. The 
result is included in Table I. 

Equation (17) gives the value of V2(0) as — 3.6 Mev, 
which agrees with the value in Table I as well as could 
be expected from the integration formulas used for the 
latter. The average binding energy of a nucleon is 
increased by 2.5 Mev to 19.4 Mev. 


4. DISCUSSION 


The figures in Table I show that the second-order 


correction to the effective potential energy is indeed 
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small in the case we have chosen, being only 10% of the 
first-order potential energy even on the Fermi surface. 
This agrees with the result obtained by Swiatecki,® 
based on an analysis of Euler’s perturbation calcula- 
tions,® that the exclusion principle makes the Born 
approximation a good approximation to the energy of a 
nucleus at the actual nuclear density. Swiatecki uses 
an effective mass equal to the actual mass, so that his 
estimate of the second-order effect is a little too large. 
Figure 1 shows that the effective-mass approximation 
is unlikely to introduce an error of more than 20% in 
the second-order energy. 

This model gives too much binding for a nucleon, 
since it gives the average energy as 19.4 Mev, whereas 
Green’ finds that the term proportional to the mass 
number in Weizsiacker’s semiempirical mass formula is 
15.7 Mev. Previous calculations by Euler® and Huby* 
gave too little binding energy. 

A more serious difficulty is that, if ky is varied, there 
is a much lower minimum energy at a much higher 
density,’ and it is clear that this must remain true when 
the higher order corrections are taken into account. 
It appears to be necessary to consider the effect of the 
repulsive core in order to explain the saturation of 
nuclear forces. 

The author wishes to thank Professor H. A. Bethe 
for much helpful advice on this work, and Dr. B. 
Haslegrove of the Cambridge University Mathematical 
Laboratory for his advice on the computation of the 
integrals occurring in Sec. 3. 
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°H. Euler, Z. Physik 105, 553 (1937). 
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* R. Huby, Proc. Phys. Soc. (London) A62, 62 (1949). 





PHYSICAL REVIEW VOLUME 


107, 


NUMBER 2 


Photoproduction of K Mesons from Single Nucleons* 


Masaaki Kawacucul,t Purdue University, Lafayette, Indiana 


AND 


MicuaEL J. Moravesik, Brookhaven National Laboratory, Upton, New York 


(Received April 15, 1957) 


Perturbation calculations of the lowest order are carried out for K-meson photoproduction from single 
nucleons. Results are given for scalar and pseudoscalar mesons, with or without anomalous magnetic mo 
ments for the nucleons and hyperons, and with scalar, pseudoscalar, vector, and pseudovector couplings 
Numerical results are given assuming unity for the coupling constant. The difference between the present 
results and those carried out for pion photoproduction is due to the mass difference of the nucleons and 
hyperons, the larger ratio of the meson mass to the nucleon mass, and the different values for the anomalous 
magnetic moments. The last of these effects is particularly striking and might be of practical significance 


when sufficient experimental] information is available. 


I. INTRODUCTION 

HIS paper presents calculations in the lowest 

order perturbation approximation of the photo- 
production of K mesons from single nucleons.! While 
the validity of such calculations in the case of the K 
meson-nucleon interaction depends, roughly speaking, 
on the magnitude of the AK meson-nucleon coupling 
constant, an a priori skepticism concerning the success 
of such an approach is quite justified, especially in view 
of our experience with the pion-nucleon interaction. 

It is reasonable, therefore, to begin our considera- 
tions by trying to present a raison d’étre for perturba- 
tion calculations as applied to the K meson-nucleon 
interaction. We think that there is a case to be made 
even apart from pointing out the possibility that the 
interaction in question might be weak enough for the 
perturbation approximation to hold. The history of the 
pion-nucleon interaction shows that while the per- 
turbation calculations gave very poor agreement with 
experimental data (especially so for the angular dis- 
tributions), the qualitative features of the discrepancy 
between experiments and the perturbation results 
served as a stimulant for a phenomenological theory 
which in the end could be justified by more basic calcu- 
lations. The perturbation calculations were the starting 
point, leading to the realization for instance in the case 
of pion photoproduction, that we can retain the per- 
turbation predictions for the entire meson current 
contribution and for most of the nucleon current con- 
tribution and change only the P?3, 3 nucleon current 
contribution to get a good agreement with experiments. 
We suggest that perturbation calculations might also 
serve as a basis for the theory of K meson-nucleon inter- 
action which will evolve, once sufficient guidance from 
experimental results is available. 

* Assisted by the Air Force Office of Scientific Research and the 
U. S. Atomic Energy Commission 

t On leave of absence from the Research Institute for Funda 
mental Physics, Kyoto University, Japan 

' Similar investigations have been carried out simultaneously 
but independently by A. Fujii and R. E. Marshak, following paper 
[ Phys. Rev. 107, 570 (1957) ]. The two articles were coordinated 
prior to publication in order to avoid duplication 


II. GENERAL CONSIDERATIONS 


The following notation will be used. M will denote 
the nucleon mass, and Sf the hyperon mass. ‘The K- 
meson mass will be denoted by uw. The units#=c=1 will 
be used. The meaning of the other symbols is as follows: 
k for momentum (and energy) of the incoming photon, 
p for the momentum of the incoming nucleon, g for the 
momentum of the outgoing meson, p’ for the momentum 
of the outgoing hyperon, ¢ for the polarization vector 
of the photon, go for the total energy of the outgoing 
meson, and E(p) and E(p’) for the total energy of the 
incoming nucleon and outgoing hyperon, respectively. 
Boldface letters stand for three-dimensional vectors, 
while italics denote four-dimensional vectors, Scalars 
are also denoted by italics, but this ambiguity causes 
no confusion with the possible exception of Eq. (2.7) 
where p’ and p” denote the squares of the four-vectors. 
Our y’s are defined so that yo is Hermitian and its 
square is unity, while the other three y,’s are anti 
Hermitian and their square is —1, Our scalar product 
is defined by a: b= aoby— a+b, and we use a= ayyo— a ¥. 

Our calculations will be carried out in the center-of 
mass system. We chose this system for its simplicity 
and because experimental data are also likely to be 
given in this system. The kinematics of the reactions is 
trivial and will not be discussed. The threshold for pro 
duction of a K meson together with a A meson is at a 
photon laboratory energy of 910 Mev, and for the 
production of a K meson with a Y meson is at 1040 Mey, 

At the present time the spin and parity of the hy 
perons and the AK meson are not known, and in fact it 
is still open to question whether the K meson is a 
parity doublet or not. As far as spin is concerned, our 
calculations have been based on the assumption that 
the spin of the K meson is 0, and the spin of the hyperon 
is }. This assumption appears to be the most probable 
both on general theoretical and on experimental grounds, 

As far as parity is concerned, we have calculated for 
both scalar and pseudoscalar K mesons. If the K meson 
is a parity doublet, the actual cross section is some linear 


combination of the cross sections for the two definite 
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parity states. Since parity is conserved in photopro- 
duction, no cross terms between the two parity states 
of the K meson can enter. It should be mentioned that 
because of the associated production of hyperons and 
K mesons, only the relative parity between a hyperon 
and a K meson has meaning. If we use the convention 
of defining the parity of the hyperon to be the same as 
that of a nucleon, our parity nomenclature refers 
directly to the parity of the K meson. 

Strangeness considerations prohibit K~ and Re pro- 
duction and so there are only six possible reactions: 


(1) yt+p—> K°+2", 
tp — Kt+2"', 
v+p— Kt+A", 
ytn— K°+2', 
> K°+A°, 
> Kt+2-. 


(2a) 
(2b) 
(3a) 


(3b) yn 


(4) y+n 


In isotopic spin notation the interaction between 
hyperons, nucleons, and K mesons can be written as 


Ge¥yi7 TW and Gril Wve, (2.2) 


where I is unity for scalar mesons and = y5=yov17273 
for pseudoscalar mesons. If one does not use the isotopic 


notation, the interactions involving charged y’s are 


VIG xT Wn ek, (2.3) 


while those involving 2° and A® remain uncharged. Our 
numerical results and graphs are given for the case when 


Gz/(4r)'=G,/(4r)'=1. (2.4) 


In our units e*?/4r= 1/137. 

‘The matrix element of a given process can be con 
structed from the contributions of the various graphs 
by using Feynman’s method. Our numerical and nor- 
malization factors will be in agreement with a set of 
rules given by Schweber.? The matrix element so con- 
structed will be denoted by 7». The differential cross 
section is then given by’ 


do gqoe 
(27) ; 
dQ (1+-qo/E(p’) |L14+-k/E(p) | 
where 


/ 


C= | Tral*/5 (0)6 (k+ p—q-p’). (2.6) 


We have outlined the above procedure on account of 
the frequent confusion about the status of factors like 
v2 and 4n. 

Finally, before we give the results of the calculations, 
let us see in what respect we can expect the results to 
be different from similar calculations carried out for 
pion photoproduction.’ 


2 Schweber, Bethe, and de Hoffmann, Mesons and Fields (Row 
Peterson and Company, Evanston, 1955), Vol. I, pp. 242, 247, 
248-254. 

3G, Araki, Progr. Theoret. Phys. Japan 5, 507 (1950). 
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There are three types of differences. One is due to 
the fact that final state contains a hyperon instead of 
the initial nucleon, and in one of the graphs even the 
intermediate state is a hyperon. This fact brings about 
certain additional terms, not present in pion photo- 
production, which will be proportional to some power 
of the difference between the mass of the nucleon and 
the hyperon. Secondly, the ratio of the meson mass to 
the nucleon mass is not 1/7 as it was in the case of the 
pion, but 4, which makes the so-called “recoil terms” 
more important. Finally, when we include the effects 
of the anomalous magnetic moments, the values of the 
moments of the hyperons enters our formulas. 

An example of an effect of the first type is the modified 
form of the equivalence theorem between the pseudo- 
scalar (PS) and pseudovector (PV) couplings. For- 
tunately the modification is just in the numerical factor. 
The theorem can now be formulated as follows. 

Let us consider a K meson being emitted by a nu- 
cleon. The initial or final baryon need not be a free 
particle. The part of the matrix element describing this 
process is, for P.S coupling, 


pi+m p+M 


V6 
p?—s¢ = M? 


1 p’+on 


mu+M p” — I? 
ar 
Xp +m—p+M—(p'—p)] 
p?— M? 
p + M p’ } WN 
M? p?— 


p+ 


78 
m+M p- 
p+M 


In the first-order photoproduction process the first two 
terms disappear for the meson-current graph, thus 
proving complete equivalence between the two coup- 
lings for this graph. For either of the two nucleon- 
current graphs, only one of the first two terms dis- 
appears. The other, however, gives the ‘catastrophic 
interaction” term. Thus for the lowest order calcula- 
tions without anomalous magnetic moments over-all 
equivalence still holds. This, and a similar argument 
for the scalar meson, can be summarized in the follow- 
ing equivalence relation : 
G 
GY — rq, (2.8) 
MFM 


where + holds for the pseudoscalar meson and — for 
the scalar meson. 

In this paper, therefore, we shall use scalar and 
pseudoscalar couplings unless indicated otherwise. 
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Ill. CALCULATIONS 


We shall carry out only one of the calculations in 
any detail, and shall state only the results of the other 
cases we have considered. It is assumed that the spin 
of the K meson is 0 and the spin of the hyperons is }. 


1. Positive-K-Meson Production from Proton 
with Dirac Magnetic Moment 


b) 
« > ‘ . f " > > 2ecpae ¢ : ¥ ( j- 
Phe graphs lor the lowe st orde r processes are in li l IG | Graphs for the lowe st order AK meson photoproduc tion 


cated in Fig. 1. The double solid lines indicate hyperons, process. Solid lines represent nucleons, double lines hyperons, 
the solid lines nucleons, the broken lines K mesons,  ashed lines mesons, and wavy lines photons 
and the wavy lines photons. For the case under con- 
sideration, only graphs (a) and (b) contribute, since and, for pseudoscalar mesons, 
the A” (or X°), having no charge or Dirac moment, does 
not interact with the photon. The contribution from me 
these two graphs gives q cos)? 
eG (MI) 
wp’ )T 

mw)” [ 2k2qok(p)E(p’) |! 

ke 


where @ is the angle the emitted meson makes with the 
up “(p—qtk—p'), (3.1) incoming photon in the center-of-mass system, The 
corresponding cross sections can be obtained by using 


2p-k 


; : Eq. (2.5). The result is, in the center-of-mass system, 
where the integration over the intermediate meson 


Eq. (3.1) we used p-e=0 which holds both in the center 


four-vector has already been carried out. In deriving ("’) 1 eG" gq 1 


Ko. (3.6) 
] 


dQ 4 (4)? RLE(p)+k |LE(p) +4 


of-mass system and in the laboratory system. 


We can easily convince ourself that Casimir’s rule ‘To obtain the total cross section, the integration over 6 


still holds even though we have different spinors in the — can be carried out easily. The result is 
initial and final states. Thus we have 
q 
g=2 [E(p)+k | CL E(p) +40 
7" Mm : (, may / . / : 
(2r)~* 
Skqok( p)E(p’) 


gd 
1 


eke ) p+M 7q: | aad i? E(p)+k 
| 
q:k 2p-k) 2 ‘ko Oph 


Kb (O)b (p—q+k—p’). (3.2) where 


) 1 A Wr po — (IN M) 


t 1 for s¢ alar meson 
The . of s trace vie ,; (3.8 
Phe computation of the trace yi lds 0 for pseudo sla taal ) 


eG The angular distribution and the excitation function 
i 


for the above-considered process is given in Figs, 2, 3 


dr) Akqgok(p)E(p’) and 4 


’ 


6 (D)6'Y (p +- y/ ( (3, , P 
x | pb—qtk—p)Ko, 3) 2. Other K-Meson Production Processes from 


teeth Single Nucleons with Dirac Magnetic Moments 
where Ky is, for scalar mesons, 


The remaining four reactions of Eq. (2.1) can be 
p’?— (M— M)? calculated similarly. Reaction 1 will get contributions 
Ko: (2a10 ) from graphs (b) and (c), and reaction 4 from graphs (a) 
and (c). Reaction 3 has no contributions from any of 
¢? sin’ qe—¢ cont these graphs, and thus has zero Cross section according 

x 14 (3.4) to the theory under consideration. 


’ 


k® (qy—q cos)* E(p)+k The differential cross sections for reactions 1 and 4 
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da E(p)+k 3 
( = ) ( ) : (3.10) 
dQ AQT » E(p’) +g cos 


while the corresponding total cross sections are 


and 


E(p’) } E(p')+4q 
In 
k* E(p')—q 


E(p’) + 240 y 
9 = d 


1 in| (E(p)+k)+2A 


E(p)+k 


@ DEGREES 


hic. 2. Differential cross section in the center-of-mass system 
for reaction 2(b) with scalar coupling without anomalous magnetic 
moment 





are given by 


do da go q cos0 ; 
( ) 2 ) ( ) : (3.9) 
ADS AQT o\ Ep) + q cos 


k Mey (LAB) 


Fic. 4. Total cross section for reaction 2(b) with scalar and pseudo 
scalar couplings without anomalous magnetic moments 


and 
| 2A A qok(p')+¢q’  \qota 
o4=8rB { In 
ke gk? E(p’) + go qo-4q 


A qk(p')+q E(p)+k E(p')+q | 
t ( { ) In (3.12) 
qk? Ie p’) t qo £q uA 


where 


(T+ M)? (3.13) 


and 

1 
; (3.14) 
t (4)? RL E(p) +k P 


Here, as well as in the subsequent formulas, the upper 
sign holds for the scalar case and the lower sign for the 
pseudoscalar case. 


DEGREE mts : * ‘ > ’ 
The differential cross sections and the excitation 


Fic. 3. Differential cross section in the center-of-mass system f . a . , ’ : i 
- (hb) ct a unctions as predicted by the above formulas are given 
for reaction 2(b) with pseudoscalar coupling without anomalous ’ 


magnetic moments, in Figs. 5 and 6. 
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3. Productions Involving Baryons with 
Anomalous Magnetic Moment 


The anomalous magnetic moment calculations were 
carried out in a way similar to Kaplon’s* calculation 
for pion photoproduction. The matrix element of a 
given process with the inclusion of the anomalous- 
magnetic-moment interaction can be thought of as the 
sum of two contributions, one being the matrix element 
obtained without considering the anomalous moments, 
and the other the added effect of the moments. This 
latter addition to the matrix element is, apart from the 
numerical value of the moments, the same for all four 
reactions, The cross section can therefore be written as 


da 


) mBLOFK +O. K\ + Ky |, (3.15) 


dQ 


where Ko is the expression given by Eq. (3.7), Ky is 


f 


given by 


qo—q Cos@ Fic. 5. Differential cross section in the center-of-mass system 
. ; sé 
kK, I (0, for reaction 1 excluding anomalous magnetic moments, The 
E(p) +. scalar theory is shown by the dashed line and the pseudoscalar 


theory by the solid line 


Finally ; is 2 for reactions 1 and 4, and unity for the 
other processes. Some of the differential cross sections 


q cosO) for the processes including anomalous moments are 


given in Figs. 7-10 


MNMY y ; E(p)+k 
sin’@ tA+k(qo 
Mon ) E(p") + q ( osf 


{LE(p) +k jon ML E(p’)+q cosé |}? 
. (3.17) 
| ID p’) +-k Il E(p’) t q COSO 


where uy is the nucleon anomalous magnetic moment in 
units of nucleon magneton, and ywy is the hyperon 
anomalous moment in terms of hyperon magnetons.° 
Q; is a multiplicative factor depending on the reaction 


one considers. It is given by® 


p)+kh 
() 


E(p’) + q COSA 
q gq Coso 
K(p") + qY COSO 


4M. F. Kaplon, Phys. Rev. $3, 712 (1951 
® In the limit when the hyperon and nucleon masses are taken 
to be equal our expressions agree with those given by Kaplon, 
except for A, in the scalar case, where we believe there is an error 
in Kaplon’s formula 
® The result for reaction 3 is the most uncertain since all of the 
cross section arises from the anomalous-magnetic-moment inter 
action, and since the possibility of the A° changing into a Y° after k Mev (LAt 
the absorption of the photon, or vice versa, has not been consid- 
ered. Nevertheless we include this result for the sake of ; otal cross section for reaction 1 with scalar and pseudo 
completene ss caler couplings without anomalous n agnetic moment 
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As is well known, the equivalence theorem ceases 
to be valid even in the lowest order when anomalous 
included. The 
carried out with vector and pseudovector couplings 


moments are results of calculations 
consist of the complete formula obtained by scalar and 
pseudoscalar couplings, plus an additional term which 


has one part which is linear in the anomalous moments, 


and one which is quadratic. This additional term is 
MN My 
2 
M oom 


— Y 
k} Ki(p )-t q « os t | ke p) + k 
) 


(4 MO, 


3in”6 | 
(q q os) 


My 
| ) voter) + [ E(p')+-q cosé 


nlf é 


WM) (+ M)RLE(p) +k | 


> 


t Mk(qo q cosO)}} (3.19) 


In the absence of any experimental information on the 
hyperon moments, we referred to a theoretical estimate 
of Marshak, Okubo, and the 
merical computations we used the following values for 


Suderarshan.’ In nu- 


the anomalous magnetic moments: 


pu(Z*) = 1.33, (3.20) 


u(A”) 1.44, 


in units of hyperon magnetons 


x 12¢ 
6 DEGREES 


Fic. 7, Differential cross section in the center-of-mass system 
for reaction 2(b) with scalar coupling, including the effect of 


anomalous magnetic moments. 


7 Marshak, Okubo, and Sudarshan, Phys. Rev. 106, 599 (1957) 
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In addition to the extra term given by Eq. (3.19) for 
the vector and pseudovector couplings the coupling 
constant must also be changed in accordance with Eq. 
(2.8). Therefore, in order to present an appropriate 
comparison of the various couplings, one should use 
for the vector and pseudovector coupling constants the 
numerical values of 


G*/49=1/(MFM)’. (3.21) 


IV. CONCLUSIONS 


Let us summarize our results by comparing them with 
the corresponding formulas for pion photoproduction, 

The mass difference between the nucleon and the 
hyperon changes the results by an amount which de- 
pends on the form of the theory. In general, the cor- 
rection is larger for the scalar theory than for the 
pseudoscalar case. In Fig. 2, for instance, the effect of 
the mass difference accounts for about 20% of the cross 
section. The effect is small compared to those obtained 
from perturbation calculations of K-meson scallering 
from nucleons (where the intermediate state contains a 
hyperon). In this latter process the mass difference can 
enter in denominators in a sensitive way, making the 
correction as large as a factor of 2 or larger. 

In making a comparison between A-meson and pion 
photoproductions, one should take into account the 
difference in the isotopic spin structure. Thus, for in- 
stance, reaction 4 of Eq. (2.1) corresponds to negative- 
pion production from neutrons. 

It is interesting to notice the maximum in the ex- 
citation curve for the pseudoscalar case in Fig. 4, 
brought about by the combined effect of the mass 
difference and large “recoil” terms. In general, one of 


90 120 
6 DEGREES 


lic. 8. Differential cross section in the center-of-mass system 
for reaction 2(b) with pseudoscalar coupling, including the effect 
of anomalous magnetic moments. 
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lic. 9. Differential cross section in the center-of-mass system 


for reaction 1 with scalar coupling, including the effect of anoma 


lous magnetic moments 


the most striking differences between the AK-meson and 
pion photoproductions is the order of magnitude equal 
ity of neutral and charged productions. This is a direct 
consequence of the ‘recoil effects.” 

The effect of the addition of anomalous magnetic 
moments depends, of course, greatly on the numerical 
With the 


chosen by us, there is relatively little change for re 


values of the anomalous moments. values 
action 1, and for the pseudoscalar coupling of reaction 


2(b). However, the scalar case for reaction 2(b) changes 


by a large factor and the shape of the angular distribu 
tion is also altered drastically. The sensitivity of the 
excitation function to the addition of anomalous mag 


netic moments is discussed by Fujii and Marshak.! 

It is also found that there is a large difference between 
the pseudoscalar and pseudovector, and scalar and 
vector couplings. In particular, the vector coupling 


gives a very large cross section. 


stered 


md 


Qly+p—K°+s 


40 


cc 


6 DEGREES 


ric. 10, Ditferential cross section in the center-of-mass system 
for reaction 1 


anomalous magneti 


with pseudoscalar coupling, including the effect of 


moments 


In summary, we believe that the above results might 
be of use in several ways. The various possibilities differ 
from each other sufficiently, both in the magnitude of 
the cross section as well as in the shape of the angular 
distribution, to be of help in making a choice among 
them on the basis of a comparison with even quite 
rough experimental data. Coincidentally with thi 
choice one might also be able to say something about 
the order of magnitude of the anomalous moments 
Finally, once more precise data are available, the 
deviations from the above results, if they exist, might 


indicate the direction in which a more phenomeno 


logical theory should develop 
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Photoproduction of K Mesons in Hydrogen near Threshold* 


A. Fuyu anp R. E. MArsHax 
Department of Physics, University of Rochester, Rochester, New York 


(Received April 15, 1957 


rhe total cross sections near threshold of the three processes: y+p—+A°+K*, 2°4+-K*, 2*4+-K®, have 
been calculated as a function of the incident photon energy in the laboratory system under the assumptions 
that the hyperons have spin 4* with positive anomalous magnetic moments and that the K meson has spin 
0+ and is coupled to the baryon field by direct Yukawa interaction. A pseudoscalar K meson gives a steep 
increase of the cross section for neutral production and at the same time gives a large K°/K* production 


ratio compared to that for a scalar K meson 


“THERE is no evidence for the failure of parity 


conservation in strong interactions’ and it is 
the A 


a scalar or as a pseudoscalar particle in strong interac- 


reasonable to assume that meson behaves as 


tions, It is therefore of interest to examine processes 
which may throw light on the parity behavior of A 
mesons (with respect to the relative parity of nucleon 
and hyperon) in strong interactions. It will be recalled 
that in the pion case, it was the occurrence of the slow 
pion reaction m~+-d—+2n which fixed the parity of the 
pion.’ Unfortunately, there is no analog of this reaction 
for K 
be invoked) 
incisive type of experiment. It turns out that the 


mesons (insofar as absolute selection rules can 


and one must be satisfied with a less 
magnitude and energy dependence of the cross section 
for the photoproduction of AK mesons in hydrogen 
depends rather sensitively on the parity of the A meson 
provided the anomalous magnetic moments of the 
proton and the hyperon are taken into account. 

We have calculated the total cross sections for the 
Yt poA+Kt, y+ p-2°+ Kt and ¥+p—> 


calar and pseudoscalar coupling and both 


Processes 

Dt+- A" for 
with and without the 
baryons.’ A 
ried out from the threshold energy of 0.909 Bev to 1.2 


anomalous moments of the 


sorn-approximation calculation was cat 


sev for the A process and from the threshold energy of 
1.04 Bev to 1.5 Bev for the Z processes, The diagrams 
which are taken into account are exhibited in Fig. 1; we 
that the 
sidered and indeed have taken equal to 2°S?2"+-y and 


A"°—2A°-+-y. The anomalous moments of the 2 hyperons 


note transitions L°?A°+y have been con 


were taken from the paper Marshak ef al.4 where the 
observed mass differences among the components of the 

triplet were used to derive information concerning 
anomalous moments. In particular, the values 


1.44, u(=*) 


the 


u(d") 1.33 hyperon magnetons were used 


* This work was supported in part by the U.S. Atomic Energy) 


Commission 

1T. D. Lee and C. N. Yang, Phys 

2. kerretti, in Report on the International ¢ 1 
Temperatures and Fundamental Particles, Cambridge, 1946 (The 
Physical Society, London, 1947), p 75 

‘Similar calculations have been carried out by M. Kawaguchi 
and M. J. Moravesik, preceding paper [Phys. Rev. 107, 563 
(1957) ]. The two articles were coordinated prior to publication 
in order to avoid duplication 

4 Marshak, Okubo, and Sudarshan, Phys. Rey 


Rev. 104, 254 (1956 


onference on 1 


106, 599 


1957 


0 


The anomalous moment of A° was taken equal to that 


wo 


for 2 
> and A to the nucleon and if one neglects the mass 


; this follows? if one assumes equal coupling of the 
difference between Y and A. 
Figures 2-4 contain the results for the total cross 


sections as a function of energy in the laboratory 


Fic. 1. Feynman diagrams. The small circle stands for an 
interaction through an anomalous magnetic moment. 


system. The cross sections are given in units of g?/4a 
microbarns, where g is the appropriate coupling constant 
for the (p=°K*) 
equals V2g for the (pX*+K°) interaction if one assumes 
that the fundamental interaction is a scalar in isotopic 

spin that 
lead to a very marked enhancement of the AK 
section (by a factor exceeding 10) when the coupling 


interaction; the coupling constant 


space. It is seen the anomalous moments 


cross 


is pseudoscalar in contrast to scalar coupling where the 
increase is only a factor of 2. The energy dependence of 
the cross section (with anomalous moments) is also 
much more rapid in the pseudoscalar than in the scalar 
case for A° produc tion. 

The difference can be understood qualitatively as 
follows: in the pseudoscalar case the current contribu- 
tion of X* 


of the large mass. When the anomalous moments are 


to the cross section is relatively small because 


*In lowest order perturbation theory one can show that the 
interaction diagrams (A°A°y) and (Z°A%y) give equal 
contributions under the two assumptions mentioned in the text. 
S. Okubo has informed us that (2°L%y) = (A°A®y) to all orders under 
the same two assumptions 


(x°ye ' 
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included, u(p) and w(X*) add constructively because 
a spin flip of the baryon is associated with the p-wave 
emission of the K°® meson (cf. next to last Feynman 
diagram of Fig. 1). In the scalar case, the 
emission does not involve a spin flip and there is de- 
structive interference between u(p) and u(Z*). The 
effect of the anomalous moments on the A* production 
is much less striking because the current contribution 
of the charged A meson is already substantial. It is 
interesting to note that the pseudoscalar theory (with 


S-wave 


anomalous moments) predicts a KA°/K* production 
ratio considerably in excess of 1; the scalar theory 
predicts a K°/K*t ratio <1. 

We believe that the general features of the total 
Figs. 2-4 have qualitative 
meaning (despite Born approximation) although we 
differential 


cross section curves in 


place less reliance on the cross sections 
(which have also been calculated and are not given 


here).’ Support for this statement is drawn from the 





A 


! 
ul 12 Bev 


units of (¢?/4r) microbarn 


of photon energy in the laboratory 


ude anomaious moment the un 


pion situation where the more rigourous Chew-Low 
theory of photopion® produ tion is not in Yross disagree 
ment with the Born-approximation calculations pro 
vided the nucleon anomalous moments are included. 
For example, Kaplon’s Born-approximation treatment 
of neutral pion production’ and the Chew-Low theory 
agree roughly with respect to magnitude and energy 
dependence but disagree with regard to the angular 
distribution of the photoproduced neutral 
[ because of the importance of the (3, 3) 


the A 


because the baryon recoil contribution is relatively more 


plons 
resonance |. In 


meson case, the situation is less promising 


important and the static magnetic moments are 


assumed to operate at much higher energies. On the 
other hand, the A meson coupling constant may be 
6G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956) 
7M. F. Kaplon, Phys. Rev. 83, 712 (1951); R. E. Marshak 
Meson Physics, Chap. 1 (McGraw-Hill Book Company, Inc., New 
York, 1952). 


ctrom OF £ 


MESONS 


2 
(lps 





104 Li L3 14 5 Bev 


hic. 3. The total cro ection Lin units o tr) microbarns 
lor tp» X9+- A as a function of photo energy in the laboratory 
system. The primed curve the un 


primed curve 5 


include anomalous moment 


do not 


smaller than the pion coupling constant and resonance 
effects, if any, may be less important than for pions.* 
The magnitude and energy dependence of the cross 
section for charged pion production near threshold is 
also not given too badly by Born approximation and 
in this case even the differential cross section contains 
several essential features of the Chew-Low theory (and 
experiment). It is perhaps not rash to entertain the 
hope that some of the gross properties of the exper 
mental data on the photoproduction of A mesons in 
hydrogen near threshold will help decide whether the 
K meson behaves as a scalar or a pseudoscalar particle 


in strong interac tions. 


9 
Ca 





1. The total cro section | in unit 
+AK°%a 


pe a lunction of photon 
tem. The primed curves include anom 


primed curve ao not 


Okubo (private communication) giv 


of a dispersion-theoretic 
He finds that the 


approximation with anon 


Statement on the basi 
m of A meson 


the renormalized Bort 


photopre lucti 





APPENDIX 


For purposes of reference, the total cross sections 
for K* and K® production in hydrogen are given in this 


appendix. The total cross section for K* production is 


e y lm 
( )( ) { Bot) (£) + (a F 28) PF (£) 
bn lr] M,? 2 


tla 28)°F (£) t 2aBl 3 rE), 


where 


+ (a+B)*/ (t)+-apslk (£)}, 


MARSHAK 


where 


(M+M,)* 


M?+M ,? 


+-yn* 1 


2M °? 


(M+m)y—M° | Ml —m)* “ly 
2M @ | 2M’! 


(¢) 


R(é) 


£A(E)+R(£) 

log ! 
1+2§—-£A(t)—R(E) 

incident photon energy in the 

nucleon mass, M=hyperon 


where §=w/Mo, w 
laboratory system, Mo 
mass, and m= AK meson mass. 

The upper and lower signs refer to the S(S) and 
PS(PS) cases, respectively ; a and 6 are the anomalous 
magnetic moments of the proton and hyperon, re- 
spectively, both in units of nuclear magnetons. 
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Isotopic Spin Selection Rule |a/| =1/2 for the Decays of Strange Particles* 
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Decay processes of strange particles are re-exami 


when all particles concerned ha 
results obtained before st 
However, the relatior 


iv 


Ve isotopi spins 
| as they are, even 
tl 


) is changed by parity nonconservation 
lor pa 


ill hole 


i 


between 1¢ 


r(z T 


preted as indicating comparable magnitudes 
A] 


results based on , and } are also discussed fe 


I. INTRODUCTION 
Sn processes of strange particles have been 
sumption of the isotopic spin 
and the 


under the as 
Al ; 


when all 


investigated by many authors! 
election rule, 
AS| =1, 
particles concerned have definite isotopic spins. Here 
Al=I/—TI', where [/ ie 


final and initial state, respectively. The fundamental 


strangeness selection rul 


e 


; ' : ; 
and are the isotopic spins ol 


idea is to classify all the interactions into four categories 
according to their strengths, as shown in ‘Table I. 
\lost Al } 


s have, 
however, been based on parity conservation explicitly 


of the results obtained from 


or implicitly. Recently Lee and Yang® suggested the 
possibility of parity nonconservation in weak inter 
actions. Experimental evidence has confirmed this for 
the B-decay interaction. 

In such a situation, it is worth while to re-examine 
the the rule 
Al }, taking into consideration terms which do not 


conserve parity. All of the results based only on the 


theoretical results based on selection 


FABLE I. Classification of the interactions in isotopic spin space 


Interaction 
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Electromagneti 
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eT 
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independent interactions 


space ul t ttrix 


element, when we igh 


we 


charg 


* Assisted by Air Force Office of Scientific Research 
t On leave of absence from the Research Institute for Funda 


mental Physics, Kyoto University, Japan 

1M. Kawaguchi and K. Nishijima, Progr. Theoret. Phys. Japan 
15, 180 (1956) 

2G. Wentzel, Phys. Rev. 101, 1215 (1956) 

+R. Gatto, Nuovo cimento 3, 318 (1956). 

‘. d’Espagnat and J. Prentki, Nuovo cimento 3, 1045 (1956 

5 C. Isoand M. Kawaguchi, Progr. Theoret. Phys. Japan 16, 177 
(1956) 

‘Ty. D N. Yang, Phys. Rev. 104, 254 (1956) 
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into a more ambiguous and less critical form. In order 
to confirm or deny the validity of A/ =4, a further 
experiment is required to give information concerning 
the mixture of parity-conserving and parity-noncon 
serving terms 

It is 


cover all decay 


rule |A/| =} 


on'-+7 is not 


clear that the selection cannot 


processes. K* well 
described by this interaction. Therefore, it is natural to 
assume that the interaction obeying |A/|= 3 and 
AS 1 
approximation® with a strength about one-tenth of that 
of the Al) =} term. The effects of | A/ 
for A and K particles. As one of the tests for the validity 
of the selection rule | A/ 
find the relation 


ta") /(K° +r 4-9). 


contributes to the process in the next 


} are studied 


} and $, it is proposed to 


between 7(K*)/r(K°) and (K°—>r® 


II. RESULTS INSENSITIVE TO PARITY 
NONCONSERVATION 


This section summarizes the consequences of the 
} in Table 1, 


do not change even if parity is not necessarily con 


isotopic spin selection rule | A/ which 


served.’ 
Ill. DECAYS OF THE % PARTICLES 


The hypothe l Al 


the decay of 2 particles when parity conservation was 


} placed a strong condition on 


It has been shown?” that the unitary character of the 


S-matri is useful to relate the phase of the decay 


matrix elements to the phase shifts of pion-nucleon 


scattering. In the present case, however, the unitary 
character should be applied for parity-conserving and 
parity-nonconserving parts separately, 


The unitary character of the S-matrix is written as 
S'S=SS'= 1, 
or in a convenient form for the present problem, 
SR' R. 


Taking the element for >—>\ 


represents a nucleon, we have 


matrix 


Va S| Nw)(Vr\ R' DS Vr| Riz (3.6) 


As in plon-nu¢ leon scattering parity is considered to be 
conserved, it is convenient to separate ( 3.6) into eigen 
States Ol isotopic spin, total angular momentum and 
parity of the final state, namely,'?" 

*R. H. Dalitz, Proc. Phys. Soc. (London) A69, 527 (1956 

» All results obtained in references 1 and 3 still hold independent 
ol parity conservation 

”(G. Takeda, Phys. Rev. 101, 1547 (1956 

"t For details see M. Kawaguchi and S. Minami, Progr. Theoret. 
Phys. 12, 789 (1954 
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TABLE III. Decays of 2 particles. R and R’ denote the matrix 
elements for the parity-conserving and _ parity-nonconserving 
terms, respectively, and the subscripts 1 and 3 specify isotopic 
spin 4 and § in the final state, respectively 


Thaw 


=3(\Rs|?+/R 


assumed. This condition was the relation between the 


ratio of lifetimes 7(Z~)/r(2*) and the branching ratio 
Lt p+ an") /(Xt—n-+n*). It is, therefore, important to 
re-examine this relation taking parity nonconservation 
nto account, 

It is simple to obtain the transition matrix elements 
and their lifetimes from the addition rules of isotopic 
spin, as shown in ‘Table II. 


From ‘Table II] we have 


where 


The branching ratio of }*+ is of the form 


+ | Ry’ |?) —2v2 Re 


R *R, rt R R,’) 


Pt. | Ry’ |?)+2v2 Re(R;*R\+-R,;'*R,’) 


161’ R,'* R,’. 














, -n+mT*) 
“& / 


<* s 
(> —~ p+m*)/ 


m+m’ 


Allowed 2 z* 


region for 7r(Z r(z *p-+m") 


The experimental value is cited from reference 12 
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where e’”/ is the S-matrix element of pion-nucleon have orbital angular momenta differing by one unit. 
scattering for isotopic spin //2 in the angular momen- When R is decomposed into its phase e and its 
tum representation. 6; and 6,’ are the two phase shifts absolute magnitude |R| (with ambiguous plus or 
of pion-nucleon scattering belonging to the same total minus sign), Eq. (3.3) can be expressed in the following 


angular momentum and the same isotopic spin, but simple form: 


/ 


2vV2x(cos(63;—6;) sin® sind+cos(d ‘) cos cos?) 


6,) sin sind+-cos(6 5.) cos cos?) 


where x is defined by (3.2) and IV. CONTRIBUTION OF |A7/| =3'2 TERMS' 


tan© tanéb=+ (| R3| &|R1!)/(| Rs’ |X| Ri’!). (3.9) As mentioned in Sec. I, the two-pion decay of an 
: ; er even-spin #* particle is forbidden, if we assume | A/) = 4. 
The previous result obtained’” for parity conservation Since the lifetime of 6+ is about 100 times that of @°, the 
was O=O=1/2. experimental lifetimes are qualitatively interpretable in 

We plot (3.1) vs (3.8) to show the allowed region terms of the selection rule | A/ }. In this section we 
for all values of 9 and ® in Fig. I. attempt to discuss the large difference of the lifetimes 

Rev ent experimental results permit a comparison, wn more detail ‘| he lifetime difference Is re lated to the 
According to Alvarez el al.,"* branching ratio of @ based on the selection rule 
(3.10) |A/|=4 and 


T(z) /r(z 
Since for odd-spin AK particles we get r( Ky r(K* 


and 


(Yt—n+-at)=1.0+0.2. (3.11) i sharp contradiction with experiment, we consider 


7 p+ 1’) 
here only even-spin A’ particles 
rhus, from (3.1) and (3.10), we have The transition probabilities and the lifetimes are 
‘rein oe, om 
rl >20. (3.12) displayed in ‘Table IV. 
Even if parity is not always con erved, the branching 
It now becomes necessary to make an assumption — ratio of 0," is the same as that given by ‘Takeda! 
concerning the relative contribution of the parity con 
serving and nonconserving terms. For simplicity we 
assume that the contributions are equal (Le., | R, 
X| Rs RR,’ X | Rs). The resulting equation tan@ 
S ane ‘ > re . - . 
Xtanb= +1 has the two solutions: (a4) -O=@=+7/4 where x=+!Ry|/!Ro!, and 6, is the phase 
and (b) 0=@=+7/4, because of the unavoidable am plon-pion scattering in the isotopic spin stat 
biguity in sign, Solution (6) gives results in disagree- ratio of lifetimes follows from Table I\ 
ment with experiment. Making use of solution (a) and 


(3.12), we have rit) TIO, $(1 1°) / § 


St—+pt+n) If we assume that all A* particles are identical and 


0.63 <0.73 for 2 w spin 4 that the branching ratio of @* is 1/f of the total A‘ 
( mn-+-1m) decay, then 
and (3.13) : 
a —>p-+-9") r(Kt)/r( Ky") =4(1+-27)/(3/f), (4.3) 
().92¢ <1.11 for with spin 3, 
(Yt—n+ nt) where the AK," decay is considered almost entirely due 


to 0,°. 
where the following experimental values of the pion- 
nucleon phase shifts have been assumed: 

‘ particl Ri 


tat 


osl6 6,)=0.95 for si, ite ha 


cos(6 :i)=1.00 for py, 
COS (bs 7 0.76 for Pi; 
COS(6,— 6, 1.00 ford 


While (3.13) is not inconsistent with the experimental 
results for a 2-particle with spin 3, the ad hoc assump 
tion of equal contributions from parity conserving and 


parity-nonconserving terms makes any conclusions 
highly tentative. Similar work has been done by M. Gell-Mann 
3 charge-conjugation invariance is violated, the argu: 
2 Alvarez, Bradner, Falk-Variant, Gow, Rosenfeld, Solmitz, and not be changed essentially, M. Gell-Mann, Nuovo cin 
Tripp (unpublished 1957); RK. Gatto, Phys. Rev. 106, 16% (1957 
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The relation between 7(6*)/7(0;°) and (6;°->7’+-7”°) 
(0,°-+9* +9) is plotted in Fig. 2. oO Allowed region when 6* 

If the experimental! value falls outside of the allowed is Gitferent from other K* 
region, the assumption of a selection rule | A/| =4 and Allowed region when 6* 
% must be ruled out. Although it appears quite difficult sant 5% a K* 
to determine the branching ratio experimentally, a 
reasonably quantitative measurement could provide a 
check on this assumption. 

Apart from the direct measurement of this branching 
ratio, there is a possible way to compare the theoretica! 
results of the selection rule | AJ) = 4 and $ with available 
experimental data. According to a recent experiment, 
the fraction of the normal charged decay of # to the 








6° —= + wr) /(@°—> t+ 77) 


0 14 Ce, i poy, 
total #° decay is viven by’ I gai SES “iy typo 


+a )/ (total) = (0.3_6..9t®'); (4.4) 





a of the decays may be neutral or anomalous 
If we tentatively assume’® that the total & decay T(8*)/T(8) oF T(K*)/T (Ke) 
consists of 0," and 6,", i.e 
2. Relation between 7(6 r(0;°) and (0,;°—+1+- 7° 
esa P , 5 (0,°—»w* +m) or r(K*)/r( Ky) and (0,999 + 2°) /(0)" 9? +7) 
(total) = 2{(6;"-99t + 9~) + (6)"—> ’ When time-reversal invariance does not hold, the scale of the 
abscissa should be changed 
the theoretical results predicted from Fig. 2 are 
Certain disagreements are apparent, however, when 
0.40 > (0;" 99? 4+-m) / (total) 20.25, 1.6) , “ : 
a comparison of the A° branching obtained in the same 
when 6* is an independent state different from all other ©*Periment ts made with theoretical prediction. Experi- 
K*. and mentally we have 


’ B= (A"— ( ‘ (0.309 .19°" (4.5 
0.56 mt + (total) > 0.29, (4.7) p )/ (total) Mg 1.8) 


in sharp contradiction with the theoretical value 


‘ 


when @* is a mode of decay about 25°, of the total A 


(A°-+p+m)/(total)=% where we assume 
decay. Neither result appears to contradict experiment. 


Phese values are obtained by using the experimental ratio (total) = (A° *p+m )t+ (A"—n+ 2") 


‘ l 
r(K*)/r( Ky") = 60-100, and |A/| =}. | 
If the contribution from the |A/ =} interaction for 


which gives (a & in the former case and 13—18 A-—»N+7 is taken into account, the branching ratio is 


in the latter case expressed as 


2v2«(cos(6,—46,) sin© sin’+cos(5;’—6,') cos® cos?) 
(4.9) 
+. 9V2x(cos(63—56;) sin@ sin’+cos(d;'—6;') cos cos?) 


‘Taking " ; " ” 0.57 < (A® Pr )/(total) < 0.76, (4.10) 


decay, then, which still disagrees with (4.8). It is hoped, however, 

vat fi e€ experiments wi ride ; » definitive 
io aside, Checitdenk, Tales, Gamben: Schwests. cad Stalaberaee, that futur periments will provide a more definitive 
Phys. Rey. 103, 1827 (1956) test of the above results. 


+ Note added in proof.—Revised experimental values of the The author would like to express his sincere thanks 


branching ratios are a=0.4340.03, and §=0.674-0.05. This 6 ) Dp > , oe 
agrees with our theory, while a shows slight disagreement to Professor D. C. Peaslee and Professor R. W. King 


6M. Gell-Mann and A. Pais, Phys. Rev, 97, 1387 (1955 for helpful conversations. 
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Photoproduction of Neutral Pions from Hydrogen at Forward Angles 
from 240 to 480 Mev* 
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s placed within a 


Recoil protons trom the } j 
hydrogen-gas target and used to measure the differential cross section for production of neutral pion 


! 
angies corresponding 


process y+ p-+p+ 7 have been detected by nuclear emulsio 


to 


this manner protons of energies as low as 5 Mev can be detected at laboratory 


emission of a pion at center-ol-momentum (¢.m 


that of Oakley and Walker which is in the same range 


to pion c.m. angles greater than about 70° owing to h 


experimental points provide intercomparison of absolute value 


os8+-C cos*é in the « system. T 


{/Ca 


front-back a 


form da/dt 14+-B m 
the average value of the ratio 


B, which the 


is positive 


mmett! pa ses throu 


Phese 


stem ol 


gives 


at higher energies results are 
state of the pion-nuc leon § 


lerence 


I. INTRODUCTION 


HE differential cross section for the photopro 

duction of neutral pions at forward angles from 
hydrogen by photons in the energy interval from 240 
to 480 Mev has been measured by means of nuclear 
emulsions. These measurements extend the angular 
distribution measured in this laboratory (Synchrotron 
Laboratory, California Institute of Technology) by 
Oakley and Walker! who used a magnetic spectrometer 
and counter system to measure the cross section from 
m 


70° to 153° in the center-of-momentum (« system. 


Oakley and Walker detected the recoil proton emitted 


in the reaction, 


+ st aie 

The lower limit on pion angles (70° in the c.m, system) 
which they could measure was set by the lowest-energy 
proton which their counters could detect. Self-absorp 
tion in the target and counters set this low-energy limit 
at about 25 Mev. In order to measure the energy and 
angular distributions of recoil protons of lower energy, 
nuclear emulsions were placed inside a hydrogen-gas 
target. The minimum detectable recoil-proton energy 
(5 Mev) was, therefore, limited only by the range in 
the target gas. This enabled differential cross section 
measurements for pion angles as low as 26° (c.m 

Ps 


If differential cross sections, da/dQ, at a given photon 


energy and various pion c.m. angles, 6, are fitted to a 
formula of the type 


da /dQ= A+ B cos6+-C (1) 


cos, 


the coefficients A, B, and C may be calculated at that 


energy. This assumes production in S- and /P-states 


* This work was supported by the U. S. Atomic Energy Com 


mission 


1—D. C. Oakley and R. L. Walker, Phys. Rev. 97, 1283 (1955 
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angles as low as 
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1.60+0.10 in the energy range 
gh zero 
consistent Ww 


angular momentum 


26°. This experiment thus supplement 
(240-480 Mev 


detectable proton energ 


of photon ¢ ergies but is restricted 
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ner min Com 1 


mu! 
Angular « tribution 
Walker 
OO to 450 Me 


are analyzed in the 


{ y 
tla { 


Lhe coc 


combined Oak le and present d 


he 


th mi 


toe ther 


tovether 
Bh, and ( 
00) 


was used in both 


only In tl paper the me re ul KCTI 


with those of Oakley and Walker and new A, 
range 


coelhcients are computed in the energy from 


to 450 Mev. The 


experiments, and the results of both experiments agree 


same beam monitor 


with each other within experimental error in the region 


near 0=90°, where they overlap. The value of the A 
which is determined by the cross section at 


little the addition of 


coethcient, 
90°, is changed but 
new results of comparable statistical 


However, 
weight at forward 
angles makes possible a more accurate determination 
of the B and C coefficients than is possible from data 
the backward hemi 


which is restricted to essentially 


sphere only. 


II. EXPERIMENTAL PROCEDURE 
rig. 3, 


winciple to that of 


hown in 


The « 


arrangement 1S 


xperimental apparatus 1s 


his similar in | 


Goldschmidt-Clermont, Osborne, and Scott*® who meas 


ured neutral-pion differential cross sections for gamma 


170 to 340 Mev with nuclear emul 


ray energies trom 
lons 

Phe 500-Mey 
Institute of 
through a tapered lead collimator and secondary beam 
a 0,019-in 
0).031-in, 


found necessary to 


bremsstrahlung beam of the California 


‘Technol electron synchrotron passed 


OY 


craper” into the hydrogen tank through 


out through a 


It wa 


e target tank quite long in order to keep the 


tainless steel window and 


stainle teel exit window 
make th 
entrance window and emulsion chamber well separated 
from each other and hence to prevent excessive electron 
background produced in the entrance window from 
Background electrons pro- 


a 10 000 gauss 


blackening the emulsions 


duced in the windows were deflected by 


schmidt-Clermont, Osborne, and Scott, Phys. Rev. 89, 


97, 18% (1955 


2 Gold 
329 (1953 
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Fic. 1, Schematic diagram of the experimental arrangement of emulsion pellicles in the hydrogen gas target 


magnetic field and absorbed in thick lead walls sur 
rounding the entrance tube (see Fig. 1). The total 
exposure was 3.84 10" Mev as measured by the same 
monitor ionization chamber by Oakley and 
Walker! (hereafter referred to as O.W.). 


The hydrogen was cooled by a dry ice and alcohol 


used 


mixture held in a Styrofoam-insulated compartment 
enclosing the target. The average hydrogen-gas pressure 
was 367 psi. Due to a leak in the target tank the gas 
pressure varied from 440 to 240 during the exposure. 
An accurate time-pressure record was kept during the 
run and the error in the integrated (density X exposure) 
value is estimated to be less than 3° >. The variation 
in “as pressure also produces an un ertainty of about 
t50 microns (emulsion equivalent) in the proton 
hydrogen range. Fortunately, this does not seriously 
affect the resolution in range required to define the 
cross sectlons. 

Nuclear emulsions exposed to hydrogen gas at room 


temperature for a few minutes will be badly blackened 


EMULSION PELLICLE 
» 7 
~~ We 


. 
d CARBON 
12° 


‘ 
BEAM CROSS SECTION 


SCALE 
O “% | 
INCHES 


Schematic diagram of the emulsion geometry 
look Ing directly into the beam 


Fic, 2 


when developed because of reduction of the AgBr. The 
temperature coefficient of this reaction is such that 
hydrogen at dry-ice temperature produces no blacken- 
ing after many hours exposure. Cooling the gas, there- 
fore, has the dual purpose of preventing emulsion 
blackening and increasing the gas density. 

The brass emulsion chamber held two pairs of 600- 
micron C2 pellicles placed on opposite sides of the beam 
center-line (see Fig. 2). A similar emulsion geometry 
was used by Panofsky and Fillmore.* This geometry 
has the advantage that if the measurement of cross 
section is based on the sum of the tracks measured in 
paired plates, any error due to an error in beam center- 
ing is reduced. The beam was carefully centered and 
its diameter (19/32 in.) measured with x-ray film. The 
distribution in dip angle of tracks found in each pellicle 
was also in agreement with a well-centered beam. 

Pellicles were used instead of glass-backed emulsions 
because it was found that emulsion bonded to glass 
cracked when exposed to the cold hydrogen gas. One 
pellicle at each of the four positions around the beam 
was sufficient to stop protons in the low-energy range 
under investigation. This made it possible to avoid the 
time-consuming operation of tracing tracks through a 
pellicle stack. Since the protons were required to stop 
in the emulsion, range was used to determine the energy. 

As a check on the normalization of this experiment 
relative to that of O.W., we have measured some cross 
sections already measured by them. To accomplish 
this, it was necessary to stop protons of a higher energy 
in the emulsion than could be stopped with a single 
pellicle. ‘Therefore, protons of higher energy were 
slowed down by a carbon absorber placed over the rear 
portion of each pellicle. Protons passing through the 
front, bevelled edge of the carbon absorber and stopping 
in the emulsion constitute the high-energy or ‘‘under 
carbon” data of the experiment. 


3W. K. H. Panofsky and F. L. 


(1950) 


Fillmore, Phys. Rev. 79, 57 
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Fic. 3. Typical range vs angle 
plot of protons ending in a 600 
micron pellicle. The solid lines 
denote constant photon energy 
and pion c¢.m 
dashed lines are limiting ranges 
(see text). This plot represents 
58% of the total “bare emul 
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\iter processing, one pair of emulsions was sent to 
Cornell for scanning and the other was scanned by the 
CalTech emulsion group. The plates were scanned for 
proton endings and each track was traced back to the 
point at which it entered the emulsion surface. The 
scanning was done using 55 oil-immersion objectives 
and 15 flat-field eyepieces. The visual appearance of 
each track was sufficient to distinguish protons from 


the stopping charged pions in the emulsion. Identifying 


protons at the end of their range makes the scanning 


efficiency energy-independent, since all track endings 
have the same appearance. 

The projected range as well as the projected angle 
and the dip angle of each track at the emulsion surface 
was measured. The first 100 microns of track was used 
to measure angles. From these data the polar angle of 
emission and initial residual range of the proton were 
computed. The range is estimated to be accurate to 
within + 2%, and the measured angles to +0.3 degree. 
These data also made it possible to project back each 
track to see that its emulsion trajectory was consistent 
with the hypothesis that the track came from the 
direction of the beam. This procedure permitted dis 
crimination against background protons, such as 
cosmic-ray protons, produced by reactions taking place 
outside of the hydrogen gas. Projecting back each 
track also gave its range in the hydrogen gas. 

In the case of the “under carbon” tracks which had 
passed through the bevelled front edge of the carbon 
absorber, it can be shown that the range in carbon, 


neglecting scattering, is determined only by the distance 


-UTRAL PIONS 


— oo - 


RANGE IN GAS 


PROTON LAB ANGLE 


back from the front edge of the absorber that the track 


enters the emulsion and does not dep nd upon the dip 
angle of incidence of the track upon the absorber. ‘Thi 
is true because the bevel angle was chosen so that all 
protons from the beam striking the absorber would be 
in a plane essentially normal to the absorber. Emulsion 
were related to proton energy using the range 


Gottstein, and Hain.’ Hydrogen 


ranyves 
energy relation of Fay, 
and carbon ranges were taken from the range-energy 
Aron, Hoffman, and Williams.® 

kinemath 


relations ol 
Kach track 

example of which is shown in Fig. 3 

58%, of the 

track 

ach point represent 


was recorded on a plot, an 
Phis plot represent: 
total “bare emulsion” data, 1.e., data not 
carbon 


‘| he 


microns ol 


including which passed through the 


absorber one proton track 


range in gas is included and is expressed in 


) 


emulsion equivalent. The solid curved line in hig 5 


are lines of constant photon energy, k, and of constant 
cosé, where 6 1s the pion c.m angle. The data are thus 


presented in convenient form for computing cross 


rhe 


section, da/dQ, for photoproduc tion Of w’ mesons at an 


seCtIONS center-of-momentum differential cro: 


angle aby photons of energy k is 


V = (da/dQ)nN(k) Ak A(cosé) (LW Z/d 


where Y is the yield of protons from the w® reaction in 


the photon energy interval Ak and cos@ interval 


‘Fay, Gottstein, and Hain 
234 (1954 
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A(cos6) 
energy interval at the photon energy k (lab system), 


V(k) is the number of photons per unit photon- 


and a is the number of hydrogen atoms per cm’. L is 
the length (parallel to the beam) of the area scanned, 
which is also the effective target length. W is the width 
Z is the offset distance from the 
beam center to the plate, and d is the perpendicular 


of the area scanned 


distance from the beam center-line to the center of the 
Measuring Z and d from the 
beam center rather than integrating over the finite 


scan area (see Fig, 2 


beam diameter introduces an uncertainty of no more 
than 1% in the effective solid angle. 

It was necessary to take the finite beam size into 
account, however, in order to obtain cross sections in 
the high-proton-energy region of the “bare emulsion” 
This is the 


may have in the emulsion, depends upon the dip angle 


data because maximum range a proton 


at which it enters the emulsion surface, and hence on 
the distance from the beam center line of the proton’s 
The dashed the 


upper part ol hig 3 show this eftect, the upper and 


point of origin horizontal lines in 
lower lines corresponding to protons having the mini 
mum and maximum possible dip angles, respectively. 


Kinematic intervals were chosen in computing cross 
ections so that the correction necessary for this “finite 
effect”? did not 


listed in Table 


beam exceed 6°. Four of the cross 


ections I were so corrected 


Ill. BACKGROUND 


bor protons produced in the reaction 
" | p pr 1’ 


by 500-Mev bremsstrahlung, the maximum laboratory 


angle of emission is about 71°. Figure 3 shows protons 


at angles greater than this. A few of these events may 


be accounted for as wv” protons s« attered by the hydrogen 


and emulsion into the angular region beyond the 


kinematic cutoff. The bulk of these events, however, is 


due to reactions other than the wr" reaction, and it is 


necessary to correct the wv” cross sections by taking 


these reactions into account. There are a number of 


Pane | 
in units of 10 


Forward angular distribution in the c.m. system, da/dQ, 


“ 


'om*/sterad. “Bare emulsion” data only 


Pion angle m 
Mean @ 


Photon energ lab 


(Me cow 


200 (240-280 O8-0.7 $1.3 
200 (240-280) 0.7-0.5 52.8 
300 (280. 320)" 09-08 31.4 
300 (280. 320)" 0.80.7 41.3 
320 (400--340)" 09 DO8 31.4 
$20 (300--340)* 0.8-0.6 15.0 
300 (340-380) 09-08 31.4 
300 (340-380) O.8-0.7 41.3 
400 (380-420 09 08 31.4 
450 (420-480 09 


* (Overlapping data reg ed 


f Ou ind Walke 


reference 1) 
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yossible sources of background, which are discussed 
yg 


below. 


A. Protons from Sources Outside the Gas 


Although x-ray pictures taken of the collimated 
beam show ample clearance between the beam and the 
collimators, we have sought further evidence of back- 
ground from the lead or brass surrounding the chamber. 
If a portion of the beam struck one side of the shielding, 
the background yield would be expected to vary from 
plate to plate. However, the background per unit solid 
angle is the same, well within statistics, for each of the 
four plates. Hence, we consider this source of back- 
ground unlikely. A uniformly-irradiated-shielding source 
of background also seems unlikely. The trajectory of 
each track was traced back to see if it came from the 


target region where the beam was striking the gas. 
About 12% of all protons entering the emulsion surface 
appeared to come from areas other than the bombarded 
gas. These can all be accounted for as cosmic-ray tracks 
present in the emulsion and are qualitatively similar to 
the tracks found in an unexposed control plate of the 


same emulsion batch. 


B. Protons from Pion Pair Production 


The maximum laboratory angle that a proton from 
' ¥ | 


the reactions 


Tr TH, YrROOTT TT, 


can come out at is 47 degrees, where the photon energy 
is 500 Mev 


from which the cross section data were taken. 


This angle is outside the angular interval 


C. Compton Effect 


Compton-recoil protons may be produced in the c.m. 
angular interval from 0 to 90°, Recent experimental 
results® show that the Compton proton cross se¢ tion 
may be as high as 15 times the Thomson cross section, 
Such a cross section would produce a proton contri- 
bution amounting to less than 3% of the total protons 
observed, 

In order to be detected in the present experiment, a 
proton must have an energy of at least 5 Mev, corre- 
sponding to a c.m. angle of 81° for a Compton proton 
produced by a 500-Mev gamma ray, Compton protons 
may therefore be present in the angular region between 
71° and 81° beyond the 2°-proton kinematic angular 
limit. The background in this angular region is slightly 
larger than that at angles beyond 81° but this effect 


can be completely accounted for by the scattering of 
interval. Detection of 


r’ protons into the 71° and 81 
the Compton effect is therefore beyond the resolution 
of the present experiment because it is masked at angles 
beyond the x" kinematic limit by scattered 7° protons 
Ph.D University of Illinois, 1956 


*T. Yamagata, thesis 


(unpublished 
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Fic. 4. Histogram showing the angular distribution (in the 
laboratory system) of background protons of energy less than 
20 Mev at laboratory angles between 80° and the geometrical 
cutoff angle of 105°. 


and the background which in the next section is shown 
to be due to impurities in the gas. 


D. Protons from Impurities in the Gas 


The histogram in Fig. 4 shows the angular distri- 
bution of background protons with energy less than 20 
Mev at laboratory angles between 80° and 105°. The 
latter angle is the minimum geometrical cutoff angle 
defined by the shielding. Protons from the 7° reaction 
have little chance of being scattered into this angular 
region, so that the protons in this region must come 
from other processes. As shown in Fig. 4, the angular 
distribution is consistent with isotropy. The energy 
spectrum of these background protons is measured to 
obey an £'**°4 Jaw, where £ is the proton energy. 
Levinthal and Silverman’ have measured the angular 
distribution and energy spectrum for protons from 7 to 
70 Mev produced by 320-Mev bremsstrahlung on 
carbon. They found an isotropic angular distribution 
for 10-Mev protons and an energy spectrum of the form 
E~8, where S=1.7+0.1 for carbon and varies slowly 
with atomic number. Absolute photoproton-production 
cross sections for nuclei exposed to 300-Mev brems- 
strahlung were measured by Keck.* Study of photostars 
produced by 500-Mev bremsstrahlung® indicates that 
Keck’s cross sections may be extrapolated to 500 Mev 
by multiplying them by a factor of 2.5. 

Upon using these results, the observed background 
angular distribution, energy spectrum, and magnitude 

7C, Levinthal and A. Silverman, Phys. Rev. 82, $22 (1951). 


8 J.C. Keck, Phys. Rev. 85, 410 (1952) 
®V. Z. Peterson and C. E. Roos, Phys. Rev. 105, 1620 (1957). 
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can all be accounted for by a nitrogen impurity of 0.17 
mole percent in the hydrogen gas of the target. An 
analysis of the actual gas used in the target was not 
made, but this impurity figure is consistent with the 
values found by mass spectrographic analyses of 
hydrogen from the same tank used both prior to, and 
after, the experimental run. The background protons 
were therefore attributed to reactions with the nuclei 
of the impurities, mostly nitrogen, as was found to be 
the case in the similar emulsion experiment of Gold- 
schmidt-Clermont, Osborne, and Scott.2 The 7° cross 
sections were corrected by subtracting the background 
contribution assuming an isotropic angular distribution 
and an £'7 energy spectrum. In the energy interval in 
which the bulk of the background is found the assump- 
tion of angular isotropy is an excellent one, At higher 
energies, approaching 40 Mev, where the photoproton 
angular distribution begins to show a forward peaking, 
the background becomes negligible because of the rapid 
falloff with proton energy. The background correction 
varies between 5% and 32% and averages 15%. 


IV. CORRECTIONS AND UNCERTAINTIES 


The uncertainties in the experiment may be divided 
into three types: those affecting only the absolute cross 
section, those affecting the relative cross sections, and 
random statistical uncertainties. 


A. Uncertainties Which Affect the Absolute 
Cross Section 


1. Absolute beam monitor calibration.—This is esti 
mated to be 7%, as discussed in reference 1, and is not 
included in the uncertainties assigned to the cross 
sections in Table I. 

2. Average target gas density. 
3% and is included in the assigned uncertainties. 

3. Scanning efficiency.-This was measured by dupli 
cate scanning and was found to be 954-2% on three 
of the plates contributing a total of 1288 events used in 
the cross section calculations (see Table II). On the 
fourth plate the scanning efficiency was 75+3%, the 
reduced efficiency being attributed to a darkening of 
the emulsion during processing. A total of 237 events 
were used from this last plate, giving a grand total of 
1525 events from all four plates. The cross sections have 
been corrected for these efficiencies and the scanning- 
efficiency uncertainty is included in the uncertainty 
assigned to the cross sections. 


This is estimated at 


TABLE II. Summary of the “bare emulsion” experimental data 


Laboratory 
scanned 


Number of 


events 


144 
388 
756 
237 


ra scanned 


Scanning 
(cm?) % 


efficiency (%) 
CalTech 
CalTech 
( ornell 
Cornell 


0.90 
2.74 
5.71 
2.26 
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Kic. 5. Angular distributions (in the center-of-momentum 
system) for photon energies (lab system) of k=260 Mev and 
300 Mev. The open circles are the present results and the solid 
circles are the results of Oakley and Walker. The crosses are the 
260-Mev results of Goldschmidt-Clermont, Osborne, and Scott. 
The solid curves are least-squares fits to the combined Oakley 
and Walker and present data under the assumption that (6) 
= A+B coso+C cos. Two uncertainties are shown for the 
present experimental points, the “inside” uncertainties repre 
senting standard deviations due to statistics only, and the “out 
side” uncertainties are the total standard deviations. 








150° 180° 


4. Geometrical unceriainties.—Uncertainties due to 
beam-centering’® and measuring of geometrical distance 
have been estimated as less than 2% and are included 
in the assigned uncertainty. A 14% correction for the 
measured solid angles was made to take account of 
emulsion contraction due to exposure at a temperature 
less than that at which the emulsions were scanned. 


B. Uncertainties Which Affect the Relative 
Cross Sections 


1, Background,—The background correction varies 
from 5% to 32% with an average value of 15%. This 
correction is based on 190 events and believed accurate 
within 15%. Therefore, the background introduces an 
uncertainty which varies from less than 1% to about 
5%. This uncertainty is included in the uncertainty 
assigned to the cross sections. 

2. Uncertainty in proton range and angle.—The emul- 
sion range measurements are estimated to be accurate 
within +2%. The variation in hydrogen-gas pressure 
introduces an additional uncertainty of +50 microns 
of emulsion equivalent. The uncertainty in reading the 
proton angle is about 0.3°. This is smaller than the 
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angular uncertainty due to scattering in the gas and 
emulsion, which is estimated to have a root mean square 
spread varying from +3° to +1° for protons of 400 to 
2000 microns total range (emulsion equivalent). If all 
proton ranges and angles were actually in error by an 
amount equal to the value of the estimated uncer- 
tainties, then the error introduced in the pion c.m, 
angles for the cross sections listed in Table I would be 
about 1°, and the error in photon energy would vary 
from 10 to 30 Mev with an average of 20 Mev. The 
density of events in Fig. 3 varies slowly enough so that 
scattering introduces negligible correction to the cross 
section except near the kinematic limit, where the 
density varies abruptly. The 450-Mev point is the only 
point requiring a correction, which is calculated to be 
12+6%, the assigned uncertainty being due to the 
uncertainty in the rms scattering angle of the proton. 


C. Random Statistical Uncertainties 


These are the counting statistics and are shown for 
the present experimental points as the inner uncer- 
tainties in Figs. 5-7. The statistical uncertainties shown 
are standard deviations. 

Since our data are most useful when combined in an 
angular distribution with the data of O.W., we have 
shown those uncertainties which affect our data relative 
but 
calibration uncertainty, and is typically 10%. 


to theirs. This includes all the beam-monitor- 
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Fic. 6. Angular distributions (c.m.) for k=320 Mev and 400 
Mev. The solid lines are least-squares fits to the combined Oakley 
and Walker data and present data. The dashed lines are least 
squares fits to the Oakley and Walker data only. 
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V. DIFFERENTIAL CROSS SECTIONS COMPARED 
WITH OTHER DATA 


The differential cross sections for the “bare emulsion” 
data are given in Table I. These cross sections are based 
on the data tabulated for each of the four plates in 
Table II. In Table III are summarized the “under 
carbon” cross sections selected to overlap previous 
measurements of O.W. The weighted average of the 
ratio of the cross sections of Table III to the corre- 
sponding ones of O.W. is 1.02+0.09. Because of this 
agreement between the two experiments, we have not 
normalized the absolute values obtained in this experi- 
ment. 

Differential cross sections for mean photon energies 
of 260, 300, 320, 360, 400, and 450 Mev are shown in 
Figs. 5-7. The solid points are the measurements of 
O.W. and the open points are the present measurements. 
Actually O.W. made measurements at 270 and 295 Mev. 
The excitation functions given by them have been used 
to calculate cross sections at 260 and 300 Mev in order 
to compare directly with the present work. The solid 
curves of Figs. 5, 6, and 7 are least-squares fits to the 
observed data from both experiments, when one as- 
sumes an angular distribution in the form of Eq. (1). 
The dashed curves of Figs. 6 and 7 are drawn from the 
A, B, and C coefficients given by O.W.," based on their 
data only. It is clear that the new measurements have 
made significant changes in the angular-distribution 
coefficients. These changes are particularly evident at 
energies near resonance where the cross sections at 
forward angles predicted by the O.W. angular-distri- 
bution coefficients fall well below the measured values. 
This reflects the fact that accurate determination of 
the B and C coefficients requires data at both forward 
and backward angles. 

Goldschmidt-Clermont ef al.? have measured 7° cross 
sections at the Massachusetts Institute of Technology 
for gamma-ray energies from 170 Mev to 340 Mev. The 
absolute normalization of the results quoted by them 
is based on the adjustment of their monitor calibration 


TABLE III. “Under-carbon” differential cross sections (c.m.) 
compared to Oakley and Walker values. do/dQ in units of 10°” 
cm?/sterad. 


Mean 

angle 

(c.m.) No. of 
6 events 


87° 83 
80° 63 
60° 60 


Oakley and 
Walker 
da/dQ 


23.5 


Mean photon 
energy (lab) 
(Mev) 


300 


320 
360 


Ratio 


0.99+0.13 
25.0 0.80+0.15 
18.0 1.30+0.18 
Average ratio= 1.024-0.09 


da/dQ 


23.2 
20.0 
23.4 


1” These A, B, and C coefficients are taken from the solid curve 
of Fig. 9 of reference 1. The requirement that the cross section 
remain positive at all angles has influenced their choice of B and 
C at 320 Mev to values more positive than that indicated by 
their data alone. With the new coefficients, obtained by least 
squares fit, no difficulty with negative cross sections is encoun 
tered. 
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Fic. 7. Angular distributions (c.m.) for k=360 Mev and 450 
Mev. The solid curves are least-squares fits to the combined 
Oakley and Walker data and the present data. The dashed lines 
are least-squares fits to the Oakley and Walker data only 


30° 


to agree with monitor calibrations of the Cornell 
Synchrotron and Illinois Betatron laboratories which 
are in mutual agreement. The beam monitor calibration 
at the CalTech Synchrotron Laboratory is such that 
on this basis alone the absolute cross sections measured 
by O.W. and the present experiment would be 5% lower 
than those measured at Cornell and Illinois! (and 
therefore at MIT). Above 280 Mev the cross sections 
given by Goldschmidt-Clermont et al, are considerably 
lower than the O.W. results, a fact which is perhaps 
due to the difficulties in obtaining data so near the 
upper end of the MIT bremsstrahlung spectrum. The 
MIT results in the energy interval k= 240-280 Mev are 
included in Fig. 5, along with the present data and the 
O.W. data. The agreement seems reasonably good. 


VI. ANGULAR DISTRIBUTION COEFFICIENTS 


The final A, B, and C coefficients are listed in ‘Table 
IV and plotted in Fig. 8 as a function of photon energy. 
The solid curves for A, B, and C are a visual fit to the 
present results and at low energies are drawn to fit the 
recent Illinois results of Koester and Mills.” 

The dashed curves for A and C in Fig. 8 are the 
experimental values of A° and C° adopted in the partial- 


" Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
(1955) 

21. J. Koester and F. E 
The authors wish to thank Dr. Koester and Dr 
municating these results prior to publication. 


Mills, Phys. Rev. 105, 1900 (1957), 
Mills for com- 
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Taare IV. A, B, and C coefficients in units of 10- cm?/sterad. 


hk (Mev) 260 300 320 
23.8 +0.7 26.6 
—O4 +0.7 
—15.9 +1.4 

1.50+0.14 


A 13.9 +0.7 
B 0.2 +0.6 
Cc —9.2 +1.7 
A/C 1.524-0,29 


—15.6 


wave analysis of the photomeson cross sections by 
Watson, Keck, Tollestrup, and Walker.” Their choice 
of A® and C° was based on the experimental results of 
.W. at high energy (above 290 Mev) and fits fairly 
well the results of Goldschmidt-Clermont et al.? below 
this energy. Older wr’ experiments which were not given 
as much weight by Watson et al. in their analysis were 
those of Silverman and Stearns"* and Walker, Oakley, 
and Tollestrup."® The dashed curve for B is that given 
by O.W. and is based on their data and the MIT? data. 
Since the value of B depends on the front-to-back ratio, 
the error for this coefficient is rather large in the O.W. 
experiment. 
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Fic. 8, Coefficients of the c.m. angular distribution doe. m,/dQ 
= A+B cosé+C cos plotted as a function of photon energy in 
the laboratory system. The dashed curves for A and C are the 
experimental values of A and C adopted by Watson et al. (refer 
ence 13). The dashed curve for B is that given by Oakley and 
Walker (reference 1) and is a fit to their data for B and the 
MIT B data (reference 2). The solid curves for A, B, and C are 
visual fits to the present results and the Illinois data (reference 12). 


% Watson, Keck, Tollestrup, and Walker, Phys. Rev. 101, 
1159 (1956). 

4 A. Silverman and M. Stearns, Phys. Rev. 88, 1225 (1952). 

1% Walker, Oakley, and Tollestrup, Phys. Rev. 97, 1279 (1955). 


+0.6 
2.7 +0.8 
$1.3 
1.704-0.15 


Average value of A/C= 


360 400 450 


8.0 +0.5 
24 +0.6 
-4.7 +0.8 
1.69+0.28 


14.1 +0.4 
3.0 +0.7 
—9.1 +1.1 
1.55+0.19 


20.9 +0.7 
2.7 +0.7 
12.8 +1.4 
1.64+0.19 


1.60+0.10 


Above 260 Mev it is clear that the present results 
have not changed A appreciably, but that C has 
become considerably less negative. The ratio A/C from 
260 to 450 Mev is changed to an average value — 1.60 
+(0.10 as contrasted to the value —1.22+0.10 obtained 
by O.W. If neutral pions were produced only by mag- 
netic dipole absorption leading to a state of angular 
momentum J=%, then the ratio of A/C would be 
—5/3=—1.67 which is consistent with the new 
experimental value. 

A pure magnetic dipole interaction would imply that 
B=0. However, the solid curve for B in Fig. 8 shows 
that B becomes positive somewhat below resonance and 
is definitely positive at energies above resonance. The 
nonzero value for the interference term, B, above 
resonance, indicates a finite amount of S-wave pro- 
duction in this energy region. 

Arguments for the existence of S-wave production 
(i.e., nonzero values of B) at low energies have been 
given by Koester and Mills,” in analyzing their total 
cross section and 135° differential cross section measure- 
ments. The assumption that B=0 leads them to deduce 
values of A/C in violent disagreement with the theory 
of Chew and Low,'* whereas the magnetic dipole value 
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Fic. 9. Total cross sections (in the center-of-momentum system) 
as calculated from the A and C coefficients given by the solid 
and dashed curves in Fig. 8, except that below 245 Mev the solid 
curve is that given by Koester and Mills (reference 12) from their 
measurements of the total cross section 


16G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956); 
101, 1579 (1956). 
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of A/C=—5/3 requires B to become so negative as to 
give negative 0° cross sections. They conclude that 
finite negative values of B are required below about 
210 Mev. In Fig. 8 we have plotted the Illinois values 
of A, B, and C obtained by assuming that the zero- 
degree cross section is actually zero (A+B+C=0). 
When calculated in this manner, the coefficient C 
becomes positive at about 190 Mev (see Fig. 8) and the 
curves for B and C cross each other near 205 Mev. 
The magnitudes of A and C are substantially smaller 
than those based on the MIT? data.'? 


'I Note added in proof.—Since the writing of this paper, the 
present experimental results have been compared with some recent 
theoretical work of Professor Chew and his collaborators [Chew, 
Goldberger, Low, and Namber, Phys. Rev. (to be published) ]. 
This theory relates pion photoproduction to pion-nuclear scatter 
ing through the experimentally determined scattering phase shifts. 
Good agreement between the present A, B, and C coefficients and 
the theoretical coefficients is obtained at all energies from reso- 
nance to 450 Mev. The value at which the B coefficient crosses 
the zero axis (about 280 Mev) is also in good agreement with 
theory. In making the comparison all P wave scattering phase 
shifts except 63; were taken to be zero. The values of 53; used were 
those summarized by Ashkin et al. [Ashkin, Blaser, Feiner, and 
Stern, Phys. Rev. 105, 724 (1957) ] below pion laboratory kinetic 
energies of 220 Mev, and the Russian results [E. L. Gregoriev and 
N. A. Mitin, Soviet Phys. JETP 4, 10 (1957) ] at 310 Mev. The 
S-wave phase shifts used, 6 and 6;, were obtained by linear extra- 
polation from the low energy slopes [J. Orear, Phys. Rev. 100, 288 
(1955) ]. The value of the coupling constant used was f?=0.08, 
which was obtained from the scattering experiments, It is of 
interest to note that the theory assumes only dipole radiation and 
no electric quadrupole term is included. The authors wish to 
thank Professor Chew for communicating the new results prior to 
publication. 
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The uncertainties assigned to the A, B, and C 
coefficients above 260 Mev are based on the uncertain 
ties assigned to the O.W. and present differential cross 
sections. If the ratio of the present results to those of 
O.W. were in error by 9° owing to an error in our 
absolute scale (see Table III), the values of the B and 
C coefficients would change by about the uncertainty 


shown in Fig. 8. 


VII. TOTAL CROSS SECTIONS 


Total cross sections (in the center-of-momentum 
system) are shown in Fig. 9. The solid curve below 245 
Mev is drawn to fit the total cross sections measured 
by Koester and Mills.” The solid curve above 245 Mey 
and the dashed curve are obtained from the respective 


A and C curves in Fig. 8 by means of the formula 


4n(A+4C), (3) 


OT 


where or is the total cross section and the formula is 
obtained by the integration of Eq. (1). 
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Charge-Exchange Scattering of K’ Beams as a Test of the Parity-Doublet Proposals* 
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The determination of the Ky, to Ko, ratio in K* 


beams obtained from the charge-exchange scattering 


of a beam of neutral K-particles should resolve the question of whether the K-particle is a parity doublet or 


a single particle. In the parity-doublet case the Ky, to Ko, ratio would, in general, depend upon the scattering 
angle and would differ from the value obtained in ordinary K* beams. The value of the ratio would depend 
upon, and give information concerning, the specific form of the interaction. If the K-particle is assumed to 


have zero spin, and if the strong interactions are charge-independent and are invariant under time reversal 
as well as space reflection and parity conjugation, then the Ky, to Ky, ratio in either the forward elastically 


scattered beam or in the backward elastically scattered beam must be four times its normal value 


If there 


is a r—K interaction among these strong interactions, then it is the forward direction in which the Ky, to 


Ko, ratio is four times normal. 


SECTION I 
HE Dalitz analysis! indicates a parity difference 
in the reaction products of the two- and three- 
pion decay modes of the K-particle. Attempts to avoid 


* This work was performed under the auspices of the U, S 
Atomic Energy Commission 

1R. Dalitz, Proceedings of the Fifth Annual Rochester Conference 
on High-Energy Nuclear Physics, 1955 (Interscience Publishers, 
Inc., New York, 1955); R. Dalitz, Proceedings of the Sixth Annual 


the conclusion that parity is not conserved in this 
interaction have been advanced by several authors 


Yang and Lee? have suggested that there may be two 


Rochester Conference on High-Energy Nuclear Physics, 1956 (Inter 
science Publishers, Inc., New York, 1956) 

2T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956) 
the completion of this note, some experiments suggested by Yang 
and Leet have shown that parity is not conserved in interactions 
involving neutrinos. This result inclines one more strongly than 


Since 
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particles having opposite parities which together form a 
“parity doublet.” The observed apparent equality of 
masses is then regarded as a consequence of an approxi- 
mate symmetry in nature under an operation that is 
essentially the interchange of the two components of 
all parity doublets. Schwinger’ arrives at a similar view 
from a consideration of the consequences of a presumed 
interaction between pions and K-particles. 

If parity doublets indeed exist, a number of experi- 
mental quantities could have values different from 
those required if the K-meson were a single particle. 
Schwinger® has discussed the multiplicity of lifetimes 
that particles consisting of parity doublets would 
exhibit,4 and Lee and Yang® have noted that the 
products of the strange-particle decays need not be 
symmetric with respect to reflections in the plane 
perpendicular to their directions of motion. Neither of 
these possible anomalies has been observed as yet, but 
the nature of the experiments is such that negative 
results do not allow definite conclusions to be drawn. 

An experiment that should clearly distinguish be- 
tween the parity-doublet and the single-particle inter- 
pretation of strange particles is the determination of 
the Ky, to Ky, ratio in beams of K* particles obtained 
from a neutral K beam by charge-exchange scattering. 
If the neutral K-particles are obtained from a pion- 
nucleon or nucleon-nucleon collision of appropriate 
energy, no anti-K-particles can be initially produced. 
The neutral K-particles that are produced will, accord- 
ing to the parity-doublet schemes, be an incoherent 
mixture of equal parts of @’s and 7’s.° The @ component 
may be analyzed in terms of the charge-symmetry 
eigenfunctions 

0, 


6, 


(04-0) /v2, 
(0—0)/(iv2), 


to give 


0 = (0;4+-102)/v2. 


As predicted by Pais and Gell-Mann,® and, in part, 
verified by Lande ef al.,’7 one of these components, 
say 6,, rapidly decays, leaving 


(1/V2)02= 40—48, (1) 
ever to the natural interpretation of the r—6 decay as simply a 
case of nonconservation of parity. If the theory of the neutrino 
advanced by Yang and Lee is correct, then nonconservation of 
parity would be expected in interactions involving neutrinos but 
the question of whether parity is not conserved in the r—6 decay 
is left unanswered. The experiment proposed here is designed to 
answer this question insofar as the nonconservation of parity in 
r ~@ decay is avoided in consequence of the parity-doublet nature 
of strange particles 

t T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956) 

* J. Schwinger, lectures at Harvard University, Stanford Uni 
versity, and the University of California Radiation Laboratory 
(unpublished) 

‘ There would be lifetime differences beyond those discussed by 
A. Pais and M., Gell-Mann (see reference 6) 

*T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

*A. Pais and M. Gell-Mann, Phys. Rev. 97, 1387 (1955). 

’ Lande, Booth, Impeduglia, Lederman, and Chinowsky, Phys 
Rev. 103, 1901 (1956) 


STAPF 


together with the incoherent 7 contribution. When this 
beam strikes nuclear matter the @’s and 7’s can undergo 
charge-exchange scattering and emerge as K*t-particles; 
the 6’s cannot give K*+-particles because of conservation 
of strangeness. In general there will be both the parity- 
flip scatterings, +r and r—, and also the no-parity- 
flip scatterings, 6-6 and r—r. According to the parity- 
doublet schemes the cross sections for the two varieties 
of parity-flip scattering are equal to each other, and 
the cross sections for the two varieties of no-parity-flip 
scattering are likewise equal to each other. This is a 
consequence of the symmetry of strong interactions 
with respect to parity conjugation. On the other hand, 
the parity-flip cross section should be completely 
different from the no-parity-flip cross section because 
in the first case the orbital angular momentum must 
change by an odd number of units whereas in the 
second case the orbital angular momentum changes by 
an even number of units. 

Representing the parity-flip charge-exchange differ- 
ential cross section by o,1(@) and the no-parity-flip 
charge-exchange differential cross section by o(@), and 
recalling that the incident r° and & beams are in- 
coherent, one finds the effective differential cross section 
for production of r*’s and 6*’s to be, respectively, 


a, (0) = | a,| 20 (0) + | ag| 2op1(8), 


‘e? (2) 
a9(0) = | ag| 2a (8) + | a, | 2a4(8), 
where a, and ay are the amplitudes of the incident r° 
and # beams. If a, is normalized to unity, then Eqs. (1) 
and (2) combine to give 


o, (0) =0(0)+4o,1(9), 


(3) 
a6(0) = 40(0)+0¢(8). 


It is tacitly assumed that the r° particle, unlike the 
# particle, has no short-lived component; no short- 
lived r”’s have been reported. From these formulas it is 
seen that the ratio of r*’s to @*’s in the scattered beam 
will differ from unity except at angles for which op;(@) is 
equal to o(@). Ordinary beams of K-particles—beams in 
which the initially produced K-particles are charged 
have equal numbers of r*’s and @*’s, according to the 
parity-doublet schemes. ‘This is a consequence of the 
invariance of the strong production interaction with 
respect to parity conjugation. Thus at angles for which 
o(6) is different from op(0), the ratio of K,’s to Ko,’s 
will be different from what is normally obtained. For 
angles at which the parity-flip cross section vanishes, 
the Ky, to Ko, ratio will be four times normal. If the 
single-particle theory is correct, then the Ky, to Ko, 
ratio in the scattered beam would, of course, be inde- 
pendent of angle and equal to its normal value. 

The efficacy of this experiment depends upon the 
existence of angles at which o(@) and o,,(0) differ 
significantly. This difference will depend upon the 
specific form of the interactions that produce the 
scattering. It is shown in the following section that if 
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the strong reactions are invariant under time reversal 
as well as parity conjugation and spatial inversion 
the latter two are already basic assumptions in the 
parity-doublet schemes—and if the K’s are spin-zero 
particles, then the elastic, non-charge-exchange, parity- 
flip scattering must vanish either in the forward direc- 
tion or in the backward direction. If the strong inter- 
actions are also invariant under rotations in isotopic- 
spin space, then the above result is valid also for the 
charge-exchange scattering. The ratio of @*’s to r*’s 
would, under these conditions, be 1:4 either in the 
forward elastically-scattered beam or in the backward 
elastically-scattered beam. 


SECTION II 


In this section the K-particle will be assumed to have 
zero spin and the restrictions placed upon the parity- 
flip, non-charge-exchange scattering by the require- 
ments of invariance under time reversal,*® space inver- 
sion, and parity conjugation are discussed. The results 
may be extended immediately to charge-exchange 
processes if charge independence is assumed.® 

Because the @ and + have opposite parities, the 
scattering-matrix element" for parity-flip scattering 
must be a pseudoscalar. This pseudoscalar must be 
formed from the incident and final (relative) mo- 
mentum vectors'! together with the spin-space oper- 
ators. If the target has no internal coordinates, there 
can be no parity-flip scattering since a pseudoscalar 
cannot be formed from two polar vectors. In the case 
of a spin-} target, the most general form of the scatter- 
ing-matrix element would be!” 


(k’, 6) M\ rk) =a(k’+k)-0+6(k’—k)-o@ 


where a and b are scalar functions of k and k’. 

Under a combined space-time inversion and parity 
conjugation the scattering-matrix element undergoes 
the transformation 


(k’0| M | rk)—x*¥ yC-!(kd| M7 | rk’)C. 


The phase factors x* and y come from the parity con- 
jugation’ of the A-particle operators: 


po Xp, 
br yoo. 


8 W. Pauli, in Niels Bohr and the Development of Physics, edited 
by W. Pauli (McGraw-Hill Book Company, New York, 1955). 

*The requirement of charge independence implies that the 
Coulomb effects are neglected. 

1 The term “‘scattering-matrix element” will be taken to mean 
the matrix element between initial and final plane-wave states 
The spin dependence will be left in matrix form. The scattering 
matrix element is thus a matrix in spin ye e. It is the matrix 
denoted as M by Wolfenstein and Ashkin (reference 13). 

"In a relativistic treatment there would also be a center-of 
mass momentum vector, but essentially the same results are 
obtained by considering the reduced problem in relative coordinate 
space. See H. P. Stapp, Phys. Rev. 103, 425 (1956). 

It has been assumed that the ground state of the target 
particle is nondegenerate except for spin variables. 


(parity conjugation) 
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The superscript 7 denotes transpose in spin space; the 
C and C~' are matrices related to the space-time in- 
version of nucleon and hyperon fields*: 


¥(x)-Cy(—x), (space-time inversion), 
and 


C—e™C=—¢. 


(As shown by Pauli,’ the phase factors that can multiply 
complex fields in the definition of space-time inversion 
may be removed by a redefinition of the coupling 
constants, which are then restricted by reality condi- 
tions.) The requirement of invariance under space-time 
inversion and parity conjugation is therefore" 


a(k’+k)-0+-b(k’—k)-o 
a*y[ a( k+k’)- (—o0)+6(k—k’)-(—e) J. 


From this condition it is seen that there can be 
parity-flip scattering only if a*y=+1. In the case 
a*y=-+1, only the (k’—k) term can contribute to the 
scattering-matrix element and there is no forward 
parity-flip elastic scattering; if «*y 1, there is no 
backward parity-flip elastic scattering. This result is 
sasily extended to the case of targets with arbitrary 
spins. 

If the r—K interaction, $,r¢—+er¢,, is invariant 
under parity conjugation, then x*y=y*x=1 and it is 
only the (k’—k) term which contributes. The same 
interaction with an opposite relative sign for the two 
terms is not invariant under space-time inversions.* 
Thus if there is a r— K interaction of the general form 
proposed by Schwinger that satisfies the above-stated 
invariance requirements, it is the forward direction in 
which the K;, to K2, ratio would be four times normal. 

An essential part of the discussion above is the 
assumed invariance with respect to time reversal. It has 
been shown by Pauli*® that invariance under time 
reversal is a consequence of invariance under space 
inversion and charge conjugation if the well-known 
connection between spin and statistics is assumed and 
if the theory is “local” and invariant under proper 
Lorentz transformations. Because invariance under 
space inversion is implicit in the parity-doublet schemes, 
and invariance under charge conjugation is assumed in 
the analysis of the # decay, the assumption of invariance 
under time reversal is already contained in the current 
theories, unless very radical changes are permitted. 
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The experiments herein described are a continuation of similar 
experiments performed in previous years near the north geomag 
netic pole. In 1954 low-energy particles were found at high alti 
tudes which had the characteristics of protons with energies down 
to 150 Mev. In 1955 flights to higher altitudes (4 g cm™*) indicated 
that these energies extended down to at least 100 Mey for protons. 
The numbers of both the high-energy particles (E>1 Bev) and 
those of low energy, in 1955 were less than in 1954. On one flight 
in 1955 the very low-energy particles were missing. In 1956, 
these low-energy particles (<300 Mev for protons) were missing 
‘ omple te ly 

The “shape” of the ionization-depth curves at high altitudes 
appears to be a sensitive index of the presence or absence of these 


I. INTRODUCTION 


REVIOUS!”? data at high altitudes and high lati- 

tudes have been consistent with the general rela- 
tionship stated by Forbush,* that there is an inverse 
relationship between solar activity and cosmic-ray 
intensity. A further relationship, borne out by these 
and other experiments is that the fluctuations in the 
primaries from day to day are related directly to solar 
activity. In addition, the previous balloon flights have 
shown that the “knee” of the latitude curve at high 
altitudes is also dependent on solar activity and was 
missing in 1954 when the sun was very quiet although 
it was present in 1951, 

The “shape’’ of the ionization-depth curve at high 
altitudes is quite dependent on the relative numbers of 
low- and high-energy particles striking the atmosphere. 
The change in shape from 1951 to 1954 was consistent 
with the change of ionization with latitude found from 
the simultaneous flights made in those two years using 
Bismarck, North Dakota as a base station. It appears, 
therefore, that one may predict with some certainty 
whether or not a “knee” is present by the “shape” of 
the ionization-depth curves taken near the geomagneti 
poles for the very particles that so drastically change 
the shape of the curve at high altitudes are just those 
whose presence or absence cause the absence or presence 
of the “knee.” 

It was to gain further information on these low-energy 
particles that the balloon flights described herein were 
made in the summers of 1955 and 1956. 


Il, APPARATUS 


The ionization chambers used in these experiments 
were as nearly as possible identical with those used in 


* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

! Neher, Peterson, and Stern, Phys. Rev. 90, 655 (1953). 

*H. V. Neher, Phys. Rev. 103, 228 (1956) 

4S. E. Forbush, J. Geophys. Research 59, 525 (1954). 


low-energy particles. In 1956 the “shape” of the curves at low 
pressures (<100 g cm *) was similar to those of 1951 when the 
low-energy radiation was missing and when a “‘knee”’ was present 
in the latitude curve at high altitudes. We infer that a “knee” 
was also present in 1956 but not in 1955, 

The fluctuations were also large in 1955 and 1956 compared 
with 1954, The average intensity of cosmic rays since 1954 has 
been decreasing with time as the sun approaches its maximum 
activity. This is in accordance with Forbush’s relationship. How- 
ever, in 1956 three of six flights showed intensities in the lower 
part of the atmosphere even less than any of the flights of 1937 
at Saskatoon, Canada, in spite of the fact that the sun’s activity 
in 1956 was less than in 1937. 


‘ 


1954. To make sure that instrumental difficulties were 
minimized, great care was used in testing each instru- 
ment. The testing on the ion chambers began some time 
before the instruments were used, and a number of 
runs was made with each, and the consistency of opera- 
tion was noted, It is noteworthy that of those instru- 
ments taken on the last three expeditions none has 
been rejected because of failure to give consistent 
results. Further, none of the instruments has been 
damaged by shipment even though some of the boxes 
have been partly broken open due to rough handling. 
On two different days at Thule, Greenland in 1955, 
two instruments were carried up by the same balloon. 
Separate receiving antennas, receivers, and recorders 
were used for each instrument. One of the two ioniza- 
tion chambers contained argon at 8 atmospheres 
pressure while the other had 1 atmosphere of argon. 
The two were compared with three of our standard 
chambers before the flight, using the gamma rays from 
thorium C”. The results from the two instruments for 
the two flights are given in Fig. 1. Although the reasons 
for the very close agreement between the two ioniza- 
tion chambers with the different pressures is compli- 
cated somewhat by the different wall effects, it is quite 
clear that there is no indication of any appreciable 
lack of saturation of ion collection at the higher argon 
pressure at high altitudes where heavily ionizing par- 
ticles are expected and hence where some recombination 
of ions might be expected if any was apt to be present. 
Recently, Johnston* has redetermined the absolute 
value of the ionization scale, which we have used for 
many years. Using a method similar to that employed 
by Millikan,® the ionization produced by hard gamma 
rays was measured by balancing the charge so produced 
with the induced charge on an accurately known capaci- 
tance. Four of our standard ionization chambers were 


‘Alan R. Johnston, thesis, California Institute of Technology, 
1956 (unpublished). 
*R. A. Millikan, Phys. Rev. 39, 397 (1932). 
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then compared with the similar chamber in which the 
absolute value of the ionization was determined. By 
such means it was found that the scale of ionization we 
have used up to now differs from that determined by 
Johnston by only 0.3%. 

It should be noted, however, that in reducing to one 
atmosphere of air, such an atmosphere is reckoned in 
terms of 740 mm of Hg and 20°C.5.6 

The barometer and thermometer units were also 
checked before the flight. The barometer unit?’ uses 
no mechanical magnification and has no detectable 
effects due to friction. It is believed that at the highest 
altitudes, the pressures are known to better than +1 
mm of Hg. The temperature of the instrument is con- 
trolled during the flight to changes of only a few degrees 
centigrade as described elsewhere.” 


III. EXPERIMENTAL RESULTS 


Attention has already been called to the data from 
two identical instruments, except for the pressure of 
argon in the ion chambers, sent up with the same 
balloon. The two curves of Fig. 1 stay separated by 
about the same percentage irrespective of atmospheric 
depth, indicating that the added radiation on August 10, 
1955 over August 7 was quite penetrating and hence 
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Kic. 1. On two different flights in 1955, two instruments were 
sent up with the same balloon. Ionization during the flight was 
calculated from comparison of each instrument with standard ion 
chambers on the ground before the flight, using y rays. There is 
very good agreement between the two chambers, one having & 
atmospheres of argon inside and the other 1 atmosphere. The 
difference between curves A and B represents a real change in 
cosmic rays from August 7 to August 10 


®R. A. Millikan, Phys. Rev. 37, 242 (1931). 
7H. V. Neher, Rev. Sci. Instr. 24, 97 (1953) 
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Fic. 2. The flight of August 11, 1955 went to 3.5 g cm™*. The 
turn-up of the curve occurred at a lower pressure than in 1954 
If this rapid increase of ionization with decrease in pressure is 
due to protons (as seems likely), they have energies down to at 
least 100 Mev 


represents a change in relatively high-energy particles. 
For protons the energies would be several Bev, There 
was little change in the low-energy component that 
caused the turn-up of the curves at the lowest pres 
sures. These low-energy particles have ranges of 10 to 
15 g cm? and hence had energies down to 100 Mev. 

On August 11, 1955 the turn-up of the curve did not 
occur until a pressure of about 8 g cm™~* was reached, 
as shown in Fig. 2. This is to be contrasted with 
August 10, 1955 when the turn-up commenced at 11 
g cm~* and on August 10, 1954 when it started at 
15 gem 

Other changes in the composition of the primary 
radiation from one day to another are brought out in 
Fig. 3. Here August 9, 1955 is compared with August 7, 
1955 and August 10, 1954. The August 9 flight shows 
no turn-up at the lowest pressures, indicating that the 
low-energy particles responsible for the rapid increase in 
ionization on the previous day, were missing. Not only 
were the low-energy particles missing, but more high 
energy particles were present than on the previous day 
as evidenced by the fact that curve B lies above A at 
the higher pressures. 

An unusual situation occurred during this flight of 
August 9, 1955. It was normal] until a pressure of about 
120 g cm™* was reached. From that pressure until 
about 75 g cm™, quite violent fluctuations took place, 
and the average value of the ionization was higher than 


expected as may be seen from the points for curve B, 
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Fic, 3. On August 9 there were more high-energy particles and 
fewer of those of low energy than on August 7, 1955. 


Fig. 3. At pressures of 60 to 40 g cm™ the average 
ionization was less than expected. At still lower pres- 
sures the ionization again became consistent. This kind 
of behavior has never before been noticed on some 60 
flights that have been made. We accredit this behavior 
to fluctuations in the primaries while the flight was 
taking place. 

In the summer of 1956, the characteristics of the 
radiation near the north geomagnetic pole were quite 
different. While the average ionization for the 6 flights 
of 1955 was only 2% less at high altitudes than in 1954, 
the average for 6 flights in the summer of 1956 was 18% 
less than in 1954 at 25 g cm™. 


TABLE I. Comparison of balloon flights with ionization chambers 
in different years. Ionization is given in ions cm sec! atmos! of 
air. Greenwich times are given for the maximum altitude 


Atmos, depth 
(g cm?) 


10 20 40 80 


Time 


(Greenwich) Ionization 


361 329 
367 +328 
388 
369 
382 
388 
373 
344 
332 
319 
332 
339 
337 


Location 


355 
363 


225 
222 
247 
238 
243 
255 
240 
225 
217 
212 
217 
224 
224 


14-16, 1937 
4, 1937 
25, 1955 
7, 1955 
9, 1955 
10, 1955 
11, 1955 
25, 1956 
27, 1956 
28, 1956 
31, 1956 
2, 1956 
5, 1956 


Aug 

Aug 

16:52 July 
19:51 Aug 
2:30 Aug. 
2:25 Aug 
2:13 Aug 
20:32 July 
16:46 July 
22:36 July 
16:31 July 
17:20 Aug 
22:23 Aug 


Saskatoon 

Baffin Bay* 
Thule vee 
442 
457 
461 
451 
400 
386 
369 
386 
394 
$92 


480 
494 
502 
490 
425 
407 


502 
508 
529 
523 
Thule 437 


426 


416 


* This flight was made by Carmichael and Dymond at 85° geomagnetic 
north and has been normalized to our flights as explained in reference 2. 
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Solar activity was increasing in the summer of 1956 
from its very low minimum of 1954. A maximum of 
activity is expected in 1958. Hence, this trend agrees 
with that to be expected from the inverse relationship 
between solar activity and cosmic-ray intensity as 
stated by Forbush.? 

To compare quantitatively the balloon ionization 
data taken in different years, Table I has been pre- 
pared. Here the ionization at certain specified pressures 
is given. In Fig. 4, four of the 1956 flights are plotted 
together with the flight of Carmichael and Dymond® 
near Thule, Greenland made at the peak of solar activity 
in 1937. As explained previously,” this latter curve has 
been normalized to our own flights at Saskatoon, 
Canada made close to the same time. The two curves 
are, in fact, very similar, departing from each other 
only near their maxima, as shown in Table I. 

The comparison of the 1937 flight with those of 1956 
shows more low-energy particles and fewer of those of 
higher energy in 1956 as against 1937. If the low-energy 
particles responsible for the change of ‘‘shape” of the 
curves at high altitudes are protons, as seems likely 
from the 1954 series of flights,? then we conclude that 
their energy distribution not only fluctuates from day 
to day but from year to year. 

To bring out the large changes that have taken place 
from 1954 to 1955 to 1956, one flight from each of the 
three years is given in Fig. 5. The various flights of 
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Fic. 4. The intensity was less at low altitudes and greater at 
high altitudes in 1956 than on Carmichael and Dymond’s flight 
of 1937. We assume that this represents a real change in the 
energy distribution of the primaries. 


* H. Carmichael and E. G. Dymond, Proc. Roy. Soc. (London) 
A171, 521 (1939). 
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1954 near the geomagnetic pole were all very similar, 
and August 10 is chosen as representative. In 1955, 
August 7 is selected, while in 1956, July 28 is chosen. 
It remains to be seen how similar curves will appear in 
1957 and 1958. 

The presence or absence of the ‘‘knee”’ of the latitude 
curve for high altitudes depends on the absence or 
presence, respectively, of low-rigidity particles. Again 
we take the evidence of the flights of 1954 that these 
particles are protons.’ These are also the particles that 
so radically change the shape of the ionization depth 
curve at high altitudes. The evidence is, that in 1937, 
when the curves at Thule passed through a maximum 
at about 30 g cm™?, a “knee” existed. In 1951 there was 
no maximum, but there did exist an inflexion at about 
60 g cm. Flights at various latitudes revealed a 
definite “knee” at that time. In 1954 no inflexion oc- 
curred at Thule, and no “knee” was present from 
flights at various latitudes. In 1955 there was no in- 
flexion except on one day. Hence, we infer that, exclud- 
ing this day, no “knee” existed. In 1956 there was an 
inflexion in the curves for all flights at Thule. The shape 
of the curves was very similar to those of 1951, as is 
illustrated by Fig. 6. We infer, therefore, that a ‘‘knee” 
also was present in 1956. 

IV. DISCUSSION 

If one assumes that the fluctuations (excluding the 
solar flare increases) in the cosmic radiation incident 
on the earth are due to a modulation on the otherwise 
constant primaries which come from beyond the solar 
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Fic. 5. Three flights have been selected from the years 1954 
1955, and 1956 at Thule to show the large changes that have taken 
place 


50 100 
AIR OVERHEAD 


RAYS NEAR NORTH 


GEOMAGNETIC POLE 


JULY 28,1956 THULE 
AUG. 3, 195! 
AUG. 5, 195! 


of AIR 


aT” 


1ONS Cm sec* 





| 
| 
| 
; 


100 300 g cm* 


200 
AIR OVERHEAD 


Fic. 6. The shape of the curves in 1956 was very similar to those 
taken in 1951. Since the presence of low-energy particles causes 
the turn-up of the curves at low pressures, there were no more of 
these particles present in 1956 than in 1951 when a “knee” 
existed in the latitude curve at high altitudes. We therefore as 
sume that in 1956 a “‘knee”’ also existed. By the same token the 
“knee” was not present in 1955. (See Figs. 1 and 2.) 


system, the present experiments point to some of the 
properties such a mechanism must have. Some of these 
have been listed before, '~* but in the light of the present 
experiments, will be restated : 


1. There is, in general, an inverse relationship be- 
tween solar activity and cosmic-ray intensity. 

2. There is a direct relationship between solar activity 
and the fluctuations in cosmic rays. 

3. In general, particles of all energies, at least up to 
30 or 40 Bev, are involved in the fluctuations. Those of 
low energy are, as a rule, affected much more than those 
of high energy. 

4. While the relationship (3) is usually true, there 
are occasions when changes occur in the low-energy 
particles that are not accompanied by corresponding 
changes in those of high energy. In fact, the changes in 
the two components from one time to another may be 
of the opposite sign. 

5. Whatever suppresses the radiation during a period 
around a solar maximum, must, during this period, be 
present continuously. At least in no case, at such a 
time, has the intensity jumped back to the value it had 
during a solar minimum. 

6. Even when the lowest-energy particles, i.e., pro- 
tons down to 100 to 150 Mev, can reach the earth, as 
in the summer of 1954 when solar activity was at a 


minimum, there may be increases in the high-energy 
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particles (> 2-4 Bev) of at least 10% of the non-solar- 
flare type’ 

7. The changes in the primaries are usually world- 
wide, but there are exceptions when changes at Thule 
have not been accompanied by corresponding changes 
at other stations.” 


It is evident that if one modulating mechanism is to 
satisfy all the requirements set forth above, it must act 
in a different and very complicated way at certain 
times. It appears, however, that it is only in the study 
of the nature of the changes in cosmic rays and the 
related geophysical, solar, and other associated phe- 
nomena that an understanding of the origin of the 
changes is to be found. 

The alternative suggestion, that part or most of the 
low-energy radiation is of solar origin, has some attrac- 
tive features. Even though emitted from the sun, the 
reflecting shell, assumed by Meyer, Parker, and Simp- 
son’ to be present to explain the isotropic distribution 
of the February 23, 1956 flare particles over the earth, 
would mix up the directions of arrival so that little if 
any diurnal effect would be evident. The following 
arguments may be made against the suggestion of solar 
origin: (1) There is a 180° phase shift between solar 
activity and cosmic-ray intensity during a solar cycle. 
This is difficult to understand if conditions that give 
rise to high-energy particles from the sun are more 
likely to be present when the sun is active. (2) In no 
case would one expect the very highest energy particles 
to originate in or near the sun. If the low-energy part 
of the spectrum is of solar origin, then it would not be 
expected that the two energy distributions would join 
together in a smooth fashion as present experimental 
evidence seems to indicate. (3) Since the three ele- 
ments, lithium, beryllium, and boron are present in the 
sun in extremely small amounts, it is difficult to see how 
sufficient fragmentation of heavy nuclei could occur to 
give a ratio of these elements to carbon, nitrogen, and 
oxygen of approximately 1 as is found in cosmic-ray 
particles," 

V. SUMMARY 


While the data presented here permit conclusions of 
a qualitative nature only to be drawn and leaves un- 
answered many questions regarding the radiation that 
changes with time, it is quite evident that much is 


* Meyer, Parker, and Simpson, Phys. Rev. 104, 768 (1956) 
” Noon, Herz, and O'Brien, Nature 179, 91 (1957). 
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taking place to alter the primaries not only during short 
intervals of time, but over a period of years as well. 
Without, however, knowing many of the details, a 
number of interesting conclusions may be drawn from 
such data particularly when the situation at one period 
of time is compared with that at another. Also the 
measured latitude effect at high altitudes and latitudes, 
combined with the rigidity and range requirements 
permit one to say that at least a majority of the particles 
that change are protons. Down to 150 Mev for protons 
it has been shown? that during a solar cycle the number 
of primaries changes by at least a factor of 2.5. The 
present experiments show that as we approach the 
coming solar maximum, cosmic rays were little changed 
in 1955 over 1954 (when a solar minimum existed) but 
had decreased markedly from 1955 to 1956 becoming 
even less in 1956 at middle altitudes than in 1937 when 
the sun was at a peak of activity. The ionization-depth 
curve did not, however, pass through a maximum in 
1956 as it did in 1937, 

The “shape” of the ionization-depth curve at high 
altitudes appears to be a good index of the relative 
numbers of low-energy particles present in the pri- 
maries, and it now seems safe to predict whether or not 
a “knee” exists in the latitude curve at high altitudes 
by making balloon flights with ionization chambers near 
the geomagnetic poles only. 

A search for a correlation between specific solar 
activity and the behavior of cosmic rays for the days 
flights were made in 1955 and 1956, shows nothing of 
a detailed nature. The sun was quite active during both 
periods, with many plages, spots, and small flares oc- 
curring almost daily. If anything, the sun was more 
active during the 1955 period than in 1956. It therefore 
appears that the average cosmic-ray intensity is not as 
much dependent on visual solar activity as it is on some 
accumulative effect. 
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The decay of a polarized muon is studied in the case of the general four-component neutrino theory with 
the most general parity-nonconserving interaction. A three-parameter formula for the decay-electron dis 
tribution is obtained as a generalization of the Michel formula for an unpolarized muon. This general formula 
is examined to determine to what extent the observed spectrum enables one to decide whether any particular 
theory is correct or not. It is seen, among other things, that by the observation of the muon decay spectrum 
alone one cannot test the validity of the two-component neutrino theory. To facilitate a possible accurate 
experimental test of the two-component neutrino theory, the radiative correction for the decay of a polarized 
muon is worked out to the lowest order in a. Although the correction is rather complicated, it can still be 
expressed approximately by the three-parameter formula mentioned above. It is found, in particular, that 
the corrected Michel parameter for the two-component theory is 0.70. when a neutrino and an antineutrino 


are emitted in the final state, which is 6% 


1. INTRODUCTION 


HE suggestion of Lee and Yang! on the possible 
nonconservation of parity in weak interactions 
has been verified beyond doubt by the observation of 
strong left-right asymmetry of secondary particles in 
the processes such as the 8 decay’ and the m-u-e decay.’ 
Lee and Yang,‘ Salam,® and Landau® have proposed 
independently that the strong violation of parity con- 
servation in these reactions in which the neutrino 
participates could be explained if one assumes that the 
neutrino always violates the parity conservation be- 
cause of its intrinsic nature. That such a theory of the 
neutrino, called the two-component theory, is possible 
within the frame work of relativity, has been known for 
a long time’ but has not attracted any attention be- 
cause of its failure to conserve parity. It is quite interest- 
ing that the new experimental evidence seems to imply 
the existence of just such a particle. 

Predictions of the two-component theory are in 
general much more specific than those of the ordinary 
theory of the neutrino. Thus many of its consequences 
are subject to direct experimental confirmation, Al- 
though evidence available so far is strongly in favor of 
this theory, more detailed work will be required before 
a definite conclusion is obtainable about the validity of 
the two-component theory. 

As an attempt in this direction, two separate con- 
siderations are presented in this paper concerning the 
predictions of two-component theory on the muon 
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smaller than the value 0.75 predicted by the simple theory 


decay process. The first is how much information one 
can derive from the study of the experimental spectrum 
of muon decay. For this purpose, the muon decay spec- 
trum is discussed in Sec. 2 in the case of the general 
four-component neutrino theory with the most general 
parity-nonconserving interaction, The decay spectrum 
of a completely polarized muon can be described by a 
set of three parameters when the mass of the electron 
is neglected, in close analogy with the one-parameter 
formula of Michel® for an unpolarized muon. Usually 
there are infinitely many possible choices of decay 
coupling constants for given values of these parameters, 
Thus one can find various four-component interactions 
which give exactly the same decay spectrum as that of 
the two-component theory. This argument is inde 
pendent of whether the two neutrinos in the final state 
are identical or not. One cannot therefore tell more than 
whether the two-component theory is consistent or not 
by looking at the shape of the decay spectrum alone. 

Secondly the accuracy of the predictions of the two- 
component theory of muon decay is improved by taking 
the effect of the radiative correction into account. This 
correction would be necessary for the precise comparison 
of theory and experiment since the radiative correction 
is not at all insignificant in this particular case, being of 
the order of 


a In (/m) = (137) *X 28.4, (1.1) 


rather than a@ itself, where u and m are the masses of 
muon and electron, respectively. Detailed calculation 
shows that its effect on the shape of the decay spectrum 
is, to the lowest order in a, about +10% for the lower 
momenta of electron and —4% at the upper end. With 
the inclusion of the radiative correction, the accuracy 
of the corrected theoretical spectrum will be better 
than 1% over the whole range of electron momentum. 
Qualitatively speaking, the radiative correction has a 
tendency to shift the electron spectrum to the low 

*L. Michel, Proc 


Phys. Soc. (London) A63, 514 (1950) 
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momentum side, Although the corrected spectrum is a 
rather complicated function of the electron momentum, 
it can still be approximated by a three-parameter for- 
mula given in Sec. 2. It is found, in particular, that the 
corrected Michel parameter for the two-component 
theory is 0.70, instead of 0.75 predicted by the simple 
theory. 


2. MUON DECAY SPECTRUM IN THE GENERAL CASE 


Let us first derive the spectrum of muon decay for 
the case of the four-component neutrino theory and 
examine the predictions of the two-component theory 
in the light of the former. 

In the general case of the four-component theory, the 
muon decay process, 


pet v+d, (2.1) 
is described by the Fermi interaction 
H = Lil g(Wl du) Vly) 
+g (Vly) (WT vp) J+ Hic., (2.2) 
where I’; stands for the five Dirac matrices’ 
I's=1, 
(Ty) p=Yo 
(Ir) yo (i/2V2) (yu¥e— Yen); 


I'p — 176, 


(4), so VY p¥5, (2.3) 


and “H.c.”’ means “Hermitian conjugate.” For a muon 
at rest with its spin completely polarized, the electron 
distribution is given by the three-parameter formula": 
A(3(1—x)+2p(4x—1) 

- § cos6| (1—x)+ 26(4x 


dN (x,9) 
1) |ja*dxdQ, (2.4) 


the electron mass being neglected compared with its 
momentum."' The parameter x is the electron mo- 
mentum measured in terms of the maximum electron 
momentum, @ is the angle between the electron momen- 
tum and the spin direction of muon, and 


i +4b+-6c), 


A 
for 


where 
a gs\*+ gs. 2+ | gp|?4 igre’ \*, 


b= | gv |?+ gv’ |*+|gal?+ |g’ |?, (2.6) 


2 


c=|gr|*+lgr’ 
The quantity p is the Michel parameter® defined by 


p= (3b+-6c)/(a+4b+-6c) ; 7) 


* For the definition of the y,’s used in this paper, see R. P. 
Feynman, Phys. Rev. 76, 769 (1949) 

io All formulas in this paper are written in the form appropriate 
for the description of the « —e decay. Formulas for the 4*—e* 
decay are obtained by changing the signs of the cosé terms in 
(2.4), (2.12), (3.3), ete 

“ After this work was completed, a preprint of a paper by 
C. Bouchiat and L. Michel [Phys. Rev. 106, 170 (1957) ] became 
available to us, in which a formula equivalent to our Eq. (2.4) 
has been derived. 
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The parameter 6 determines the shape of the cos# 
dependent part of the spectrum and plays a role similar 
to that of the Michel parameter p. It is related to the 
coupling constants by 


6= (3b'+ 6c’) /(—3a'+4b'+14c’), (2.8) 


where 
q’= g sep *+¢r'g s*+gr¢ 3 *+ gs gp", 
b’=gvga'*+ga'gv*+gagy *+ev ga", 
c= grer'*+gr'gr*. 


(2.9) 


Finally, & is defined by 
t= (3a’—4b’—14c’)/(a+4b+ 6c), (2.10) 


and characterizes the magnitude of the cos#@ dependence 
of the electron distribution. 
In many cases, it will be the integrated spectrum, 


1dN 
N (x,0)dQ= f dx, 


2 ax 


(2.11) 


that is conveniently compared with experiments. One 
finds from (2.4) that 


N (x,0) =4A[1 — 408+ 324+ (8/3) p (a8 — 24) ] 
X[1—£0(x) cosé], (2.12) 
where 
1+44+-2x7— 3x°+ 862? 
Q(x): : (2.13) 
3(1+4-+ 2? — 3x3) +8px3 


The three parameters in the formula (2.4) are func- 
tions of ten complex numbers. However, it is not diffi- 
cult to find some of their characteristic features. We 
note that the inequalities 

$6| Sp, 


OSpSl, 


(2.14) 
(2.15) 


and 


Os |§| S3—4%p, (2.16) 


always hold because of |a’| Sa, |b’| Sd, |c’| Sc. 


All relations before (2.15) are also valid in the case 
of emission of two identical neutrinos: 


petty. 


In this case, we have in addition the following 
simplification : 


(2.17) 


pe tepemge ag! at, (2.18) 


This implies that 


c=0, c=0, (2.19) 


and thus (2.15) and (2.16) are superseded by the 
stronger relations 


OSpsi, Os |&|S3-—(8/3)p. (2.20) 


and 
If one decomposes y, into two parts as follows: 


V.= etx, (2.21) 
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where 


G=4(1+75)y, x=4(1—r5)r, (2.22) 


it is easy to see that, for different neutrinos, the S, 7, 
and P interactions contain only cross terms of ¢ and 
x, while the V and A interactions have no cross term. 
Since the two-component neutrino theory can be re- 
garded as a special case of the general theory where y, 
satisfies 


ie., g=0, (2.23) 


yW=—, 


only the V and A interactions are possible for non- 
identical neutrinos. Equation (2.23) further requires 
that 


Pt OE ee (2.24) 


Thus, in the two-component theory, the electron dis- 


tribution (2.4) is reduced to 
dN (x,0) =4A[3—2x+ cos0(1—2x) Ja*dxdQ, (2.25) 


when one uses (2.24) and puts gs=gr=gp=gs' =gr 
=gp'=0. It corresponds therefore to a special case of 
the general theory where 

p= $= 2. 


The parameter £ is then reduced to 


E= (gvga*+gagv*)/(\gv|*+|gal’). 


(2.26) 


(2.27) 
It obviously satisfies the relation 


Os || 31. (2.28) 


The equalities and inequalities derived above lead us 
to various conclusions, some of which are given in the 
following : 

(a) If the observed spectrum does not satisfy some 
of the relations (2.14), (2.15), and (2.16), it would 
indicate that our Hamiltonian (2.2) is inadequate for 
the description of muon decay. If the condition (2.20) 
is not satisfied, the emission of two identical neutrinos 
(2.17) is ruled out. 

(b) If |€|>1, the two-component neutrino theory 
must be abandoned. 

(c) As is seen from (2.12), the asymmetry of the 
integrated spectrum is described by —£Q(x). Using 
(2.14) and (2.15), one easily finds that 


E(1+4+27— 3x3) + fbx" | 


| Q(x) | = 
3(1 +4427 — 324) +8px3 


51, (2.29) 


for any x in the range (0,1). Thus the magnitude of the 
asymmetry cannot exceed 1, which is trivial since the 
decay spectrum must be non-negative for all energies 
and angles of the emitted electrons. 

(d) Equation (2.29) shows that the integrated asym- 
metry at the upper end (x=1) of the spectrum is 
| 5|/p whose maximum value is 1. The asymmetry of 
the complete integral spectrum is given by 4| &|. Thus, 
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if the two-component theory is correct, this asymmetry 
cannot exceed the value 4. It is noteworthy that a much 
larger asymmetry of the integrated electron distribution 
is possible in the general case than is permitted in the 
two-component theory. If p=36, the integrated spec- 
trum shows no momentum dependence as is obvious 
from (2.29). In particular, the asymmetry is +1 for all 
x if &=+3. However, p=é=0 in this case. 

(e) The two-component theory predicts p=é=}, 
OS |£| 1. However, exactly the same prediction can 
be made in the general theory if one chooses a suitable 
set of coupling constants. In fact, it is immediately 
seen from (2.7) and (2.8) that 


a=2c, and a’=2¢’ 


(2.30) 


are the necessary and sufficient conditions for this 
purpose. Since the muon decay spectrum is completely 
characterized by the three parameters p, 6, and &, this 
implies that it is impossible to distinguish the two- 
component theory from the four-component theory by 
looking at the muon decay spectrum if the latter 
satisfies (2.30). Thus the experimental verification of 
the spectrum (2.25) by itself does not unambiguously 
select the two-component neutrino theory. 

(f) ‘The above argument is based on the possibility 
of an arbitrary choice of a and a’ only if (2.30) is 
satisfied. It is interesting to notice that the theory is 
not completely determined even if one assumes p=5= 4 
and a=a’=0. In this case we obtain 


evga *+ea'ev*+eagv * +e’ ga* 


(2.31) 
lev |?+ lev’ |?+ | gal*+[ga’|? 


If one assumes (2.24), this § of course reduces to (2,27) 
of the two-component theory. Of particular interest is 
the case 


(2.32) 


which is required when the two neutrinos emitted are 
identical. The other requirements of (2.18) are already 
satisfied by the assumption c=0. In this case we obtain 


E= —(gv'ga*+gagv'*)/(\gv'|?+|ga|2). (2.33) 


Thus, exactly the same spectrum as that of the two- 
component neutrino theory of Lee and Yang is ob- 
tained if one assumes identical neutrinos in the muon 
decay and a=c=0. The maximum polarization §= +1 
is attained by the choice 


gv = Fga. (2.34) 


As was shown by Lee and Yang,‘ such a picture is not 
possible if there is only one spin state for the neutrino 
field (op=6=0 in this case), Insofar as the two spin 
states are accessible for the neutrino, however, there is 
nothing to prevent the existence of such a case. Obvi- 
ously it does not matter whether the neutrino is de- 
scribed by the Dirac theory or the Majorana theory. 
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(g) In the general case of two identical neutrinos, 
the inequality 


3(3—4p) > ¢(3—46)2—3(3—4p) —(2.35) 


is obtained from (2.7), (2.8), (2.10), and (2.19). This 
relation may be useful for the test of consistency of the 
assumption (2.17). In particular, it is seen that p=} 
means 6=4. Thus, if the experiment finds p=} but 
54, the theory of identical neutrinos (including the 
Majorana theory) must be ruled out together with the 
two-component theory. 

(h) The above arguments of course do not reduce at 
all the strong possibility that the two-component theory 
is the correct description for the neutrino. It only 
stresses a logical difficulty in deriving such a conclusion 
from the study of muon decay alone. It is in fact 
necessary to study other phenomena to settle the ques 
tion. ‘To produce a highly polarized muon from the w-« 
decay, for instance, a rather special kind of parity- 
’ nonconserving decay interaction is required and the 
two-component theory would be the simplest solution 
to such a problem. 


3. RADIATIVE CORRECTION IN THE TWO- 
COMPONENT THEORY 


In this section we shall consider the effect of the 
radiative correction in the two-component theory of 
muon decay. The interaction Hamiltonian will now be 


H=H'+H", (3.1) 
where 
(3.2) 


H” = ebyy WA pte WA p. 


Since the radiative interaction does not alter the prop- 
erties of neutrinos, we have to consider only the V and 
A terms of H’. Thus the decay spectrum including the 
radiative correction can be written as 


rf 


dN ,(x,9) sa{[s 2x+ (| 
Qn 


2dr 


HE cond 2x+- me) 


mi—x 
+ 66 


a, (3.3) 
ae 


where one neglects terms of higher order than @ and 
m/u, and where 


le le 


f= (|gal?— |g (4.4) 


) ‘(\gal?4 | gy 17), 
The last term, which was neglected before since my, 
is included here since m/u~a. Its actual magnitude, 
however, is only about a quarter of the radiative cor- 
rection even if one assumes that {=1. Since ¢ is re- 
stricted by 


esi- (3.5) 


, 
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where ¢ is given by (2.27), the effect of this term would 
be even smaller when |£| is close to 1 as is observed. 
Because of this, we shall neglect this term completely 
in the following discussion. 

The quantities f(x) and h(x) represent the radiative 
corrections to the isotropic and cos@ terms of (2.25), 
respectively. The function f(x) was obtained previously 
by Behrends, Finkelstein, and Sirlin,” and A(x) has 
been evaluated by making use of the same method. 
Their explicit forms are given in the Appendix. Nu- 
merical values of (a/2m)x*f(x) and (a/2m)x*h(x) are 
listed in columns 1 and 3 of Table I. 

Both f(x) and A(x) consist of radiative corrections 
due to the virtual photon emission and the inner 
bremsstrahlung. Since the Fermi-type interactions are 
unrenormalizable in general, it is expected that the 
virtual emission of photons gives divergent results even 
if the ordinary renormalization of the mass and charge 
is carried out. It is interesting to notice that in the cases 
of V and A interactions, which are the only cases of 
interest to us, all ultraviolet divergences to order a can 
be removed by the renormalization of charge and mass 
of the muon and electron. Thus the two-component 
neutrino theory is distinguished from the general case 
by its finite radiative correction to the muon decay. 

The infrared divergence due to the emission of low- 
frequency virtual quanta is of course cancelled by that 
of the real emission. The correction terms f(x) and 
h(x) are therefore finite and unambiguous for 0<«#<1. 
The divergence of these functions at x=0 is not real. 
It occurs simply because we have neglected the electron 
mass, which is certainly justifiable for x 20.1. The case 
x=1 corresponds to the emission of an electron with 
maximum momentum. This is a singular configuration 
in which the emission of real quanta is prohibited by 
the conservation law of energy. As a result, the infrared 
divergence of the virtual photon is not canceled at 


TABLE I. Radiative corrections to the isotropic and cos@ terms of 
the muon decay spectrum and related functions. 


* xf (x) * F(x) * h(x) * H (x) 
6 2" a 


«107 x10 


QO, (x) 
Q(x) 


108 “K1IO® : 
3.260 
3.238 
3.186 
3.097 
2.923 
2.604 
2.083 
1.329 
0.390 
0.490 
0.665 
0.339 
0 


1.0028 
1.0033 
1.0040 
1.0047 
1.0050 
1.0049 
1.0047 
1.0040 
1.0029 
1.0016 
1.0011 
1.0002 


2.973 
2.886 
2.697 
2.414 
2.036 
1.577 
1.005 
0.543 
0.077 
0,230 
0.253 
0.116 
0 


0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
0.95 
0.99 
1.0 


0.070 
0.108 
0.203 
0.393 
0.086 
1.062 
1.441 
1.631 
1.083 
O.115 
3.532 


0.718 
1.178 
1.660 
2.109 
2.457 
2.627 
2.535 
2.050 
0.829 
0.528 
3.752 


 Behrends, Finkelstein, and Sirlin, Phys. Rev. 101, 866 (1956). 
In Table I of this reference, there is a numerical error in the value 
of the radiative correction for the vector case at x=0.95, We are 
thankful to Dr. K. M. Crowe for kindly pointing this out to us. 
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x=1, and f(x) and A(x) diverge there logarithmically. 
This divergence can be easily removed if one remembers 
that the energy resolution in actual measurements 
cannot be infinitely sharp.'* Here we shall simply leave 
it as it is since it does no harm to the total probability 
of muon decay. 

The isotropic and cos@ terms of the differential spec- 
trum (3.3) are plotted in Figs. 1 and 2 together with the 
corresponding terms without radiative corrections. The 
radiative correction reduces the magnitude of the elec- 
tron distribution in the neighborhood of the upper end 
of the spectrum by about 4% but enhances it in most 
other regions. This may be interpreted as the result of 
a shift of the electron distribution to the low-energy 
side, part of the electron energy being lost in the form 
of a radiation. In the lowest energy region, the increase 
is quite large percentagewise, but its absolute magnitude 
is small. Some aspects of the corrected spectrum (3.3) 
will be discussed in the following. 

(a) Michel parameter._We shall the 


first discuss 


effect of radiative correction to the decay spectrum of 
an unpolarized muon. This has been discussed before 


for the general case” but we shall repeat it here in a 
slightly different manner. For an unpolarized muon, 
the electron distribution without the radiative correc- 
tion is given by 


dN (x) =49A[3(1—2x)+-2p(4x—1) |x*dx. (3.6) 


p is } in the two component theory. When the radiative 
correction is included, the spectrum is no longer 
describable by such a simple formula. The shape of the 
corrected curve in Fig. 1 indicates, however, that it 
could still be approximated with sufficient accuracy by 
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Fic. 1. The isotropic part of the muon decay spectrum in the 
two-component neutrino theory. The solid curve represents the 
uncorrected spectrum (p =0.75) for the emission of a neutrino and 
an antineutrino, The dashed curve is obtained by including the 
effect of the radiative correction to the solid curve. 


4 See reference 12 for more detailed discussion about this. 
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Fic. 2. The cos#@ part of the muon decay spectrum in the two 
component neutrino theory. The solid curve represents the un 
corrected spectrum (6=0.75) for the emission of a neutrino and an 
antineutrino. The dashed curve is obtained by including the effect 
of the radiative correction to the solid curve. 


a Michel formula (3.6). To see whether this is the case 
or not, it is more convenient to study the quantity 
3—2x+ (a/ 2m) f(x) (3.7) 
rather than the spectrum (3.3) itself. If one neglects 
the last term, this is a linear function of x. Our concern 
is how well one can approximate (3.7) by a linear func 
tion. The function (3.7) is plotted against x in Fig. 3 
As is seen immediately, (3.7) is close to a straight line 
for 0.35%50.95. When this 
Michel formula in this range, the value of p is found to 


one fits curve to the 


be 


p=0.705, (3.8) 


which is about 6% smaller than the uncorrected value," 
It must be noted that this procedure is not unambiguous 
and the result depends slightly on the momentum range 
chosen.'® The result (3.8) seems to be in fair agreement 
with the observed result." 


4 The value 0.727 for p given in reference 12 was based on a 
slightly different definition (Eq. (28a) of reference 12]. There, 
the experimental data was to be compared with a modified spec 
trum | Eq. (28c) of reference 12 |. Here we suggest that the data 
be fitted with the uncorrected Michel formula (3.6) and compare 
the value of p thus determined with (3.8), The definition of p 
in the two cases is not identical and thus leads to different nu 
merical values. But of course both methods of comparing theory 
and experiment are equivalent 

© Tf one uses the data up to the upper end of the spectrum, the 
resulting p would be even smaller than the value (3.48). But the 
parameter p would then lose its good physical meaning. If it is not 
convenient to neglect the data very close to the end of the spec 
trum for experimental reasons, it would be necessary to return to 
the original formula (3.3). It must be noted, however, that the 
procedure of Sec. 3 is restricted to the case where only the V and 
A interactions are present in the muon decay, For the more general 
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hic. 3. The function 3—2x+4-(a/2) f(x) is evaluated for several! 
values of x (open circles). The solid straight line represents the 
function 3—2x and the dashed straight line is a linear approxima 
tion to 3—2x+4-(a/2m) /(x). The value at x=0.95 lies precisely on 
the dotted line. Because of an oversight, it has been omitted from 
the figure 


(b) Parameter 6.--The same considerations as above 


may be applied to the cosé-dependent term of (3.3). 
It is found that the curve for the function 


1— 2x+ (a/2m)h(x) (3,9) 


is very close to a straight line for 0.2 <x 0.9 but devi- 
ates appreciably from it for 0.9<a2<1. The parameter 
6 determined from the straight part is 


5=0.74¢, (3.10) 


which differs from the uncorrected value by only 0.5%. 
Since the one-parameter approximation of the cos 
term is not very good at the upper end of the spectrum, 
it may not be as useful as that for the isotropic term,"® 

(c) Corrections to & and |\gy\*+\ga\*.-As a by 


discussion, it is necessary to compute radiative corrections to the 
cases of the S, 7’, and P interactions, too. These corrections have 
so far been calculated only for the isotropic terms of the decay 
spectrum. (See reference 12.) 

© Sargent, Rinehart, Lederman, and Rogers, Phys. Rev. 99, 
885 (1955). Note added in proof.--More recent p values are 0.67 
+-0.05 obtained by L. Rosenson (to be published) and 0,68+4-0.02 
by K. M. Crowe et al. (Bull. Am. Phys. Soc. Ser. IT, 2, 206 
(1957)). These values already include the effect of radiative 
corrections and are to be compared with the uncorrected value 
p=0.75 to test the validity of the two-component theory. W. F. 
Dudziak and R. Sagane are also measuring the p value (private 
communication). If the p value were smaller than 0.75 as is sug 
gested by these measurements, it would be a serious difficulty for 
the two-component theory, at least in its simplest form. 
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product of these considerations, we find immediately 
the radiative correction to the asymmetry parameter £ 
and the coupling constant |gy|*+|ga|?. It is found 
that & is increased by 0.3% while the correction to the 
coupling constant is +3%. We can therefore neglect 
the correction to the asymmetry parameter completely 
in our discussion. The correction to the coupling con- 
stant has no observable effect as far as we are concerned 
with the muon decay only. The results of this paragraph 
can also be derived from the consideration of N,(0,6) 
of (3.13). 

(d) Forward-backward asymmetry.—In the experi- 
ment of Garwin, Lederman, and Weinrich,’ it is the 
forward-backward asymmetry of the integrated spec- 
trum that is directly measured. In the case of no 
radiative correction, one finds from (2.12) that 


N (x0) =4A (1—2x°+24)[1—£0(x) cod], (3.11) 


where 


(3.12) 


1 sitatea?+ 3x4 
O(x) = (- ) 


3\ 14+-4+27—2 
is a function which increases from 4 to 1 monotonically, 
as % increases, 

The integrated distribution including the radiative 
correction is obtained from (3.3): 

N,(x,0) = 4A(1 — 224+ 244- (a/24) F (x) | 
<[1—£0,(x) cosé], (3.13) 
with 


O,(x) = 


1 /1+2x9—3x!+ (a/2e)H (x) 
( ; _ ) (3.14) 
1— 2x? +244 (a/2e)F (x) 


3 


F(x) and H(x) are the functions derived from f(x) and 
h(x) by integration. Their explicit forms are given in 
the Appendix. Numerical values of (a/2m)F(x) and 
(a/2r)H (x) are listed in columns 2 and 4 of Table I. 
The forward-backward asymmetry of the integrated 
spectrum, with and without the radiative correction, 
is given by 
N(x,r) 14+£0,(x) 


R,(x) (3.15) 


N,(x,0) 1—£0,(x)’ 
N(x,m) 1+£&0(x) 
N(x,0) 1—£0(x)’ 


and 


R(x) (3.16) 


respectively. As is seen from Table I, the ratio Q,(x)/ 
Q(x) is almost constant taking values between 1 and 
1.005 for all x. Accordingly, R,(a)/R(x) varies in the 
range between 1 and 1.01. Thus as far as the forward- 
backward asymmetry of the integrated spectrum is 
concerned, it would be good enough for practical pur- 
poses to neglect the effect of the radiative correction 
completely. This is because the integrated radiative 
corrections F(x) and H(x) behave in a similar manner 
as functions of x, and thus the major part of the radia- 
tive effect is canceled out when taking the ratio (3.15). 
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4. DISCUSSION 


The two-component neutrino theory gives much more 
definite predictions than the general four-component 
theory concerning the reactions in which the neutrino 
participates. Thus it gives a decay spectrum which is 
completely determined in the case of an unpolarized 
muon and depends only on one parameter £ when it is 
polarized. If a detailed measurement reveals that the 
observed spectrum does not agree with the theoretical 
curve, or the shape parameters p and 6, within experi- 
mental accuracy, there is no doubt that the two- 
component theory, at least in its simplest form, has to 
be rejected. If the experiment reproduces the theoretical 
spectrum of this model, however, it is not an unam- 
biguous proof of the two-component theory as was 
mentioned in See. 2. 

So far we have discussed the spectrum of muon decay 
assuming that the muon spin is completely polarized. 
Since the polarization will not necessarily be complete 
in the actual circumstances, the measured asymmetry 
parameter P of the integrated 1+/ cos@ distribution 
will have to be compared with 


ri) (x), 


where Q(x) is defined by (2.13) and r represents the 
effective percent polarization of a muon at the moment 
of decay. In the experiment of Garwin e/ al.,* the asym- 
metry parameter P= —} is observed when positrons of 
range>8 g/cm? are detected. Assuming that this corre- 
0.5, one obtains from (2.13) 


33+ 246) . 


(4.1) 


sponds to « 


r\&| =(33+8p) (4.2) 


Since rS1 in any case, (4.2) gives the lower bound to 


t| = (334-8p)/| 33+ 246). (4.3) 


Making use of the relations (2.14), (2.15), and (2.16), 
one finds that 


0.52 (4.4) 


must hold whatever the values of p and 6 are. In par 
ticular, if p=6= 4, it follows from (4.3) that 


12 \¢ 


Obviously our information about & is restricted essen 
tially by the lack of information on r. It is quite 
important to determine accurately the degree of po 
larization of the muon at the instant of its decay for 
the further development of the muon decay theory. 


> 13/17=0.76. (4.5) 


APPENDIX 


The explicit forms of the functions f(*) and h(x) 
which are encountered in (3.3) are as follows: 


NONCONSERVING 


INTERACTIONS 


f(x) = 2(3—2x)u(x)+ (6—6x) Inx 
(l—a 


) 
t [ (S+17x%— 342°) (w+Inx) — 22x+4- 342° J, 


> 


3x7 


h(x) = 2(1—2x)u(x) + (2—6x) Ina 
(1—-x) 

{ v 
3? 


3427) (w+ Inwx) 


3+7x+ 32x? 

where 
u(x) =w*+-w(}—2 In2)+2 In2—3 
+Inx{3 In(1—x)—Inx—2 In2 | 


+ (2w—-1—1 2L(x), (A.3) 


» In(1—/) 
L(x) f ‘a ; 


0 


v) In(l—«)+L(1) 


L(1) (A.4) 


and 


w=In(u/m) = 5.332. (A.5) 


F(x) and H(x) are functions obtained by integrating 
2x* f(x) and 6x°h(x) over an interval (x,1). They 
read as follows: 
F (x) = (1— 224+ 24)0(x) + 2[ L(1) 
+ 2x(2— <x) (x Inx)?+ (1 
+x Inal’s(x)+ (1 


L(x) | 
x) Fy (x) 


x) In(1l—x)F4(x), 


L(x) | 
v) (x) 
v) s(x), 


(14-24 — 3x4)0(x)+10[ L(1) 


2+- 3x) (x Inx)?+ (1 


{ 
+ 2x( 


+x InxHy(x)+ (1 


x) In(l 
where 


j 


v(x) = [wt+w(4 


+6 Inx In(J 


2 In2)+2 In2—3 | 
r)+2L(1) 
4 In2(5+- 54+ 52? — 32°) 

hey (144-1 24+ 182? — 202°) 

+ (1/36) (422+4-104x-4- 2752" 
4 (16 
(4w— 2) (14+ 4+ x? — 27) 


1 (25+ 25x—11x2 


11L,(x), 
F(x) 


2552"), 


6x+ 40x? — 1924) +4 In2(2x?— a+), 


In2(1-+- x+ x? + 927) 
kw (10-4 4x — 2x?+- 602") 


t+ yy (254—92x+4- 41a 


P+. 24344) 
80x? +- 5724) 

+4 In2\ 
2) (14+ a+ x? + 327) 


A101 


Hy(x)=}(244+18x 


H1 s(x) 


(4w 


$34 T 65x" T yy") 
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Angular Distribution of Positive Pion Photoproduction from Hydrogen 
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(Received April 9, 1957) 


The analysis of all available data on the angular distribution of positive pions in photoproduction is 
carried out using a recently suggested method. The results are then compared with various theoretical 
predictions, It is shown that below resonance the various forms of the nonrelativistic theory give similar 
enough predictions so that present experiments could not distinguish among them. Above resonance the 
predictions diverge, and both the Low theory and the dispersional approach give surprisingly good agree- 
ment with data even at energies as high as 470 Mev. Below resonance the agreement with experimental 
data seems to be questionable, but more precise experiments are needed before definite conclusions can be 


drawn 


It is also shown that the backward-to-forward ratio of the differential cross section is sensitive to 


the contribution of the Py, electric quadrupole state, and thus this ratio might become a good way of 
exploring the degree of enhancement of the electric quadrupole contribution 


HE purpose of this paper is to present an analysis 

of all data up to date on the angular distribution 
of positive photopions from hydrogen, using a recently 
suggested method.' The results of the analysis are 
compared with the predictions of several theories, and 
some conclusions are made concerning the information 
which might be extracted from this reaction by future, 


more precise experiments. 


I, EXPERIMENTAL ANALYSIS 


In this section we discuss the coefficients A, B, C, D, 
and FE which were obtained by analyzing the experi- 
mental data reported up to date. The data in question 
are those from Cornell University,? the University of 
Illinois,? the California Institute of Technology,’ the 
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Fic. 1. Coefficient A in the quartic analysis of the positive pion 
angular distribution. Beside the experimental data, with errors, 
the theoretical predictions are given by the curves. The solid 
curve is that of Low,® the dashed curve is that of Chew ef al.,” 
while the one-dot dash and two-dot dash lines give the predictions 
of Chew® and of the Born approximation 


'M. J. Moravesik, Phys. Rev. 104, 1451 (1956). 

* Beneventano, Bernardini, Carlson-Lee, Stoppini, and Tau, 
Nuovo cimento 4, 323 (1956). This paper also gives a summary of 
the data obtained at Cornell University. Photon energy range in 
the laboratory system: 180-265 Mev 

* Tollestrup, Keck, and Worlock, Phys. Rev. 99, 220 (1955). 
Photon energy range in the laboratory system: 230-450 Mev 

‘Walker, Teasdale, Paterson, and Vette, Phys. Rev. 99, 210 


Massachusetts Institute of Technology,’ and the Gen- 
eral Electric Research Laboratory.® 

In compiling these data, one difficulty arises immedi- 
ately. While the relative accuracy of measurements 
taken in the same laboratory is fairly good and well 
known, the values of the measurements, 
especially if taken at various laboratories, are quite 
uncertain. This shortcoming, which has been pointed 
out before,’ limits the portion of the presently available 
data which can be used in a meaningful comparison. 
In fact, in the present paper the California data are 
multiplied? by a somewhat arbitrary factor of 1.07, 
which might cause an error of unknown magnitude. 
The increasing volume and accuracy of data seems to 
suggest strongly that a standard calibration method be 
devised to be used by the various groups working in this 
field, or that a roving team make a careful inter- 
calibration of the various monitors. 

The method of analysis used in this paper has been 
outlined before.! We shall therefore restrict ourselves 
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Fic, 2. Coefficient B. For explanation, see Fig. 1. 


(1956). Photon energy range in the laboratory system: 200-470 
Mev. 

*L. S. Osborne, Sixth Annual Rochester Conference on High 
Energy Physics, 1956 (Interscience Publishers, Inc., New York, 
1956). At 260-Mev photon energy in the laboratory system. 

*R. D. Miller and R. Littauer, Bull. Am. Phys. Soc. Ser. II, 2, 
6 (1957). At 215-Mev photon energy in the laboratory system. 
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POSITIVE PION 


to a short mathematical summary of the method. We 
use the notation 
x= cosh, 
F (x)=A+Be+Cx?+ D+ Ex. 


(1.1) 
(4:2) 


Here F(x) is the curve resulting from our analysis 
[see reference 1, Eq. (7) ]. Furthermore 


(1.3) 
(1.4) 


Vi=x P(x,), 


w= (x,), 
where 
(1.5) 


©(x;)=(1—Bx;)’, 


6B being the meson velocity, and x:+é; is the experi- 
mental differential cross section at x; We want to 
determine F'(x;) so that 

v (F(x) —yP 


1 w, 
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Fic. 3. Coefficient C. For explanation, see Fig. 1 


is a minimum, or that 


OQ/O0A 02/dE=0. 


Equation (1.7) can be written as 


Ho, j;A+H\4;B4 by iE Go; (), 
where 
N xi"); 
G,.=>. 


i=l w,? 


(1.9) 


In the numerical calculations the following relations are 
useful as a check: 


1 


, N Xé 
> 7,=>). (1.10) 
i=l x 


nwt) 


(1.11) 
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Fic. 4. Coeflicient D. For explanation, see Fig. 1. 


The resulting coefficients can be normalized to give a 
total cross section of 2m by dividing them by 


2(1—6?) "(A+ BB" !+----+FB) 
(BB *+2CB *+3DB 4*+-4kp® 
 Inl (1+6)/(1—B) | 


+2(CB?+2DB 4+ 3EB *)+4kp (1.12) 


The errors’ on the coefficients are given by the square 
roots of the diagonal elements of the inverse of the 
matrix 3C, where 
j=; (1.13) 
The five coefficients as a function of energy are shown 
in Figs. 1-5. As expected, the errors increase as we go 
to the coefficients of high powers of x, especially in 
view of the fact that near the forward and backward 
directions, where these terms are relatively the most 
important, the experimental data are quite scarce, The 
best precision is achieved at 260 Mev, where over 
twenty individual pieces of data were utilized and at 
215 Mev, where the new, quite complete, and accurate 
set of data by Miller and Littauer® are available. 
The few data below 185 Mev do not allow a similar 
analysis near threshold. In fact, even slightly above 
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Fic. 5. Coefficient £. For explanation, see Vig. 1 


7 I am indebted to Dr. J. Orear for some communication on the 
calculations of errors 
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hic. 6. Total cross section for positive a photoproduction 
from hydrogen. The curve was obtained by integrating the 
experimental angular distribution using the coefficients given in 
Figs. 1 


185 Mev the coefficients as determined from experi- 
ments tend to have a large standard error. In this very- 
low-energy region the conventional quadratic analysis* 
is probably satisfactory for most purposes. 

The coefficients resulting from this analysis of data 
up to date should be taken with some caution. The 
“density of measurements” over the angular range is at 
the present quite uneven, and we have practically no 
data at small angles where present theories predict a 
behavior likely to affect appreciably the coefficients we 
obtained, It is hoped that experiments in the near 
future will be able to fill in this gap. 

The figures do not indicate the experimental errors in 
energy, which are not always given in the literature. 
Since most of the coefficients do not seem to vary too 
fast with energy, this error probably does not have a 
very serious effect on the results. Nevertheless, a 
precise statement of the error on the energy would be 
desirable in obtaining more reliable results and also to 
calculate @,(x,) more precisely. The error in angles is 
usually small, but it should be remembered that such 
an error is amplified through the high powers of x. 

Because of the definition of our coefficients we expect 
B,C, D, and E to vanish at threshold, while A should 
tend to 4, thus giving unity for the cross section when 
integrated between x=—1 and x= +1. These pre- 
dictions are clearly borne out by the trend of the 
coefficients in the figures. The expected dependence of 
the coefficients on § near threshold is evident from 
reference 1, Eqs. (8)-(12). While this cannot be verified 
from the figures because of the lack of data at threshold, 
reasonable extrapolations of the coefficients to threshold 
are in good agreement with such a behavior. 

All coefficients (including even to a small extent A 
which is made up largely by the S-wave contribution) 
reach some extremum around 340 Mev, where the 
P}, } resonance lies. 

The meaning of A is the differential cross section 
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at 90°, if the total cross section is unity. The near 
constancy of A over the whole energy range from 185 
Mev to 470 Mev can be written therefore as 


do 
) [oroasmconst (49)! 
ti dQ 90° 


over the above-mentioned range. 

As we have remarked, the absolute cross sections tend 
to be less reliable than the relative angular distributions. 
Nevertheless the total cross section as integrated from 
the angular distributions is given in Fig. 6. This total 
cross section is given by Eq. (1.12) multiplied by 27. 


(1.14) 


II. THEORETICAL PREDICTIONS 


The results of Sec. I will now be compared with 
theoretical predictions. This comparison serves more as 
a general illustration of the amount of discrepancy 
between experiments and theory than a verification of 
any particular theory. This is so both because the data 
are incomplete as far as the energy range is concerned, 
and because the theories all involve numerous approxi- 
mations some of which are not too well understood. 

Figures 1-5 show the predictions of the Born approxi- 
mation, and of the theories of Chew,® Low,* and Chew 
et al. There are several noteworthy features of these 
predictions. Firstly, we see that the Born approximation 
disagrees strongly both with experiments and with the 
other theories. This of course is well known, and is 
mentioned mainly to illustrate the sensitivity of this 
type of analysis. Secondly, we see that the other three 
theories agree quite well among themselves from thresh- 
old up to about 320 Mev. In this region the agreement 
between these theories is better than the experimental 
errors, and it seems that experiments will have to be 
refined before they can serve as a verification of one 
theory against another. On the other hand, above 
320 Mev (that is, above the resonance energy) the 
predictions sharply diverge, and in this region already 
the present experiments can differentiate between pre- 
dictions in a quite unambiguous way. Unfortunately, 
the validity of the nonrelativistic approach at these 
energies is an open theoretical question, even if one 
form or another gives good agreement with the data. 

Below the resonance energy the common prediction 
of the nonrelativistic theories gives only fair agreement 
with experiments. To be sure, some of the experimental 
points show large errors or unexpected deviations. 
Nevertheless the systematic deviation for instance in 


5G. F. Chew, Phys. Rev. 95, 1669 (1954) 

%G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956). 
See also M. J. Moravesik, Phys. Rev. 105, 267 (1956). 

” Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1345 
(1957). I am grateful to Professor Chew for giving me a pre 
liminary copy of his theory derived from dispersion relations. 
The numerical evaluation of this theory is tentative, because 
some more work is being done on a better approximation to some 
terms obtained from electric dipole and electric quadrupole con 
tributions. 
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the case of coefficient D is at least curious. Clearly, 
nothing definite can be said while the experimental 
errors are as large as they are at present. Complete sets 
of measurements of the angular distribution at low 
energies and with small errors (such as the recent data 
by Miller and Littauer® at 215 Mev) will be needed to 
draw more concrete conclusions. 

Above resonance, Low’s theory’ and the new dis- 
persional approach” seem to give very good predictions. 
In fact, it is somewhat surprising that the agreement 
should be as good even at as high energies as 470 Mev. 
When more accurate numerical evaluation of the dis- 
persional approach is available, experiments at even 
higher energies (possibly complicated by double pro- 
duction) might be interesting to carry out. 

There are some features of the angular distribution 
where small differences in the coefficients have a large 
effect. One of these is the forward differential cross 
section, which is given by 


(1—8)*(do/dQ)y=A+B+C+D+E. (2.1) 


This quantity is a sensitive one for two reasons. Firstly, 
small uncertainties in 6 cause a relatively large uncer- 
tainty in the cross section. Secondly, the sum of the 
five coefficients is much smaller than the individual 
coefficients, and therefore small changes in the coeffi- 
cients can alter the sum considerably. The backward 
differential cross section, given by 


(1+ )?(da/dQ) go°= A—B+C—D+E, (2.2) 


is for the same two reasons relatively iisensitive to 
small uncertainties in the parameters. 

The forward and backward cross sections are of in- 
terest also from another point of view. From reference 1, 
Eqs. (8)-(12), we have the following relations: 


A+B+C+D+E= (1—8)?|a—kq*w|?, (2.3) 


while 


A—B+C—D+E=(1+8)?|a+k’q*w|?. (2.4) 


Thus the ratio of the backward to forward production, 
given by 
(da/dQ) is | (1+8)? A~B+C—D+E 


(da/d9)y (1-8)? A+B+C+D+E" 


is particularly sensitive to w, especially since its coeffi- 
cient, g*k? is as large as 3.2 already at 260 Mev. In turn, 
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w is the coefficient of @-eq:k. This quantity is part of 
the electric quadrupole term, and therefore a measure- 
ment of the ratio given by Eq. (2.4) might give more 
precise information on the degree of enhancement of the 
P}, 3, #2 state, which is otherwise not too easily 
measurable. 

Finally, we might remark on the effect of including 
the meson-current term into our analysis, that is, on 
the difference between the conventional quadratic 
analysis and the present method. Dropping the meson 
current term gives predictions which, if expressed in 
terms of our five coefficients, are qualitatively similar 
to the curves in our figures. This is of course evident 
because the resonance, which is the dominant feature of 
pion processes in this energy range, appears in the 
nucleon-current term. Quantitatively speaking, how- 
ever, the predictions are considerably different, so that 
a comparison with experimental data would be mis 
leading. The total cross section, as obtained from 
Eq. (1.12), also changes by an amount up to 25% if 
we omit the meson-current graph, and even the reso- 
nance energy is shifted by approximately 20 Mev. 

A complete omission of the meson-current term is 
therefore not advisable. It has been suggested,? how- 
ever, that the meson-current term could be included 
partially by expanding it into powers of 6 and taking 
those terms which do not give powers of cos@ higher 
than 2. In this case the usual quadratic analysis of 
experimental data could be maintained. Such an expan- 
sion is likely to be satisfactory at low energies where B 
is small.'! At higher energies, however, the powers of B 
decrease slowly, and hence our method promises to be 
more reliable with hardly any additional work. In 
addition, the quadratic analysis (even if it includes 
meson-current contributions up to order of 8?) is unable 
to yield the “dip” or “plateau” at small angles in the 
angular distribution. This feature is well observable 
already at quite low energies (such as at 215 Mev, as 
Miller and Littauer® have shown) and is an interesting 
region on account of its implication concerning the 
electric quadrupole contribution. This was discussed in 
sec. I. 

The help in the numerical computations of Miss 
Regina Buckley and of the Brookhaven Computing 
Center is acknowledged, 

|The investigation of the effect of such an inclusion of the 


meson-current term is restricted in reference 2 to the case when 
the oe term has the same coefficient as the meson-current term 
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Electron Pair-Production Cross Sections at 2.5 Bev* 
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(Received April 4, 1957) 


A lead-glass photon spectrometer has been used to measure the total attenuation cross section of Pb and 
Al for photons of energy 2.54-0.5 Bev produced in the Berkeley Bevatron. The electron pair-production 
cross sections have been inferred from the measured total cross sections. Preliminary data indicate that the 
electron pair-production cross section is 34.64-6.6 barns in Pb and 1.2240.17 barns in Al. 


I, INTRODUCTION 


HE dominant interaction of photons with matter 

is the production of electron pairs. This effect 
has been studied experimentally at energies up to 
approximately 500 Mev,' and good agreement has been 
obtained with the total cross-section calculations by 
Davies, Bethe, and Maximon.? An empirical correction 
has been found! to the older Born-approximation total 
cross section calculations of Bethe and Heitler which 
adequately accounts for the failure of the Born approxi- 
mation in heavy elements. The correction is given by 


,(k,Z) p Bethe Heitler (k,Z) (1 1.510 $7?) (1) 


The theoretical values for ,(k,Z) used below are 
obtained from Eq. (1). 

This paper describes preliminary results of a further 
test of the theory at 2.5+0.5 Bev. We measured the 
total photon-absorption cross sections for aluminum 
and lead by utilizing high-energy photons produced in 
the Bevatron. We then inferred the sum of the electron- 
pair and the electron-triplet cross sections from the 
measured absorption cross section for each element, 
and separated the two electron effects by using a 
theoretical ratio of their cross sections. 


Il, APPARATUS AND PROCEDURE 


When the 6.2-Bey protons of the Bevatron circulating 
beam collide with an internal beryllium target, neutral 
pions are produced, and those pions which decay in 
nearly the forward direction yield a usable flux of 
photons in the energy range of a few Bev. These 
photons were collimated to form a narrow beam at 6° 
to the direction of the incident protons, as shown in 
Fig. 1, and the observed spectrum above 2 Bev in the 
collimated beam was approximately proportional to 
k 540.8 where k is the incident photon energy. Charged 
particles were cleared from the beam by the sweeping 
magnet, leaving a mixture of photons and neutrons 
incident upon the absorber. The absorbers were pure 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission 

t Now at The Ramo-Wooldridge Corporation, 8820 Bellanca 
Ave., Los Angeles, California 

! DeWire, Ashkin, and Beach, Phys. Rev. 83, 505 (1951); 
D. H. Cooper, thesis, California Institute of Technology, 1954 
(unpublished) 


? Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954). 


(2S) aluminum or commercial-grade lead of approxi- 
mately one radiation-length thickness. The total 
photon flux contained in the beam was detected by a 
high-efficiency spectrometer, shown in Fig. 2, which 
consisted of a charged-particle anticoincidence counter 
(A), followed by a lead converter for photons and a 
coincidence counter (B), situated immediately in front 
of the lead-glass Cerenkov counter (C).* If an event 
was simultaneously detected in counters B and C in 
the absence of a pulse from counter A, the ten-channel 
pulse-height analyzer was gated-on to record the size of 
the Cerenkov counter pulse. The efficiency of the 
spectrometer for 2.5-Bev photons was about 60% and 
its resolution was k/2 full width at half-maximum. 
The energy calibration and the resolution of the 
Cerenkov counter were checked nightly by observing 
cosmic-ray muons during the period between successive 
days’ runs. A detailed description of the detector is 
contained in reference 3. 

The spectrometer is sensitive to neutrons as well as 
to photons. ‘These two components of the incident 
neutral flux were separated by introducing a 1-inch 
lead shutter S, shown in Fig. 1, into the beam in order 
to attenuate the 2.5-Bev photons by a factor of 42 
without appreciably altering the incident neutron flux. 
Appropriate counting differences then yielded the 
photon flux incident upon the spectrometer. The 
observed ratio of counting rates due to neutrons and 
photons was approximately unity for the beam incident 
upon the absorber. 


BE VATRON 
PROTON 
BEAM 


oe 





= Bon LIMATOR 


ABSORBER Sa SHIELDING 


™~ 


Ncncabtesnanbensnebenennnne neem 


SWEEPING 
rey MAGNET 


Q COLLIMATOR 
CERENKOV PHOTON SPECTROMETER 
Fic. 1. Sketch (not to scale) of the experimental layout for the 


measurement of electron-pair production cross sections 


‘ Brabant, Moyer, and Wallace, Rev. Sci. Instr. (to be pub 
lished), 
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ELECTRON PAIR 

Conventional absorption technique was employed to 
find the total photon absorption cross section, da»s(k,Z), 
of a given absorber. The ratio of incident to transmitted 
photon intensity, /o//, was determined for an absorber 
of thickness ¢. The value of @»5(4,Z) is then given by 


1 Io 
Pabs(k,Z) . In . 

M 
where N is the number of atoms per cm* in the absorber. 
The transmitted and incident intensities are propor- 
tional to the corrected photon counting rates with and 
without the absorber in place, respectively, and are 
normalized to a monitor scintillation counter whose 
response was proportional to the number of protons 
that struck the internal Bevatron target. 


III. RESULTS AND DISCUSSION 


The total photon absorption cross section, Pans(k,Z), 
for element Z and photon energy k can be written 


davs(k,Z) =hp(k,Z)+-Zbi(k) +2gi(k,Z), 


where ,(k,Z) 
section, $:(k) 
section per electron, and 2@,(k,Z) 
for all other photoprocesses. In both aluminum and lead 
at these energies we have 


Yoi(k,Z), Pas (k,Z) < 10 - 


total electron pair-production cross 
total electron triplet-production cross 
total cross section 


so that the measured value for @a,,(&,Z) is essentially 
the sum of pair and triplet cross sections. Then 


gi(k,Z) 


Pp experimental (k,Z) -éun(hZ) /|1 + 9 
$,(k,Z) 


where $,(k,Z) is calculated from the work of Bethe 
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Fic. 2. Schematic arrangement of the spectrometer showing the 
glass, phototubes, and magnetic shield, as well as the anti 
coincidence and coincidence counters, and the lead converter 
These two scintillation counters insure that the electron showers, 
which are pulse-height-analyzed, start in the }-in. lead converter 
and are thus centered in the glass and start at its front surface. 
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Fic, 3. Electron pair-production cross sections. The solid curves 
show the Bethe-Heitler theoretical values for lead and aluminum 
as a function of photon energy, corrected for Born-approximation 
failure in heavy elements. The experimental points are shown, 
The dashed line represents the case for no screening 


and Heitler (corrected for the Born-approximation 
failure in heavy elements) and @,(k,Z) is calculated 
from the work of Wheeler and Lamb‘ and Borsellino.° 

Table I contains the observed total-absorption cross 
sections and the derived total pair-production cross 
sections, with corrected Born-approximation theoretical 
cross sections included for comparison. Figures 3 and 4 
show the experimental results compared with the work 
of other authors and with the corrected calculations by 
Bethe and Heitler. 

The screening of both the nuclear and the electron 
Coulomb fields by the atomic electrons becomes more 
effective at higher energies,® and places an asymptotic 
high-energy limit on both the pair and triplet cross 
sections. At 2.5 Bev, and at 4.0 Bev, for example, the 
Born-approximation that the 
nuclear pair-production cross section for lead is 96.6% 


calculations indicate 
and 97.4% of the asymptotic cross section, respectively, 
This effect is seen in Figs. 3 and 4 

The failure of the Born-approximation for heavy 
elements leads to the disagreement of experiment with 
2.5+0.5 Bev (barns) 


TABLE I. Photon total cross sections at / 


Theoretical (corrected for 
experimental Korn approximation) 
Pb Al Pb Al 


35.0+6.7 1.31+40.18 
$4.64+6.6 1.224+0.17 39.4 


4) 
Pata 


Ppair 


1.30 


‘J. A. Wheeler and W. R. Lamb, Phys. Rev. 55, 858 (1939) 

* A. Borsellino, Nuovo cimento 4, 112 (1947) 

®W. Heitler, The Quantum Theory of Radiation (Oxford Uni 
versity Press, New York, 1954), p. 259. 
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hic, 4, Experimental values for the photon total-absorption 
cross section as a function of energy and of Z. The solid lines are 
calculated values, with the pair-production contribution given 
by the Bethe-Heitler theory corrected for Born-approximation 
failure in heavy elements 


the older theoretical results of Bethe and Heitler. 
The theoretical curves in Figs. 3 and 4, and the values 
in ‘Table I have been corrected to account for this 
failure of the Born approximation. Within the assigned 
errors, the results of this experiment are consistent both 
with the corrected theory and with experimental! 
results extrapolated from lower energies. These errors 
are statistical uncertainties combined with our best 
estimates of anticoincidence counter inefficiency, dead 
time, and other systematic or instrumental errors. 
‘The energy spectrum of the photon beam was broad, 
and extended above the mean energy of 2.5 Bev at 


WALLACE 


which the absorption cross sections were determined. 
The measured values were subject to negligibly small 
positive corrections (less than 1%) to account for those 
photons which were incident upon the absorber with 
energy greater than approximately 2.5 Bev, and which 
underwent shower processes in the absorber in a manner 
that gave rise to photons of energy of approximately 
2.5 Bev in the forward direction and were therefore 
indistinguishable from photons simply transmitted by 
the absorber. Whenever such photons are accompanied 
by an associated shower electron that enters the counter 
geometry, the anticoincidence counter rejects the 
event, which is an unlikely one even in the absence of 
the anticoincidence counter. 

The systematic errors in the aluminum measurements 
were considerably greater than for lead. The aluminum 
results have been included only as an approximate 
verification of the Z* dependence of the electron-pair 
cross section in the energy interval studied. 

It is expected that additional work will be done 
within the year at 2.5 Bev in order to reduce the over- 
all uncertainties both for aluminum and for lead, and 
at 4.0 Bev in an effort to more accurately correlate the 
theory with experiment at higher energies. Preliminary 
results are presented at this time because prior commit- 
ments prevent the immediate resumption of the 
experiment, 
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Theory of High-Energy Deuteron Scattering* 


HENRY P. Stapp 
Radiation Laboratory, University of California, Berkeley, California 
(Received March 18, 1957) 


The scattering of high-energy deuterons from spin-zero targets is treated in the framework of the impulse 
approximation, using the polarization formalism of Wolfenstein and Ashkin, which is here extended to the 
case of spin-1 particles. The contributions of the deuteron D-state are included and are found to be im 
portant in large-angle scattering. The contributions to the deuteron scattering due to the simultaneous 
scattering of both particles of the deuteron are also included. These contributions are treated by a multi 
time formalism similar to that used in the Bethe-Salpeter and Lévy-Klein approach to the relativistic two 
body wave equation, but here a slightly different assumption regarding the relative time dependence is 
made. It is found that these contributions are important at both large and small scattering angles, and 
account for the large disparity between the experimental and theoretical values of the differential cross sec 


tion obtained in previous calculations 


INTRODUCTION 


N recent experiments the differential cross sections 

and the polarization effects in the scattering of 
deuterons by carbon and various other nuclei have been 
measured,' An attempt to interpret the experimental 
results on the basis of an impulse approximation has 
been made by Baldwin.'? For a typical case of 157- 
Mev deuterons on carbon, the differential cross section 
he obtains is larger than the measured value by a factor 
of about 2.5 for small scattering angles, and at large 
angles it becomes smaller than the measured value by 
a factor of about 7. The predicted polarization reaches 
a maximum of about 5%, whereas the experimental 
value rises to about 50%. It has been suggested! that 
the discrepancy at large angles may be due, in part, to 
the effects of the deuteron D-state contributions, which 
were not considered in Baldwin’s treatment. The D- 
state contributions are, of course, suppressed by a 
factor of the D-state amplitude, which is ~20%, but 
at large angles they might be expected to become im- 
portant for the following reason. A dominating factor 
in the large-angle differential cross section predicted on 
the basis of the impulse approximation is the sticking 
factor.’ At large angles this factor, which is essentially 
the Fourier transform of the square of the deuteron 
wave function, becomes quite small when only the 
S-state part of the deuteron wave function is included. 
Since the D-state wave function is sharply peaked, 
compared with the S-state wave function, the D-state 
parts of the sticking factor might be expected to have 
larger high-momentum components than the pure S- 
state contribution. As high-momentum components 
correspond to large scattering angles, it is possible that 
at large angles the D-state parts of the sticking factor 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission. 

' Baldwin, Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, 
Phys. Rev. 103, 1502 (1956). 

2 John A. Baldwin, Jr., thesis, University of California Radia 
tion Laboratory Report UCRL-3412, May, 1956 (unpublished) ; 
see also W. Lakin, reference 8. 

4 Goeffrey F. Chew, Phys. Rev. 80, 196 (1950); 74, 809 (1948) 


may become large enough to compensate for the small 
D-state amplitude. 

In order to investigate this possibility, the impulse 
approximation for the scattering of deuterons by carbon 
has been extended to include the D-state contributions. 
The calculations, which are carried out in Sec. II, 
show that the D-state contributions at large angles are 
almost equal in importance to the S-state contributions 
but that they are not sufficiently large to produce by 
themselves the large changes required to obtain agree 
ment with the experimental results. 

A second process that would evidently contribute sig 
nificantly at large angles is the simultaneous scattering 
of both particles of the deuteron. In Baldwin’s treat 
ment, which includes only the effects of processes in 
which a single particle of the deuteron is scattered, the 
sharp decrease in the large-angle differential cross se« 
tion caused by the sticking factor reflects the large 
probability that the deuteron will become disassociated 
if one particle of the deuteron receives a large impulse. 
However, if both particles receive large impulses of 
approximately equal magnitudes this tendency to break 
apart should be reduced, and at sufficiently large angles 
this type of contribution might be expected to pre 
dominate over those in which only a single particle is 
scattered. The theory for the simultaneous scattering 
is developed in Sec. III, and it is shown that for large 
scattering angles the effects of the simultaneous scatter- 
ing indeed becomes the dominant contribution. 

The effects of the simultaneous scattering are im 
portant also in the small-angle region. In Baldwin’s 
treatment the particle that is not scattered remains, in 
effect, undisturbed in some plane-wave state. The fact 
that Baldwin’s result is too large in the small-angle 
region can be explained, qualitatively, by noting that 
the amplitude for the “unscattered” particle should 
evidently be reduced to account for the fact that some 
of these particles will be scattered and hence removed 
from the unscattered beam. Simple estimates show that 
Baldwin’s results should be reduced to approximately 


the experimental values when this effect is considered. 
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The quantitative treatment of this effect is obtained 
by considering the interference between the processes 
in which a single particle and those in which both par- 
ticles are scattered. The evaluation of the interference 
term requires a knowledge of phase of the scattering 
amplitude for the nucleon-carbon scattering. In the 
forward direction this may be determined by the use 
of the optical theorem, The differential cross section 
obtained if one assumes this phase to persist at all 
angles is in good agreement with the experimental 
results for angles less than 14°, At larger angles the 
predicted values become considerably too small, owing 
to the large destructive interference. If, as a more 
realistic approximation, the phase angle predicted by 
the Fernbach-Serber-Taylor model of nucleon-nucleon 
scattering is used, the interference becomes constructive 
at large angles, and the theoretical and experimental 
differential cross sections at all angles are brought into 
reasonable agreement; for angles less than 14° the 
experimental and theoretical cross sections are in vir- 
tually perfect agreement, whereas at large angles the 
predicted value is about 50% larger than the experi- 
mental value. The model of Fernbach, Serber, and 
‘Taylor is not a completely reliable basis for detailed 
considerations at large angles because, for one thing, 
polarization effects are included. The results 
demonstrate, however, the importance of the simul- 
taneous scattering processes in the scattering of deu- 
both large and at small angles. Results 
obtained by using more realistic models of the nucleon- 


not 


terons al 
nucleus interaction will be discussed in a subsequent 
paper.' 


I, POLARIZATION FORMALISM 


In this section the general formalism for the descrip- 
tion of the nonrelativistic scattering of spin-1 particles 
by spin-O targets is developed. ‘The treatment is along 
the same general lines as that used by Wolfenstein and 
Ashkin® in their treatment of spin-} particles, and is 
based upon the use of the density matrix and the 
M-matrix, 

The M matrix that describes the scattering of a 
spin-1 particle by a target of zero spin will be three by 
three, and may be written in the following form: 


M (0,h) = A (0,6) + By (0,0) Si 4+-C 4 (0,0) Si. (1) 


A summation convention is to be understood, and 1 
and j run over x, y, and z. The S, are the usual matrices, 


( os 
| i x 
1 1 
) 

Yl) i oO 


*W. Heckrotte and H. P. Stapp (to be published) 
‘LL. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 
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while 


Si 4(SiS;+5;S;) — 4 16:;. (3) 


These matrices, together with the unit matrix, form a 
complete set in the space of three-by-three matrices. 
The CC,;(6,6) are made unique by imposition of the 
condition that the matrix C(6,6) with elements C;;(6,) 
by symmetric and traceless. With the definitions 


P,(6,6) = Tr[ 4M (6,6)M (0,6): )/ 
Tr[ 4M (6,6)M (6,6) |, 


T;(0,6) = Trl 4M (0,6)M (0,0)S.;)/ 
Tr{ 4M (6,6)M (6,0) |, 


P/ (6 6’)= Trl 4M (0',6’)M' (0 6’) S;]/ 
Tr{ 4M’ (0',¢’)M’(0',4’) |, 
T i (0',’) - Tri 41’ (0' 6')M'(0'.6') Si; } / 
Trf 4M’ (0',6')M'(6',0’) |, 
the differential cross section after the second scattering 
of a double scattering experiment is given by® 


1 (0',b’) = 310 (0,6 )[4+4P. (0,6) Pi’ (0'6’) 


+ T;(0,) 7; (9 0’) |, (8) 


where 
(9) 


The primed quantities refer to the second scattering. 
The quantities that appear on the right in Eq. (8) 
may be expressed in terms of the parameters A (6,0), 
B,(0,6), and C,;(6,6) which determine the M matrix. 
It is convenient, however, to first reduce these pa- 
rameters to the forms that are imposed upon them by 
the requirements of invariance under spatial rotations 
and time reversal. Arguments similar to those used by 
Wolfenstein and Ashkin® show that one may write 


B, (0,6) =b(0) Ni, 


10 (6 ')=4 TrM’ (0' 6’) M’(0',¢’). 


A(0,¢) =a(6), (10) 
while C,;(0,¢) must be a linear combination of the terms 
Cy (0)(NiNj— }5;;), (11) 
C p(0) (D.D;— 464), (12) 


Cx (0) (E:E;— }5,;). (13) 


(14) 
(15) 
(16) 


N = kin Kout/ | Kin Kout!, 
D = kKoutt+ kin /| kous + kin | ’ 
E = kout— kin | kour— ki, | ’ 


where the vectors Ak;, and hkk,,, are the incident and 
final momenta. Using the relation (N,N,;+ D,D;+ E,E;) 
5;,, one may write the matrix C;; as 


C= c(0)(NiNj— 45,3) +d (0)(D,Dj—E,E;), (17) 


* Henry P. Stapp, University of California Radiation Labora- 
tory Report UCRL-3657, January, 1957 (unpublished). 
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and the M matrix is reduced to the form 


M (6,o) = a(0)+5(0)N,S; 


+[c(6)(N.Nj—48,,)+d(6)(D,Dj;— E,E,) Sj. (18) 


The scalar coefficients a(@), b(@), c(@), and d(@) give a 
complete description of the scattering, and the cross 
section and polarizations may be expressed in terms of 
them. Carrying out the required matrix multiplications, 
one obtains 


I= aa*+-3bb*+ (2 9)cc*+ 4dd*, 
ToP = oP: #{2 Re[_b(a+-4c)*}} Ni, 
ToT j= 4 (at 4ojc*+ (a+ 4c) *c—cc*+dd*+ bb* | 
x (NiNj—6i;) +[ (a+ 4o)d*+ (a+ 40)*d |(D\D;— E;E;) 
+2 Im(db*)(D,E;+E,D;)}, (21) 


(19) 


(20) 


1,7 ,;=same except for sign of last term. (22) 


These equations, when substituted into Eq. (8), will 
give the differential cross section after the second 
scattering; this is the quantity measured in the po- 
larization experiments. The result of this substitution 
may be reduced to the form’ 


l' (0 6’) =10' (0) 


P1441 +3 (un! (23) 


vv’) cosd’+}ww’ cos2¢’ |, 
where ¢’ is the azimuthal angle for the second scattering 
in the right-handed coordinate system in which the 
intermediate beam moves in the z direction and the 
normal to the first scattering is along the y axis. The 
parameters /, u, v, and w are functions of the scattering 
angle @, and are given in terms of the scattering pa- 
rameters by the equations 


Iy=aa*+ 2 bb* + (2/9)cc*¥4+ 3 dd*, (24) 


Iot=2 cosd Re[.d(a+ 4c+ ib tand)* | 


—3 Ref « (a+ 4c)* |—4dd*— 4bb*+-4cc*, (25) 


Tou=2 Rel b(a + he \” |, 


1 (v= 2 cos Rel d(—ib+a tand+ }c tand)* |, (27) 


I w= —2 cosd Re[d(a+ 4c+ ib tand)* | 


—2 Re[.c(a+4c)* ]|—dd*— bb*+-cc*. 


The primed parameters are given by the same equa- 
tions, but with J» and the quantities on the right re- 
placed by the corresponding quantities for the second 
scattering. 

An expression for /'(6’,6’) having the same general 
form as Eq. (23) has also been deduced by Lakin.* In 
Lakin’s expression the parameters /, u, 0, and w are 
expressed as expectation values of certain spin-space 


7 For a more detailed derivation see Henry P. Stapp, thesis, 
University of California Radiation Laboratory Report UCRL 
3098, August, 1955 (unpublished) 

* W. Lakin, Phys. Rev. 98, 139 (1955). A comparison with Eq 
(23) disclosed, however, an incorrect sign in one term of Lakin’s 
result. 
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operators in the intermediate beam, and the /’, w’, v’, 
and w’ are defined in a similar way. The expressions for 
these parameters given in Eqs. (24) through (28) are 
more complicated than Lakin’s, but they are expressed 
directly in terms of the scattering matrix amplitudes. 
The latter are the quantities obtained directly from 
particular models for the interaction. In the following 
sections and the subsequent paper‘ these expressions 
are used to obtain the cross section and the asymmetry 
parameters predicted on the basis of the impulse 
approximation. 


II. IMPULSE APPROXIMATION WITH DEUTERON 
D-STATE INCLUDED 


The transition matrices 7°; and 7, for the individual 
scatterings of the two particles of the deuteron by the 
target nucleus, which is assumed to have zero spin, are 
defined by 


— 2m; 1 
(k| 7,|k’) (k|7;{k’), (i 


4orh® ni 


M (6,0) 1,2) (29) 


where the m, are the masses of the two particles and the 
M (0,6) are the corresponding M matrices. The quan 
tity (k|7,|k’) is the matrix element of 7, between the 
single-particle initial and final momentum eigenstates. 
In the first Born approximation the 7’, may be identified 
with that part of the Hamiltonian which represents the 
interaction between the nucleus and the in 
dividual particle of the deuteron. The transition matrix 
T for the scattering of the entire deuteron is defined, 


target 


analogously, by 


2m 


- (K|7'| K’) 


1 
(K|7| K’), 


n 


M (0) (30) 


doh 


where m and M (6,@) are, respectively, the mass and the 
M matrix for the deuteron, and (K| 7'| K’) is the matrix 
element of T between the initial and final deuteron mo 
mentum eigenstates. The matrix element of (K| 7! K’) 
(which is a matrix in spin space) between the deuteron 
states a and a’ will be written (Ka! T|K’a’). In the 
Born approximation, 7 becomes the sum of the two 
interaction Hamiltonians, 
T=T7,4+T:. (31) 

The impulse approximation is obtained if Eq. (31) is 
considered to be valid, not only in the Born approxima 
tion, but in general. 

The momentum-space matrix elements of 7; must, 
according to invariance arguments, take the form!’ 


(ky| 7s] ki’) =n fi(Ok) +kiX ky’ -oig,(Ak,) J, 


(4=1,2) (32) 

*See reference 5. The f; and g; may, in general, depend upon 
ky ky, ky’ ky’, and ky- ky’, However, it will be assumed here that, 
as in the Born approximation, the fj and g,; are only functions of 
the magnitude of the momentum transfer. Also the target is 
temporarily assumed to be infinitely heavy 
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where Ak,= | k,—k,’|, f:(Ak;) and g,(Ak,) are scalars, 
and the @; are the Pauli spin-matrix vectors for the two 
particles. The normalization factor n, is included in 
order that f;(AK) be the usual scattering amplitude. 
Introducing the relative momentum k=4(k,—k,) and 
the total momentum N= (k,+k,) and using Eqs. (31) 
and (32), one may write the matrix element of T in the 
relative-total momentum representation as 


(kK) 7) k’K’) = (kK) /| k’K’) 
+n{4KXK’-S+2kxk’-S 
+4(KX k'+k K’)- (0, —0»)} (KK! ¢| kK’), 


*4(a,+@,), and where, in operator notation,” 


(33) 


where § 


ny 
f\(AK)(k\exp(4iAK-x)|k’) 


n 


(kK! /| k’K’) 


N» 
fo(AK)(k/ exp( 
n 


JiAK-x)\k’). (34) 


Here x is the relative coordinate x;— x», AK=K—K’, 
and AK=|AK|. The operator g is defined in the ex- 
actly analogous way. If the deuteron state is labeled 
by the symbol a and exp(4iAK-x) is abbreviated by e, 
the matrix element of 7 may be expressed as 
(aK! T\ a’ K’) = (a! k) (KK! 7! k’K’) (k's a’) 
ni fi(AK) (ale a’)4 nofo(AK)(a\e 1/ a’) 
+nig,(AK)[ 4 KX K’- (a\eS|a’) 
+ 2(a) 9X (Ve): S\a’)— fila! ela, a) KX a’) 
~hila| 9 XK’: (@;—a2)e| a’) |+-nog2(AK) 
x | \Kx K’: (ale 'S|a’)4 2(a vVx(ev')-S a) 
hila e'(ay a.) KX a’) 
bila! VX K’: (eo, 


-o,)e'\a’)}. (35) 


Since the deuteron wave functions are all states of 

positive parity, a transformation x ~ —.x may be per- 

formed in the /,(AK) and g.(4K) terms to eliminate 
' ‘Then one obtains 


1 
(aK| 7 a’ K’) 


n 


{(AK)(a\e\a’) 
+e(AK)[(4 KX K’ - (a! eS} a’) 
+-2(a! YX (Ve) ‘§ a’)], (36) 
where 
No 
fo(AK), 
n 


ny 
fi(AK)+ 


n 


{(AK) 


and similarly for g(AK). The terms proportional to 
(@;—o,), which appear in Eq. (35), are zero in virtue 
of their spin-space dependence, and have been dropped 
from Eq. (36). 

” In these expressions x is actually an operator. The quantity 


(k\exp(4iAK-x)|k’) is, according to pe normalization conven 
tions which we use, (29)%(k—k’— 44K 


rs 
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The calculation of the matrix elements appearing 
on the right in Eq. (36) may be carried out in coordinate 
space. In this representation the deuteron wave func- 
tion is" 


(x | as) = (r*)[ u(r) +-w(1)S12(8)~* |V 101'(8,0) 
= (4a?) (1) +-w(1)S12(8)-4)X* 
=[s(r)+d(r)S12(8)-4]X*, 


where X‘ are the three triplet-state spin functions, 5,2 
is the tensor operator, 


(37) 


Su=3(r *) (1-4) (G2°F)—@;' 2, (38) 


and s(r) and d(r) are the radial S- and D-wave func- 
tions. These satisfy the normalization conditions 
_f 


farsin=f dr u*(r) 
0 


= (S-state probability) 96%, 


faa f dr w*(r) 
0 


= (D-state probability) =4%. (40) 


When Eq. (37) is substituted into Eq. (36) and the 
angular integrations and matrix multiplications are 


carried out, the M matrix reduces to the form 
M = aot boSiN i+ coS EE), (41) 


where the unit vectors E and N are defined above Eq. 
(17), S is defined above Eq. (34), and do, bo, and co 
are given by 


S(AK)C( jo(4rOK)) e+ ( jo(4rOR)) aa | 
+49(AK)[—6iAK(j,(4rAK)/r) aa], 


dg 


(42) 


1 
be(AK)K? sind (ol K) oct : (jo(47AK)) as 
r 


—4( jo(47AK)) aa— 44 jol brak))aa] (43) 


—6 
V3 (je (3 sr\K)) wet Ha(ArAK))ag 


j2(4r AK) 0 
= 


1 ji(jrOK) 
~72i€ ju(drAK) ) +9iak¢ ) | (44) 
r dd r dd 


The j,(4r4K) are the usual spherical Bessel functions” 


/aK)| 


+49(AK | soivag 


4 The netetion of Blatt and Weisskopf is followed here. J. Blatt 
and V. Weisskopf, Theoretical Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1952), p. 100. 

"LL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 


pany, Inc., New York, 1949), p. 77. 
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and, for any A, 


(45) 


(A)as far d(r)As(r). 


The (A),, and (A )4q are defined analogously. When the 
D-state contributions are neglected, only the terms 
proportional to (jo(4r4K)),, remain. This factor is the 
square root of the usual sticking factor. 

The expression for the M matrix given in Eq. (41) 
may be put in the form given in Eq. (17) by using the 
identity 


NWN; AD Dj+ EEj=6y. 


The coefficients a, b, c, and d appearing in Sec. I are 
then expressed in terms of the coefficients defined in 
Eqs. (42) through (44) by the relations 


b= bo, < d = — ho. (46) 


= 1 
a= do, — C0, 


These relations, when used in Eqs. (23) through (28), 
give the differential cross section and polarization effects 
in terms of the S and D radial deuteron wave functions 
and {(4K) and g(AK), the two parameters which de- 
scribe the scattering of the individual particles of the 
deuteron. 

In order to obtain estimates for the various expecta- 
tion values appearing in Eqs. (42) through (44), some 
assumption regarding the forms of the radial wave 
functions must be made. The problem of determining 
S- and D-state wave functions that are consistent with 
the known proporties of the deuteron—in particular its 
binding energy, quadrupole moment, and _ effective 
range—has been studied by Sugawara." He uses the 
forms 


u(r) =N(e-*"—e-*"), (47) 


w(r) = N'(1—e-7")*e~@ 


3(1—6e°-7") 3(1—6-7")* 
x| 1+ +— |. as) 
ar (ar)? 


If the percentage D state is taken as 4% and the deu- 
teron effective range is approximated by the triplet 
n-p effective range, then Sugawara finds for the pa- 
rameters in Eqs. (47) and (48) the values 


a=(0),.23171K10" cm, B=5.75la, y=2.922a. (49) 


Using these values, one obtains for the various expecta- 
tion values appearing in Eqs. (41) through (44) the 
values given in Fig. 1. A second apparently reasonable 
form for the deuteron wave function was also investi- 
gated, and it gave similar results. 

If the values given in Fig. 1 are used, one finds that 
the contributions to the coefficients a) and bo in Eqs. 


% Masao Sugawara, Handbuch der Physik (Springer-Verlag, 
Berlin (to be published) ], Vol. 39. I wish to thank Dr. Sugawara 
for advanced information concerning his results. 
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Fic. 1. Curve (1) is (jo(4rAK))aXP.'; Curve (2) is 
(jo(4r AK) )aaX Pa; Curve (3) is (pir AK) aa Pa '; Curve 
(4) is (j2(4r AK) )aeX (PaP,) *; Curve (5) is (j2(4r AK) )aaX Pa; 
Curve (6) is (r-*j2(4rAK) )aaX Pa'; Curve (7) is ('fo(4rAK)d/ 
Or)asX (PaP,)*. The wave functions used are those of Sugawara 
that are given in Eqs. (47), (48), and (49) of the test. The ordinate 
for Curve (3) is in units of (10cm!) and the ordinate for Curves 
(6) and (7) is in units of (10% cm~')*, P, and Py are the deuteron 
S-state and D-state probabilities, respectively 


(42) and (43) are changed by less than 35% at angles 
less than 30° unless |4g(A4K)| (measured in units of 10°* 
cm’) is larger than f(AK). In the same angular range, 
co which was zero when D-state contributions were 
neglected-—becomes roughly a°[ —4+-4ig(AK)/ '(AK) |, 
a® being the original ao. Equations (46) and (24) then 
show that the D-state contributions may significantly 
affect the differential cross section, but the 
large extent required to fit the experimental values. For 
instance, if one assumes 4¢(AK)=i/(AK), then the 
effect of the D-state contributions at AK =1.810" 
cm™ (i.e., 031°) is to increase a by ~32%, to leave b 
virtually unchanged, and to change both ¢ and d 
from zero to approximately ha°{ —0.354+1.154 
X[4ig(AK) f (AK) |} =0.75a°. The cross section is then 
increased by about 75%. However, the increase in the 
differential cross section needed to fit the experimental 
values is about ten times as large as this representative 


not to 


increase due to the D-state contributions. 

Although the D-state effects are evidently not pri 
marily responsible for the large differential cross se 
tions at large angles, they must evidently be considered 
in any quantitative treatment of the large-angle scat 
tering for which the contributions corresponding to the 
S-state terms considered in this section are important. 
In particular, since the interference between the con 
tributions considered in this section and the contribu 
tions of processes in which both particles of the deuteron 
are scattered is very important at both large and small 
scattering angles, the D-state contributions must be 
considered in any quantitative treatment of large-angle 
scattering. Detailed numerical considerations are given 
in the forthcoming paper.‘ 
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III]. IMPULSE APPROXIMATION FOR THE 
SIMULTANEOUS SCATTERING OF BOTH 
PARTICLES OF THE DEUTERON 


The contributions to the scattering calculated in 
the preceding section are linear in 7, and T, and con- 
tain no term proportional to 7,72. Terms of the latter 
type would correspond to processes in which both 
particles of the deuteron were scattered. In order to 
treat processes of this nature, it is convenient to use a 
time-dependent formulation of scattering theory. When 
one uses this formulation, the transition matrix ele- 
ment SI is" 


ST (50) 


(Ka) 7 iT.| K'a') (ih), 
where the tilde above the operators distinguishes these 
time-dependent operators from the time-independent 
operators used in Sec. I]. The a designates the relative 
coordinate part of the deuteron state and K’ and K 
denote the initial and final energy-momentum corre- 
sponding to the center-of-mass coordinate. The opera- 
tors 7; and 7, depend upon the free-particle energy 
operators £, and £». If in the spirit of the impulse 
approximation these operators are replaced by £,° and 
i’, the appropriate free-particle energies, then T, and 
7. become the time-independent operators T; and 7». 
The matrix element then reduces to the form 


MM = (ih) ‘f ef "dr f 


s a 


zs 


dt(Ka(r,t)|1'T2| K’a'(1,0)) 


(ih) *2r6(Q ) f dt(Ka(0,t)| 7,72! K'a’ (0,0). 


(51) 


Before the integrand in the above equation for the 
general case is evaluated, the special case /=0 will be 
treated. When the relative time / is zero, | Ka(0,/)) and 
| K’a’(0,t)) are just the usual time-independent eigen- 
vectors.'® These will be denoted by | Ka) and | K‘a’) 
in accordance with the notation of earlier sections. The 


calculation of (Ka! 7,T,| K’a’) give 
(aK 7T\T2|a' K’) 


dK” 
J (a|expLi( K+ K’— 2K”) -}x }|a’) 


(29)! 

* 7\(K—K”")7,(K"”—K’), (52) 
where the expression (a|exp[i( K+ K’—2K”)-4x]|a’) 
is the Fourier component of the square of the deu- 
teron wave function. If only the S-state part of 
the deuteron wave function is considered, then 
(a|exp[i( K+ K’— 2K”) -4x]}/a’) is a function of 
|K+K’—2K”| with a maximum at K’=4(K’+K) 


“ The operators 7, and 7; operate in the full space-time co- 
ordinate space and the angular ostes symbol denotes a vector 
in the corresponding generalized Hilbert space. For a detailed 
discussion of the formalism that is used here see reference 6. 

1% F. J. Dyson, Phys. Rev. 91, 1543 (1954). 
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and with the sharpness of the peak varying inversely 
as the size of the deuteron. In the limit in which the 
impulse approximation becomes exact, the deuteron is 
very loosely bound and very large in extent. The wave 
function of the deuteron in momentum space is then 
sharply peaked. For this limit 7\(K—K”) and 
T.(K’’—K’) can be considered to be slowly varying 
functions of K”’, and may be evaluated at K” 
=4(K’+K) and taken out of the integral. This gives 


(aK| 7,1 2|aK’)~T\(44K)T2(44K) 


d*K” 
xf —(a|exp[i(K+K’—2K”) -}x]|a’) 
(2m)’ 


=T,(44K)T2(44K)|(0)\*, (53) 


where AK=|K—K’| and $(0) is the deuteron wave 
function at «=0, 

In order to extend this result to the case (40, some 
assumption regarding the relative time dependence of 
the deuteron wave function must be made. This 
question of the relative time dependence is a familiar 
one in the history of the attempts to use multitime 
wave functions in bound-state problems. Lévy and 
Klein'® assume that during the time interval between 
the two times ¢; and ¢, the particle whose time is later 
moves as a free particle. The slightly different assump- 
tion made here is that the second particle remains in 
the deuteron state. More precisely, it will be assumed 
that for a deuteron at rest the wave function is 
¢(x) exp[ (Et,+ El.) (2ih)'], where E is the deuteron 
total energy. Over the short period of the collision the 
difference between wave functions obtained by using 
the two different assumptions is small for high-energy 
deuterons. 

The generalization of this expression for the wave 
function to the case of a moving deuteron is obtained 
by making the Galilean transformation x,;—> x,— vi, 
X,—* X,.— v/, where v is the velocity of the deuteron. 
The relative coordinate part of the deuteron wave 
function is therefore 


$(Xx,l) =o(x— vi), (54) 


where ¢ is the relative time /;—f). The integral in Eq. 
(51) may now be obtained from Eq. (53) by replacing 
'o(0) |? by *(—vi)o(—v't), where v’ and v are the 
initial and final velocities of the deuteron. This gives 


(ih)-?296(Q—0’ 


xTi(QAK)TAGAK) f dt\@(vt)|?. (55) 


x 


aT 


This equation expresses the fact that for the simul- 
taneous-scattering process the effective transition ma- 
trix is the product of the individual transition matrices 
16M. Lévy, Phys. Rev. 88, 72, 972 (1952); and A. Klein, Phys. 
Rev. 90, 1101 (1953). 
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times (ih)~' times an average time for the collision. 
Another form of the equation is 


IM = (ih)~-*276(Q—0’) 7 (4AK)T2(4A4K) 


"dr 
x2 f ip(r) |? 
o v 


2 
)T,($4K)T2(44K) XK—(r'?), 


TV 


2275(Q (56) 


(ih) 


where (r *) is the expectation value of r~* for the deu- 
teron. This formula for the scattering matrix element 
is similar in form to, and consistent with, an expression 
for the forward-scattering amplitude derived by 
Glauber.'? It gives a contribution to the differential 
Cross section of 


| —2m /T\(4A4K)T2(44K) 
Aa (6) = | ( )x. 
Arh? 4ry 


(r 2  t57) 


(ih) 


where m is the mass of the deuteron. The quantity 
inside the absolute-value signs is the scattering ampli- 
tude. In terms of o;(@) and o2(6), the individual particle 
cross sections, Aa(@) may be expressed as 

(58) 


Aa (6) =0;(8)a2(8)/a0, 


where 
| + mm 
1 (y?) 
K| mym» 


(59) 


Here K is the incident momentum of the deuteron. 
There is, of course, also a contribution to the cross sec- 
tion from the cross terms between the contributions 
to the scattering amplitudes due to the G,7\+G.T, 
parts of the scattering matrix and the contributions 
considered in this section. 

To get an idea of the order of magnitudes, some 
typical values may be inserted in the above formulas. 
The measurement by Strauch'® of the proton-carbon 
center-of-mass cross section at ~84 Mev and at 27.2° 
is about 50 mb. With the parameters given in Sec. II, 
the value of (r~*) for the deuteron S-state is ~0.68 X 10”° 
cm™~, The value of K for a 157-Mev deuteron on carbon 
is ~3.3X 10 cm~. This gives og~1.47 X 10~-** cm?. The 
contribution to the cross section is therefore 


Ao (6) (2500/14.7) mb=170 mb. 


Because of the difference in energies the corresponding 
scattering angle for the deuteron scattering is about 
31.5° (c.m.). There the center-of-mass cross section is 
about 10 mb. 

This large discrepancy between experiment and 
theory is due, in part, to the assumption that the deu- 


17 R. J. Glauber, Phys. Rev. 100, 242 (1955). 
16K. Strauch and F. Titus, Phys. Rev. 103, 200 (1956). 
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teron is very loosely bound and hence large. Although 
the impulse approximation becomes valid when this 
condition is satisfied, the condition is in fact not satisfied 
here. In particular, the deuteron is not a large object 
in comparison with the scattering nucleus, and the 
transition between Eq. (52) and Eq. (53) is not legiti- 
mate. It is necessary, therefore, to obtain a more exact 
treatment of Eq. (52). 

In order to carry out explicitly the integration over 
K” in Eq. (52), the form of 7,(K —K”’) and 7;(K"’— K’) 
must be prescribed. The cross-section data of Strauch 
for 96-Mev protons on carbon may be represented to 
an accuracy of 10% in the range between 15° and 40°, 
and qualitatively at all angles, by a scattering amphli- 
tude of the form! 


}By’) 
+ Cs exp( 


f(y) c, exp( say’) + C2 exp( 


-hyy*), (00) 


where y= AK and the parameters are 

4.68 10° 7° cm?, 
0.72 10-6 cm?, 
0.34 10°** cm?, 


10.83K10°"% cm, a 
0.42K10-% cm, £B 
c3= 0.27XK10-" cm, ¥ 


(61) 


This form will be assumed to represent the scattering 
amplitude of the neutron as well as the proton. In order 
to simplify the calculation, the S-state deuteron wave 
function is represented by a Gaussian: 


(x)= N exp(—2?/2k’), (62) 


with” R= 2.64 10~-" cm and N?=0,00973 (10+ cm~'!)®, 
The integrations may then easily be performed to give 


a 


f aucKxacoy) TT .| K'a' (0,1) =X 


N? Aah? 4h’ 
rei( )( lorry bez (p) 
1 2m, 2m» 


+091 (y) + 26,021" (a8) + 2c ,¢41' (ayy) 
+ 2c2¢al'(B,7) |, 


where 


R? Rk? ) 
I(x) =exp( at )( ) , 
R?+-4x R?-+-4x sin?(6/2) 
ty [(x—y)a} 
I'(x,¥) r( ) on( ) 
2 R?+-2(x+) 


Here a= |4(K—K’)| and 6 is the angle between K and 
K’. Equation (32) has been*used to convert the ex 
pressions for f;(AK) and f,(4K) to those for 7,\(AK) 


(64) 


(65) 


This fit to the data was obtained by Kenneth Greider for use 


in another problem 
”T. Y. Wu and J. Ashkin, Phys. Rev. 73, 986 (1948) 





614 


and T7;(4K). The contribution to the cross section Aa is 


|/—2m\ 1 7” 
Ao = ( ) f 
\\ 49h? J ihd_, 


which, with the aid of Eq. (63), becomes 


ln m* j? 
Ao iN?R(x)! - ( )v . 
| K| mM 


where Y represents the term inside the square brackets 
on the right-hand side of Eq. (63). The quantity inside 
the absolute-value sign is the scattering amplitude. 
The correspondence between this expression for Ag 
and the earlier expression in Eq. (58) is seen if one 
notes that when the wave function is given by Eq. (62) 
the value of (r*) is 2mN*Ry/m, and that in the limit 
R-» @ the quantity | V|* approaches oo». 

The above computations can be generalized to include 
also the spin-dependent contributions. In order to 
include these, the spin-dependent part of the individual- 
particle transition matrices must be considered. The 
general form of the single-particle transiton matrices 


(67) 


Aah’ 


shen 
. ? 


ae” UE 
t + 
x = 


HENRY P. 


5 oO, +e 2Z 
) [ev + ay( )-KxK’| 1+ 
2m, 2 |K\? 


x i sin*é| K|*Y —4| K\? cos®(6/2)Z— | K|? cos*(0/2)Z” — 


+3 cos?(0/2) sin? 0/2)2 | +4. D)(e,- b)| Y+—+ 7 
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given in Eq. (32) is 
(k, | T; | k,’) = nd fi(Oki)+ k,X k,’ -igi(Ak;) }. (68) 


These forms may be substituted into Eqs. (52) and 
(53) and the calculations carried out if a sufficiently 
simple form is used for g;(A4k,). A not unreasonable 
assumption is that g;(Ak,) and /;(Ak,) may be repre- 
sented by the forms 


fi(Ok;) = xfa(k,), (69) 


and 

&i(Aki) = yfa(Aki), (70) 
where /,(Ak;) is a real function of the form given in 
Eq. (60), x is a phase factor, and y is a complex constant 
which determines the phase and strength of the spin- 
dependent term. The general form specified in Eqs. 
(69) and (70), but with arbitrary /,, is what is obtained 
in the Born approximation if the real and imaginary 
potentials have the same form factor and if there is a 
spin-orbit potential proportional to the gradient of this 
form factor.”" Using the forms given by Eqs. (69) and 
(72), one obtains for the quantity X, defined in Eq. (63), 


zl 


| +3"(e-N)(o-N) 


| K|? sin?(0/2) 
Y¥+4|K|? sin’@Z’ 


— | K|? sin?(0/ if £ a" 
+c0s'(@/2)2'| 


2R? R? 


Z Z' 
+ #(o1-B) (os: B)| ~4| K|*cos'(0/2)2+ +-sin? (0/2) i} (71) 
R’ R’ 


The unit vectors N, D, and E are defined by Eqs. (14)-(16), and the Y and 2’s are defined by 


y [cI (a) + c?T'(B) +cT (7) + 2¢,¢2)" (a8) + 2¢,¢31" (ay) + 2ceesI'(B,y) |, 


c7T'(p) 2¢ C21 (a8) 


‘R +48 


cvI'(y) 


cYI'(a) 
| 
R’+4y 


R*+-4a 


cI (a) c?T'(B) cvT'(y) 


z! | 
R*+-4a sin?(0/2) R?4-48 sin?(0/2) R®+-4y sin*(0/2) 


-B)| K| sin(@/2) 


f+ 2ci¢s1" an)| 
R*4 2a+26 


LZ" = 26\c rep)|— 


% —E. Fermi, Nuovo cimento I1, 407 (1954). 


2¢,¢31 (ayy) 
4 - 
R?+-2a+28 R*+-2a+2y 


2c,¢sI' (By) 
esta 
R?+-28+-2y 
2¢,¢2I' (a,B) 
R?®+-(2a+ 28) sin?(6/2) 
2¢,¢3I' (a,y) 


e030" (8,7) |, 
R?+- (20-+28) sin? (0/2) 


Re (28-+2+) ‘sin?(6/2) 


(a—)| K| a) 
RY4-2a+2y 


(B— Y| Ki el 
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crT (a) c?T (B) cr" (y) 2¢:¢2I (a@,B) 
=— + —$- + 
[R?+-4a sin?(0/2) }? [(R?+46 sin?(6/2) }? [R®+4y sin?(0/2) ? [R®+(2a+ 28) sin?(@/2) ? 


4 


2c,¢3I' (ay) 2¢o¢3I' (By) 
+ + S ’ 
[ R?+ (2a+2y) sin?(0/2) ? [R?+ (28+ 27) sin*(0/2) P 
crT (a) c?T'(B) cvT'(y) 
[R?+-4a sin?(0/2) ](R?+4a) [R?+48 sin?(0/2) ](R?+48) [R?+-4y sin®(0/2) ](R?+4y) 


, 
4 


2¢1¢3I' (a8) 2¢,¢3I' (ayy) 
+ ——— + 
[RP+ (2a-+28) sin?(8/2)](R?+2a+28) [R%-+(2a+2y) sin?(6/2)](R?+-2a+2y) 
2¢2¢3I' (8,7) 


+ . (72) 

[R?+ (28+ 2y) sin?(0/2) |(R?+ 28+ 27) 

The formulas given above were calculated with the — of the scattering amplitudes /; and g,; and the function 
assumption that the phase of the scattering amplitudes f,(x) that determines the magnitude of the scattering 
f, and g; were angle-independent. Although this is true amplitudes for the scattering of the nucleons. If the 
in the Born approximation, it is certainly not com-  spin-dependent effects are omitted by setting y=0, 
pletely correct. In the limit of a large deuteron the then the value of f,(x) given in Eq. (60) may be used, 
calculations may be carried out for arbitrary f; andg,;. and the only variable is the phase factor x. ‘This phase 
For this limit the deuteron scattering amplitude at a factor may be determined at small angles by use of the 
given scattering angle depends on the nucleon-scatter- optical theorem. At other angles it is necessary to use 
ing amplitudes only in the immediate neighborhood of | some detailed model of the nucleon-nucleon interaction. 
this same scattering angle--as may be seen, for ex- ‘The results obtained by use of the model of Fernbach, 
ample, in Eq. (57). When the deuteron is not assumed — Serber, and Taylor” were described in the introductory 
infinitely large, a first approximation for the phase — section. The numerical details of these results, together 
may be obtained by assuming the phase of the nucleon- _ with considerations of more realistic models that include 
scattering amplitudes to be constant at that value polarization effects, will be discussed in a subsequent 
which the phase assumes at the angle for which the _ paper. 
deuteron-scattering amplitude is being calc ulated. I he ACKNOWLEDGMENTS 
same approximation can be made for the ratio of /, 
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through (46) and (23) through (28), give the differential 
cross section and polarization effects in the scattering 
of deuterons explicitly in terms of x and y, the pa- 
rameters that give the phase and relative magnitudes ” Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) 


The foregoing analysis was stimulated by a number 
of conversations with John A, Baldwin. In the develop 
ment of many of the ideas presented here, a long series 
of discussions with Warren Heckrotte were very 
valuable. 





PHYSICAL REVIEW VOLUME 


107, Nt 


MBER 2 


Properties of the Fixed-Source Meson Theory* 


KATSUMI 


TANAKA 


Argonne National Laboratory, Lemont, Illinois 
(Received March 25, 1957) 


The renormalized p-wave coupling constant is determined from experiments in the following way. The 
ratio p; (pz) of the matrix elements of the operator r (a7) between physical nucleon states and those between 
bare states is computed in terms of a renormalized p-wave coupling constant f? and a cutoff factor 2, by 


solving a set of equations proposed by Ekstein 


A sum rule in terms of pi, p2, /? and an integral over the 


phase shift 53; is obtained from relations given by Cini and Fubini. Finally, by substituting p; and p2 into 
the sum rule, we find f? in terms of @. The expectation values in the physical nucleon states, of the total 
number, total charge, and total energy of the mesons in the nucleon cloud and the self-energy of the physical 
nucleon are expressed as quotients of two power series in /?. We then calculate these quantities as functions 
of f? and Q without making use of the experimental data. Comparison with the essentially experimentally 
determined values of Fubini and Thirring supports the idea that the Chew model is in agreement with low- 


energy experimental data 


I. INTRODUCTION 


HE successful theory of Chew and Low! for the 

p-wave pion-nucleon interaction has stimulated 
extensive study of the fixed-source meson theory 
(Chew model), where recoil and nucleon pair creation 
are omitted. The procedure usually employed to 
calculate various quantities is to express these quantities 
in terms of the renormalized coupling constant, the 
cutoff factor, and the experimental data on pion- 
nucleon scattering. One is then able to obtain, for 
instance, the anomalous magnetic moment of the 
nucleon and the charge and current densities of the 
mesons in the nucleon cloud.?* This procedure may also 
be used to study the internal consistency of the fixed- 
source meson theory. 

In order to obtain a direct test of the theory without 
using the experimental data, we have previously 
applied a set of equations proposed by Ekstein‘ to the 
calculation of the anomalous magnetic moment of the 
nucleon. The anomalous magnetic moment 
expressed in terms of the renormalized coupling 
constant and a cutoff factor. The observed magnetic 
moment was reproduced with a renormalized coupling 
constant f/*=0.1 and a cutoff factor of Q 

In this paper we apply this set of equations to the 
determination of the renormalized p-wave coupling 
constant from experiment. For this purpose, use is 
made of exact sum rules obtained by Cini and Fubini.* 

The renormalized coupling constant is determined for 
the cutoffs Q=5 w and 6 yw. Using the corresponding 
renormalized coupling constants, we then obtain the 


was 


S5uto6u. 


expectation values of the total number of mesons, the 
total charge and total energy of the mesons in the 
nucleon cloud and the self energy of the physical 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

1G. F. Chew and F. Low, Phys. Rev. 101, 1570, 1579 (1956) 

*H. Miyazawa, Phys. Rev. 101, 1564 (1956) 

4S. Fubini, Nuovo cimento 3, 1425 (1956). 

4H. Ekstein, Nuovo cimento 4, 1017 (1956). 

* Ekstein, Swihart, and Tanaka (to be published). 

*M. Cini and S, Fubini, Nuovo cimento i 764 (1956). 


nucleon, all of which are expressed in terms of quotients 
of two power series in f? as a function of the cutoff Q. 
Numerical results for cutoffs Q=5y and 6y are given. 


Il. FORMALISM 


We outline briefly the method of calculation proposed 
in reference 4 and 5. The basis of the formalism is the 
identity,* 

(Wel H,CwDw-a,t Wa)= (0). (1) 


Here H is the total Hamiltonian (h=c=1) 


H=Ho+ foll1, 


with 


Hr= Ska N’3 1(k/u)V (k) (2w) 4a 7) (Ceatt+cra) 
=> ra P(k)oi7y(Criant+cra), (2) 


where fo is the unrenormalized coupling constant, V’ 
is a normalization factor, V (k) is a cutoff factor, wu is the 
meson mass, o; is the spin operator, and 7 is the 
isotopic-spin operator.’ The indices 7 and \ run from 
1 to 3. VW, is a physical nucleon state characterized by a. 
Cy and Dy, are products of creation and destruction 


rv 


operators characterized by V and .\ 


N Nn’ 
Cy Il Cen’ Dy: I Chn'y 
n=l n' =| 


and 
. N N 
[ Ho,C 'y ] > Wkn I I Ck . E vy "Ny 
n n=1 


N’ N’ 
(Ho,Dw = — X wen I] cen = — En Dy. 
n’ noe | 


n 


The summation over & can be replaced by an integral 
by using the relation 


LD W)7(2 n) | Wak 


7G. C. Wick, Revs. Modern Phys. 27, 339 (1955) 
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The Hamiltonian (2) is obtained by expanding the 
meson field in terms of spherical waves instead of the 
usual plane waves. 

We use the normalization condition that the expec- 
tation value, in the physical nucleon states, of the 
product of the total angular-momentum operator S and 
the total isotopic-spin operator 7 is identical with the 
expectation value, in the bare nucleon states, of the 
product of the spin operator 0/2 and _ isotopic-spin 
operator 7/2, i.e., 


4(W5,5;T Wa) = (B\ a;7,\ a), (3) 
where 2 
Sj=a;/2+ ) Ceirt (L;) ierChirry 
kii’r 
(4) 
T,= Te (2+ \ a Curie’ (te) or'Chir’. 


kirr’ 
The matrices /; are given in reference 7. We put (4) 
J 
into (3) and use the renormalization condition 


fo(Ws,0;7 Va) (5) 


S(B\oj7,| a). 


Then, dividing both sides of (3) by (8|o;7,!a)#0, we 
obtain directly a relation between the unrenormalized 
coupling constant fo and the renormalized coupling 
constant f of the type 


fo f + fo(R). 
In terms of the new amplitude, 


(Vz, twDwy OuTr.Va} ; 


(6) 


So p,Cn Dy oyT»Va) = (7) 


(6) becomes 


fo=f+{R}. (6’) 


The amplitude {R} is discussed in Sec. III. We replace 
the fo that appears in the Hamiltonian (1) by (6’), and 
obtain the following set of equations for the new 
amplitudes: 


(Ew: — Ey ){Vp,¢ 'wDy O4uT.Va} 


(f+ {R)}) (Vs, M1 ,CnDy-oyrr W.). (8) 


This set of equations relates various amplitudes between 
physical nucleon states, and depends only on /. The 
matrix elements themselves are the basic entities of the 
formalism. The set of equations may be solved for a 
particular amplitude by perturbation, expanding all 
amplitudes on both sides in terms of the renormalized 
coupling constant /, i.e., 


{CyDwnoyrr} : on L"{CnDneoutr} ny 


and setting the coefficients of equal powers of f equal 
to zero. The subscript » on the curly brackets denotes 
the mth-order term. The solution is expressed in terms 
of curly brackets of various products of o and 7 operators 
which can be related to a number using (5). Equations 
(8) have already been used for calculations of the 
anomalous magnetic moment of the nucleon and pion- 
nucleon scattering. The renormalization (6’) was 
successful for the calculations in that it reduces the 


(9) 
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order of divergence of the integrals. The virtues of this 
equation have been discussed in full detail elsewhere 
and will not be repeated here.® 

The quantities in which we are interested are expres- 
sible in terms of the new amplitudes as 


(Wg,CvnDn Wa) 
a L(V, 'wDy Wa) fo 
Ln SV, CvDy Va} /(S+Xm {RR} m) 


where both numerator and denominator are calculated, 
in power series of the renormalized coupling constant /, 
to the same order in /. The series in the numerator and 
denominator are poorly convergent, if at all, but the 
sequence of quotients change rather slowly for the 
first few terms calculated, so that convergence may be 
expected. For the cases treated below this appears to 


(10) 


be the situation. 


II]. COUPLING CONSTANT OF P-WAVE 
PION-NUCLEON SCATTERING 


Cini and Fubini® have given sum rules that are 
essentially based on the algebra of the o and 7 operators 
and are obtained by making extensive use of the results 
of Chew and Low.! Combining their sum rules so as to 
eliminate all except the 6s; phase shift, we find 

dw» 


9 o 
- p*V?(p) 


where 633 is the (T=, J 
shift and 


0 2 


, 1 

$in’53(W») rl ] { | (1 1 ) 
we Pr pe 

}) meson scattering phase 


(Wa0,.Va ) 
(Wa7,WVa) 


(Wgay7,Va) 


pr '(Blo,!a), 


pr '(B!| ry! a), 


pr '(B|ay7,|a). (12) 


Equation (11) is a rigorous result and does not involve 
any assumptions as to the relative magnitudes of the 
various p-wave shifts, nor any approximation as to the 
number of mesons. Cini and three 
independent sum rules of the type (11), which are 
sufficient to determine the unknown parameters, p, p2, 
and f? by feeding the experimental data into the left 
hand side of the equations. 

The difference between the present treatment and 
previous methods is that in our formalism the quantities 
p, and p, can be computed directly from the set of 


Fubini obtained 


equations (8) by use of (10). To calculate py we observe 
that from (5), (6’), and (12) we have 


(f+ (R))/f. 


Thus p2 can be obtained from {RX}, i.e., from amplitudes 
of the type {oc'c}, {c'c'cc} and {c'c}, as may be seen 
from (3) and (4). Next we note for p,; that 


pP2 


(B| 7,|a) = 2(V5,7 Va) = (Vp,7 Va) 


t 2 a (ta) 9n( Vp, Chir' Crir’Va , 


kirr’ 


(13) 
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Thus, p; is obtained from (c'c) using (10) and the ratio 
J/fo. In the f* approximation with u=1 and cutoff Q, 
we obtain®#* 


pi= (14+8f7A)/(1—4/2A), 
pr=14+8/2A, 


(14) 
(15) 


with 


Q 
A= > P*(k)/u* = (39) if dix (w®—1)8/u*. 
od 1 


The numerical value of the integral J defined below is 
given, for a square cutoff at the nucleon mass M, by 


M 8in*5 43(w») 
[ = (39) f dw» — 
i p* 


The integral J was evaluated numerically by introducing 
for 53;(w,) the expressions given by Chew and Low.':* 
In our Eq. (11), the experimental result has been fed 
into the equation by the usage of the value of the 
integral 7, and applying a cutoff Q=5 and 6 when 
evaluating the integral A. 

Combining (11), (14), 
a= f*A, we find 


=(),026. 


(15) and J, and writing 


x*(14+-8x) =0.01465A. (16) 


The right-hand side of (16) is known since A is known. 
We evaluate A for Q=5 and 6. For such values of A, 
Eq. (16) has one real root which gives the value of x 
in which we are interested. For Q=5 and Q=6, we 
find {?=0.09 and 0.07 respectively, which is in agree- 
ment with other values of /* obtained by different 
methods.'” The result, however, is not as reliable as 
one would desire. Calculation to the next order shows 
that the f* contribution reduces the value of f? by about 
30%. It is unlikely that the higher order terms will 
decrease the value of /? much further because the values 
of p; and pz change slowly with the higher order terms. 
This inclusion of the /* contribution is equivalent to 
keeping terms up to /* and increasing the cutoff. 

Aside from this reservation, the previous result may 
be interpreted as indicating that within the present 
framework of calculation, a square cutoff at the 
nucleon mass M in (11) is sufficient to reproduce the 
experimental result, which is contrary to the situation 
found by Cini and Fubini.® The reason for the difference 
is that their determination is based on neglecting the 
high-energy tail for the 6); and 6,, phase shifts, which 
is now known to be important, whereas we have 
neglected the high-energy tail for the 633; phase shift, 
which is not important.” In the present method an 
extrapolation to zero meson energy is not required, In 


* Cini and Fubini quote in reference 6 a result by Thirring that 
1+2p,7!—3p."'! 20. For the values of p: and pz in the /* approxi 
mation, the left-hand side of the relation vanishes. Later when we 
include the /* approximation, the expression above is larger than 
zero, 

* Cini, Fubini, and Stanghellini, Nuovo cimento 3, 1380 (1956). 

”S. Fubini (private communication), see also reference 6 
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the following calculations we use the values of /? 
obtained above for the corresponding cutoffs." 


IV. STRUCTURE OF THE NUCLEON 


The expectation values of the total number, total 
charge, and total energy of the mesons in the nucleon 
cloud are expressible in terms of the expectation value 
in the physical nucleon states of a bilinear form in the 
meson field operators. Equation (8) allows one to 
calculate such expectation values in terms of the 
renormalized coupling constant and the cutoff factor. 
For the renormalized coupling constant, we adopt the 
values given in Sec. III so that the results will be 
calculated as a function of the cutoff factor only. 

The expectation values of the total number of 
mesons .V, the charge Q and H/,, of the meson cloud of 
the nucleon are expressible in the form, 


r % t 
N : > kir Chis Chir/y 
, z ee t 
e= be > ei (Ceia’ Chia — Ceir'Cei2), 


Hm > te (wiChir' Chir), 


(17) 
(18) 
(19) 


where the bracket ) is the proton state with spin up. 
In Eq. (8), we set Cv=Crir', Dy=Ceivy and oy 
7™,=1. We then expand the amplitudes in both sides 
of the set of Eqs. (8) as indicated in (9) and equate the 
coefficients of equal powers of /. We find, after putting 
k=k’, 
(P(k)/o*) (047047), (20) 
8(P?(k)/o*) [> 4 P*(q)/w_ 
+g P2(q)w*/w,? (wetw)?* |(oi7 047") 
+2(P?(k)/w*) [dog P(g) /w?? 
— 4 P(g) w/w," (wytw)? | 
X Lot ovte) — (av tpoit,) |+8P?(k) 
K (dog P2(q)/we? (wet w)* iby. (21) 


{Chir Crirr'}s 


{ Cris! Cri} 


The even orders of the amplitudes {cxir'cxv} vanish, 
and (20) and (21) are the lowest nonvanishing ampli- 
tudes. Referring to Eq. (10), 


[ PF  Crig't ki’r’}a + f° Chir! Chive} s fo. 


The ratios p2= fo/f and p; are computed as indicated 
in Sec. IT, and we find to order /*: 


(22) 


/ t 
(Chir Cite’) 


(23) 
(24) 


po=14+-8/7A+48/4(A2+2M), 
p= p2/[1—4/2A —48/2(242— M) J. 
We substitute Eqs. (20)-(23) into Eqs. (17)—(19) 


"Since the following calculation is independent of Sec. ITI, 
we may use some fixed value for f*. Because /? depends on the 
cutoff chosen, we use different values for /* so that the complete 
calculation will be consistent with the particular cutoff. Further 
we arbitrarily use the value of /? obtained from the f? approxi- 
mation, because it offers a better comparison with reference 3 
where the value /=0.105 was used. 
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and get 
N=9[f?A+8/*(A2+2M) |/ 
[1+8/2A +48/4(A24+2M) ], 
O=6[f'A+4/4(342+M) ] 
[14+8/2A+48/*(A24+2M) ], 
H.= itis P*(k)/w+-8f4(A »» P*(k)/w 


(25) 


(26) 


+2 3° P?(k) P?(q)w/w? (wy+w)*) ] 
kq 
1 
x 
148/24 -+48/"(A24+2M) 


with 


a 
A= ¥ P*(k)/w*= (32) f dw(w — 1) 4/a?, 
k 1 


M= Deeg? (hk) P?(q)/wg' (we +w)? 


a a 
= (37) f dof darg(w?— 1)! 
1 1 


XK (we—1)'/we(wet+w)*, (29) 
The double integrals on the right-hand side of (25), 
(26), and (27) can be separated into several integrals, 
all of which can be evaluated exactly. 

Imposing charge conservation, we obtain*® 


Q= (1—p,")/2. 


(30) 


We then can get Q from (26) or (30) by the aid of (24). 
The self-energy of the physical nucleon can be 

written as 
Eo (1) 


(Ho)+ fo(H1)= Hmtfo(H1). (31) 


The first term on the right-hand side of (31) is given 
by (19) or (27). The second term is expressible in 
terms of curly brackets as 

fol H1) =a PCR) oitrceat} + (oitrcea) |, 
by virtue of (2) and (7). The amplitudes on the right- 
hand side of (32), which are linear in the meson operator, 
are again calculated from (8). We find 


(P(k)/w)(a?7,?), 


(32) 


{oi7)CKin} 2 . {oi7»Cea'}2> (33) 


{oi7)Cea}a= {oincra' a= _ 16(P(k)/w) 


K[A— Dog P2(q)/wg(wgtw) |(o77*). (34) 


The odd orders of theamplitudes {@;7,cea} and {a i7rCeia"} 
vanish and (34) and (33) are the lowest nonvanishing 
amplitudes. Combining (9), (33), (34), and (32), 
we find 


fol 1) = —18L 2 P*(k)/w 
k 


+16f4 >> P?(k)P?(q)/w*(wetw) ]. (35) 


k.@ 
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TABLE I. Numerical results. 


fe pi! pr N 0 


0.52 
0.59 


0.76 
0.84 


0.09 
0.07 


0.04 
0.18 


0.42 
0.36 


The numerical values of the right-hand side of (35) are 
—13.4 for Q=5 and —17.5 for Q=6. The numerical 
values of the self energy of the physical nucleon Fo 
obtained from (27), (31), and (35) are given in Table I. 
Fubini’s corresponding expressions for V and Q are 
rigorous and are expressed in terms of phase shifts 
which must be obtained from experiments. Our expres 
sions above are approximate as we calculated to the 
fourth order in /, but are expressed in terms of an 
analytic function that be evaluated directly 
without recourse to experimental data. The numerical 
results of V, QO, Hm, py! and py”! are listed in Table I. 


can 


V. CONCLUSIONS 


The matrix elements themselves are the basic 
entities of the formalism and our present calculations 
are based on the normalization conditions (3) and (13), 
which enabled us to carry out the renormalization, and 
general properties of the o and +r operators. The only 
quantities whose values we have obtained from experi- 
ments are f? and (2; no additional information, such as 
the experimental phase shifts was needed. For this 
reason we should like to interpret the present results as 
a direct consequence of the fixed-source meson theory. 

Since we have used a perturbation expansion in 
terms of /*, the convergence of the sequence of approxi- 
mations is of the utmost importance, Unfortunately, 
we do not have any general proof that the sequences for 
N, Q, and H,, converge to a finite number. There 
appears, however, some justification for the perturba 
tion treatment, because the higher order terms in the 
denominator and numerators tend to decrease for 
reasonable values of f*, but not sufficiently. If these 
series are convergent at all, their convergence is poor, 
On the other hand the sequence of quotients change 
rather slowly for the first few terms calculated so that 
convergence may be expected, Further, our 
quantities V, QO, and //, are expressed as quotients of 
two series, the sequence is somewhat insensitive toward 
the additional decreasing terms of the series. A rough 


since 


estimate indicates that the numerical results in Table I 
are subject to an error of the order of 30%. 

The total meson charge Q for Q=5 is in good agree- 
ment with the value obtained by Fubini.* The condition, 
pr '2 —0.333, quoted by Fubini, is satisfied here for 
Q=5 and 6. It is expected that at some higher cutoff 
this condition will be violated and as a result we will 
find an upper limit for @. 

The energy H,, for 2=5 and 6 is in rough agreement 
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with Thirring’s" remark that a cutoff model which is 
consistent and agrees with experiments must lead to 
H,.=3.4 within 15%. 

The total number of mesons N is also in rough 
agreement with N~1, obtained by Fubini and 
Thirring,” but is lower than that by Fubini.* This does 
not offer any clue as to the validity of a one-meson 
approximation to the theory of Chew and Low because 
we have used a perturbation expansion in terms of /?, 
so a discrepancy is not unexpected. Also, Chew-Low 
_‘one-meson”’ refers to real, not virtual mesons. 

There are indications that, for the exact solution 
of the fixed-source meson theory to agree with experi- 
ments even at low energy, one needs a cutoff whose 
high-energy contribution is not negligible. In our 
present calculation, a square cutoff at the nuclear mass 
was sufficient to achieve agreement with experiments. 
It is unlikely that the contributions from additional 

“W. E. Thirring, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers, 
New York, 1956). 


4S. Fubini and W. E. Thirring, Phys. Rev. 105, 1388 (1957). 
We are grateful to Professor Fubini for the preprint. 


PHYSICAL REVIEW VOLUME 


107, 


TANAKA 


terms will change this result, because the sequence of 
contributions tends to converge and will not be larger 
than the errors introduced by the uncertainties in the 
cutoff, on which the integrals depend fairly sensitively. 

The value of pz! differs slightly from that in reference 
13. The difference is probably due to the fact that a 
‘Tomonago approximation was used there. The difference 
in the values of p,' is caused by the sensitivity of 
py to the value of pz". 

The values of V, 0, Hm, pr, px, and Eo given by 
Fubini and Thirring’ essentially are determined by 
experiment. These are the values which must be 
obtained if the fixed-source meson theory or the Chew 
model is to be in agreement with low-energy experi- 
mental data. Since our numerical results agree, to 
within 30%, with those of Fubini and Thirring, our 
result supports the idea that the exact solution of the 
Chew model agrees with experiment. 

The author is indebted to Dr. H. Ekstein, Dr. S. 
Fubini and Dr. M. Hamermesh for having read the 
for very helpful criticisms and 


manuscript and 


discussions. 
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All the irreducible representations of the full Lorentz group and its subgroups are derived and described 


INTRODUCTION 


HE use of group theory in quantum mechanics 

requires a knowledge of the irreducible repre- 
sentations of various symmetry groups. In this paper 
we shall derive all the irreducible representations of the 
full Lorentz group. The proper Lorentz group / is 
defined to consist of all ordinary Lorentz transforma- 
tions to moving frames of reference. The full Lorentz 
group L is obtained by adding all combinations of the 
proper Lorentz transformations with the space inver- 
sion II, the time inversion 7, and the space-time in- 
version IIr, 


z, +1); 
+2, —1); 


1: (x’,y’,2’,t!)=(—2, —y, 
(+ a, + y, 


(x’,y’,2,') = (- 


vr: (x’,y’,2’,t’) 
IIr: —y¥, 
Although the results obtained are probably not novel 
because this group has been discussed by various 


* This work has been supported by the Office of Naval Research, 
the Signal Corps, and the Air Force Office of Scientific Research. 


authors,'* there are four reasons for presenting this 
paper. Firstly we have been unable to find in the litera- 
ture a convenient list of these representations. Secondly 
it will serve to correct an error in the literature. Thirdly 
the methods are less sophisticated than those commonly 
used to discuss this group.’ Fourthly we show what 
happens under complex conjugation. 

To aid the reader in the subsequent discussion, we 
shall first summarize the results. The representations 
of | are D%” of dimension (2j+1)(2j’+1), where j 
and j’ are integers or half odd integers. When j= 7’, the 
base vectors transforming according to D%” under / can 
also form the basis of a representation of L. The group 
L consists of | combined with II, 7, [Iv and the repre- 
sentations D%”, r=0, 1, 2, 3, of L are obtained from 


1F. D. Murnaghan, The Theory of Group Representations (Johns 
Hopkins University Press, Baltimore, 1938); H. Boerner, Dar- 
stellungen von Gruppen (Springer-Verlag, Berlin, 1955), and refer- 
ences given there. 

2B. L. Van der Waerden, Die Grup pentheoretische Methode in der 
Quantenmechanik (Verlag Julius Springer, Berlin, 1932). 

3S. Watanabe, Phys. Rev. 84, 1008 (1951); J. M. Jauch and 
F. Rohrlich, The Theory of Photons and Electrons (Addison- 
Wesley Press, New York, 1955), p. 441. 
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the representation D of | by combining them with 
the four representations x,, r=0, 1, 2, 3 of the group 
(the identity, II, 7, Ilr) (Table I). For instance, x, y, 2, 
t transform according to D“4, When j#j’, the base 
vectors transforming according to D“*” under / do not 
transform into one another under II and r. It is neces- 
sary to take an additional set of base vectors transform- 
ing according to D”’)) under / to obtain a space of 
dimension 2(27+1)(2j’+-1) which is invariant under L. 
When j and 7’ are both integers or both half odd 
integers we obtain two irreducible representations 
D&i'+7'i"), ¢=0 or 1, which are single-valued. The ones 
with r=2, 3 turn out in this case to be equivalent to 
those with r=0, 1. For instance, the six components of 
angular momentum transform according to D@®t®s®, 
When j is an integer and 7’ half an odd integer or vice 
versa, there are four double-valued representations 
DGi'+i”, r=4, 5, 6, or 7. For example, the spinors 
u,, U—, 04, v- used in connection with the Dirac equa- 
tion may be taken to transform according to any one‘ 
of the representations D@°'”, r=4, 5, 6, 7. 


THE PROPER LORENTZ GROUP 


Since it is necessary to use some properties of the 
irreducible representations of /, we shall sketch the 
derivation of these representations by a method which 
is a slight adaptation of the one used by Van der 
Waerden.” Proper Lorentz transformations can be re- 
garded as rotations in the four-dimensional space x, y, 
z, T=ict. We shall call an ordinary rotation in x, y, z 
space which leaves 7’=T a spatial rotation. We can 
write a transformation of coordinates which corre- 
sponds to a rotation by 4 in the wv plane in the sense of 
pw tovas 

exp (161 yy), (1) 


and this defines 6 infinitesimal Lorentz transformations 
I= —I1,,. For instance, a Lorentz transformation /(v,2) 


o 


to a frame of reference moving with velocity v in the z 
direction is written exp(i@/,7) where =i tanh”'(v/c). 
The commutation rules for the /,, follow immediately 
from those for the purely spatial infinitesimal trans- 
formations. Thus 


L wl ve Lal a ™ — ive, 
(u, v, o all different, not summed). 

It can then easily be verified that the quantities 

A,=4(—Iy—I1,7), 

Ag =4(—Lye—Lertilast ilyr), 

A_= 4(— Iys—ler— il,2—tl yr), 

B,=4(I2—I1.7), 

B, = } (Iys— Tat tl as il yr), 

B= 4 (I ye— Iar— U,zttlyr), 


4 Jauch and Rohrlich, reference 3, p. 87; and references given 
there. 
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TABLE I. The characters y,(a) 


x (identity) x (II) x (Ur) 


B,B, 
~A_, B,B 
24, BB 
-~B;A,=0, 


B, B, B, ’ 

B_B, B., 
~ B_B,=2B,, 
A,B; (1, j7=+, —, or2z). 
Now Van der Waerden? (pp. 65, 85) has shown how all 
the irreducible representations D“” of | may be con- 
structed by using these commutation relations. We ob- 
tain a set of base vectors tam: (— j<m< jf, — 7’ <m' <7’) 
such that 


L7(GAL)—m(m+1) | abnys, m’, 


[j(j+1)—m(m 


Atm’ 
A—thinms’ 1) }4t¢m—1, m’, 
A Mina! 
Bi thmm’ 
B_tmm’ 


BA», m’ 


Mumm’, 
Li’ (7 +1) 
C7’ (+1) 


M’ tmm’ - 


, , (3) 
m’(m'+-1) |*tbn, 445 


m’ (m'—1) | tem, m1, 


Although the tmm depend also on jj’, the latter suffices 
will be suppressed for convenience. The matrix repre- 
senting any particular Lorentz transformation is then 
determined by (1), (2), and (3), and is not in general 
unitary. 


THE FULL LORENTZ GROUP 


We shall now construct systematically all the irre 
ducible representations of L. 


Step 1.—Consider a vector space which is invariant 
under L. We can reduce it according to 1, and let tm 
be a set of base vectors in it transforming according to 
D%” jin the manner of (3). Under spatial rotations 
these vectors transform according to the representation 
DYXKDM=F) D, | j—7'| <I <j+-/’, of the rotation 
group, as can easily be shown in the usual way by count- 
ing the number of eigenvectors of /,, with the eigen 
value M (reference 2, p. 68). When 7 is an integer and 
j’ half an odd integer, or vice versa, the D? are all 
double-valued so that D%” is also double-valued. 
When j and j’ are both integers or both half odd 
integers, the representations D“”) may all be obtained 
by reducing the products DOK DOY)xK DO»x.. 
They are single-valued because D“ is single-valued. 
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The latter fact may be shown by putting /,,= 
—1i(xd/dy—yd/dx), etc., in (2) and (3), and verifying 
that 

s—iT, —s—iT, (4) 


a+ty, x—ty, 


transform like (3) according to D%. 

Step 2.--Now Ilr commutes with every proper and 
improper Lorentz transformation so that by Schur’s 
lemma? it is represented by a multiple aZ of the unit 
matrix EF. Also (IIr)* is the identity transformation so 
that there are the two possibilities a= 1 or —1 in single- 
valued representations. In double-valued representa- 
tions we have a= +1 as one possibility because of the 
double-valuedness, and a=+i as another. In either 
case there are only two possibilities. 

Step 3.—It is easily verified that /(v,2)r=1l(—1,2), 
so that from (1) J,7r=—rlI,7. Also tr commutes with 
every spatial rotation, and hence with /,,. Therefore 


Eqs. (2) and (3) imply 


- 7B bm’ ti m! (Ttmm’); 
—M(TUmm’)- 


A (TUmm’) - 
B,(Ttmm') 


Thus the rtémm behave like base vectors U_»/,-m. By 
operating also with A,, A_, B,, B_ it is easily shown 
that the vectors 57%’ in fact transform exactly like (3) 
according to D“’?) under |, where 6= (—1)**?~™™, 

Step 4.—We also have /(v,2)I1=II/(—v,2) and II 
commutes with every spatial rotation. Step 3 therefore 
applies also to Tl tmm:. NOW [tem = 7 (LL) tnm! = ATU mm! 
where a is given by step 2, so that I,,,,” is proportional 
tO TUmm’. The VectOrs Umm aNd THmm therefore span a 
vector space which is invariant under L. Also the matrix 
representing II is always uniquely determined by those 
representing IIr and r. 

Step 5.—If j= 7’, the tam: ANd TUmm both transform 
under | according to D“” and may be related. In fact, 
if we put 


amt 8T—m',—m, Vem’ = tam’ — 67m’, —ms 


U mam’ 
we have, since D” is single-valued and 77tmm 


—bV m’,-—™m* 


Umm’ ’ 


TU wm! bu m',—™y TV mm’ 


The Umm: span a vector space of dimension (2j+ 1)? 
which is invariant under L, and so do the V mm. Coupled 
with the two possibilities of step 2, this gives four 
different representations of L denoted by D“'”, r=0, 
1, 2, 3. The relationship between them is conveniently 
exhibited as follows.’ Every Lorentz transformation T 
can be written uniquely as T=al, where / is a proper 
Lorentz transformation and a is II, 7, IIr, or the 
identity transformation. Then the matrices representing 
S are connected by 


DG (S) = x-(a)DO% (S), (5) 


where the x,(a) are the sets of characters r=0, 1, 2, 3 
given in Table I. 

Step 6.—If Aj’, the mm ANd Timm transform under 
| according to different irreducible representations and 
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are therefore orthogonal. Hence to obtain a vector space 
invariant under L we must take the 2(2j+1)(2j’+1) 
VECLOTS Umm ANd TUmm’ together. Since 7? is the identity 
transformation, 7 is represented with respect to these 
base vectors by D(r), where 


0 E 
D(r) -| | (6) 
E ( 


for single-valued representations, and 


0 E 
D(r)= | | 
E 0 


(7a) 


O- Zz 
D(r)= | | (7b) 
—-E 0 
for double-valued ones. 

Step 7.—For single-valued representations, (6) and 
the two possibilities of Step 2 give two representations 
Da'+"'", ¢=0 or 1. These are related to one another 
in the manner of (5). This contrasts with the situation 
when j=’ when there are four different representations 
r=(, 1, 2, 3. Of course, even when j7#j7’ we can con- 
struct using (5) the four representations corresponding 
tor=0, 1, 2, 3. However, because of the particular form 
of the matrices, e.g., (6), the representations with r= 2 
and r=3 are equivalent to those with r=1 and r=0, 
respectively. They correspond to using — Tm» instead 
Of TUmm’ aS base vectors. This point is not brought out 
correctly in reference 3, where it seems to be implied 
that the representations with r=0, 1, 2, 3 are always 
inequivalent to one another. 

Step 8.—For double-valued representations, (7a) and 
(7b) combined with Step 2 give four representations 
DOs, r=4, 5, 6, 7. In the case of (7b) it is con- 
venient to replace the Ttimm: by ivttmm: as base vectors. 


Then 
0 E 
D(1r)= | | 
E 0 


Analogously to (5), the representations are related by 
DG) (T) =x, (a) DH (T), (8) 


where the x,(a) are now the four double-valued sets of 
characters r=4, 5, 6, 7 shown in Table I. Clearly sub- 
stituting the single-valued x,(a@), r=0, 1, 2, 3 (Table I) 
into (8) does not give anything new, because this only 
introduces changes of sign which does not affect the 
Dortrvi”, r= 4, 5, 6, 7 since these are already double- 
valued with each transformation being represented by 
two matrices +D(T). 

+ Slep 9.-We now show that all the above representa- 
tions are inequivalent. Clearly this is so for those be- 
longing to different pairs of values of j, j’ because they 
are inequivalent under proper Lorentz transformations. 
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Suppose now that 
DG) (T) = PD (T)P, (9) 


i.e., that the two representations r and s, for short, are 
equivalent. By construction, r and s are identical for 
proper Lorentz transformations /, and from (9) P com- 
mutes with their reducible representation Di" (J) 
=D° (1) of the proper Lorentz group. Hence, by 
Schur’s lemma, P=cE where c is a constant. Then, 
from (9), r and s are completely identical. Suppose 
similarly that 

DUtVI”) (T) PDG't+ViO(T)P 1 (10) 
The representations are again equal for proper Lorentz 
transformations. However, they become reducible when 
we restrict ourselves to proper Lorentz transformations, 
so that Schur’s lemma gives 


ok Q 
F , 
0) ook 


By using this ? and putting 7=7 and IIr in (10), it can 
easily be verified that the constants ¢;, ¢, cannot be 
chosen such that (10) is satisfied if r~s. Thus all the 
representations above are inequivalent. 

Step 10.—Now, given any vector space R which is 
irreducible under L, we can construct in this space one 
of the above representations by the procedure we have 
used. Using A,, B,, we first pick out from R a vector 
u,; with the highest eigenvalues m= 7, m’ = j’. From it, 
by using the equations involving A_ and B_ in (3), we 
construct all the t#mm. Then from steps 4 and 5 we 
obtain in a unique way a definite set of base vectors. 
Now in steps 2, 5, and 6 we listed all possible alterna- 
tives, so that our base vectors must transform according 
to one of the representations D?*”, r=0, 1, 2, 3, or 
Dati" r=0, 1 (single-valued) or r=4, 5, 6, 7 
(double-valued). Hence the irreducible space R trans- 
forms according to a representation which is equivalent 
to one of these. It follows that we have derived all the 
different irreducible representations of the full Lorentz 
group. 

So far we have described how the representations with 
different r are related to one another. It now remains to 
characterize one of them for each j, 7’ in further detail 
and to define it to be the one with r=0 or 4 depending 
on whether the representation is single or double-valued. 
The vectors (4) are taken to define D“%, The vectors 
jo, U—4o, Moy, Moy are defined to transform according 
to DY+% if tyomoy, U joldoy, Uyoto4, UyoMo_y transform 
in the same way as the vectors (4). The representations 
D% and DG'+14", r=0 or 4, are defined by the 
VECLOTS Umm (ANd Timm’) 


Uso! 4 yo ™uy) tthe re m’ 


Umm 


[(j+m)!(j—m)!(7'4+ m’)!(j’—m’) 
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where uo, 40, Moy, “oy transform according to 
D“%°+%* Alternatively, when j, j’ are both integers 
or both half odd integers, the single-valued repre- 
sentations DO, Dots may all be obtained by 
reducing the product representations Dx DG 
X DUK X---. This definition is consistent with the 
nomenclature of Watanabe.’ He calls a,, ),, ¢,, 
regular vectors if they transform according to DO!®, 
i.e., like x, y, 2, ¢. The products a,b,c,::: then form 
regular tensors and by definition transform according 
to representations with r=0. Quantities transforming 
according to representations with r=1, 2, 3 are called 
pseudotensors (pseudovectors) of type r. 


ASSOCIATED GROUPS 


The full Lorentz group L consists of all the elements 
(1,11/,r/,1 rt). Besides /, it has the subgroups (/,IIr/), 
(/,11/) and (/,r/), whose irreducible representations can 
be written down from the above discussion. ‘The irre- 
ducible representations of (/,I7r/) are DY”, r=0, 1 
(single-valued) or r=4, 5 (double-valued) correspond- 
ing to the two possibilities of step 2. The irreducible 
representations of (/,II/) and of (4,71) are DY”, r=0 
or 3, and D&'+t’%" with r=O (single-valued repre 
sentations) orr=4or 7 (double-valued representations). 


COMPLEX CONJUGATION 


In some cases it is of interest to know how the base 
vectors of our representations behave under complex 
conjugation. ‘The matrices of any representation DO?) 
of / can be found from (2) and (3), and it can be shown 
that if t#mm’ transforms according to DY), then thnan:* 
transforms as a base vector Wm according to DO’), 
Consider now a set of base VeCtOrs thin’, Um’m trans- 
forming according to D&'t/'%" (7 7") under L, where 


6ru m,—m" aéllu m,—m" 


Vm‘ m 


as in steps 3 and 4, Then tnm* may or may not belong 
to this same vector space. If it does, we must have 


(11) 


+ 
Umm’ ht m' my 


where 6 is a proportionality constant, because tym’* 
and Umm transform in the same way under /. The value 
of b depends on r, and is fixed by the condition that the 
VECLOTS UmmitUmm™ and 1(tmm'—Umm'*) transform 
under all transformations with real matrices. 

It is therefore possible to have a set of base vectors 
of the form témm’, Umm transforming according to 
Dot's"), For instance, when j, 7’ 
set (p1,62,01*,.*) of Case’s “two-component” neutrino 
theory.’ In particular his “unusual” law of transforma 
tion [his Section II | under space inversion becomes, 
from the present point of view, an inevitable recognition 
of (11). Similar considerations can be applied when 
a 


b ical Ae 


®K. M. Case, Phys. Rev. 107, 306 (1957). I am indebted to 
Dr. Case for making his work available prior to publication 


4, 0, we obtain the 
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In this paper we develop a general-relativistic theory of two-component spinors somewhat along the 
lines pioneered more than twenty years ago by Weyl and by Infeld and van der Waerden. This formalism 
is in some respects more natura] ihan the theory of four-component spinors. We begin by introducing into 
a four-dimensional manifold as our basic geometric structure a set of four 2X2 Hermitian matrices, o*, 
and we show that these matrices by themselves define uniquely a Riemannian metric with the usual signature 
of a space-time manifold, It turns out that one can describe the gravitational field and its laws very con 
veniently in this matrix formalism; at the same time the o* enable one to construct invariant two-component 
and four-component spinor wave equations. We use these formal possibilities to define local Lorentz trans 
formations and, in particular, the transformations corresponding to time reversal and to space inversion. 


1, INTRODUCTION 


N recent months physicists have become interested 

increasingly in two-component spinors, because of 
their possible bearing on the nature of neutrinos.’ It 
appears worth while to review the formal relationship 
of these quantities to general-relativistic theories, which 
was originally examined by Infeldand van der Waerden.’ 
Not unnaturally, their work was concerned primarily 
with Dirac theory and hence with four-component 
spinors, though they developed a remarkably complete 
general-relativistic two-component formalism. 

In this paper we shall take a point of view somewhat 
at variance with that of Infeld and van der Waerden. 
These authors started with a Riemannian manifold, 
into which they placed spinor fields. We shall begin 
with a field of spin matrices and generate from them 
the Riemannian manifold. We shall take special pains 
to demonstrate that the introduction of four (linearly 
independent) spin matrices is completely equivalent to 
the introduction of a metric tensor, in that the spin 
matrices define the tensor uniquely, while the metric 
tensor in turn defines the spin matrices, except for a 
group of transformations which may be described as 
local Lorentz transformations. 

Aside from this different point of view we shall 
contribute to Infeld’s and van der Waerden’s work a 
few additional results, and we shall examine in some 
detail the role of parity and time reversal in our 
formalism. 


2. SPINOR ALGEBRA WITH UNIMOLECULAR 
TRANSFORMATIONS 


We shall begin with the algebra of spinors that are 
defined with respect to unimodular transformations. At 
each point of physical space-time we define a two- 
dimensional complex linear vector space. With its help 

* This work was supported by the U. S. Air Force Office of 
Scientific Research. 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956); 105, 
1671 (1957). 

2. Infeld and B, L. van der Waerden, Sitzber, preuss. Akad. 
Wiss., Physik.-math. KI., p. 380 (1933). Reviewed in W. L. Bade 
and H. Jehle, Revs. Modern Phys. 25, 714 (1953) 


we may describe a spinor field, such as 


y' (x?) 
(x?) ( ) 
y*(x*) 
We can describe the same field in terms of a different 


base system by forming the linear combination of the 
two components ¥' and y, 


W(x) = a(x) (x). 


(2.1) 


(2.2) 


The coefficients of this transformation are arbitrary 
complex functions of space-time but are restricted by 
the requirement that their determinant be unity, 


(2.3) 


a) =a'\a*,—a',a",= 1. 


All relations to be set up are required to reproduce 
themselves under this group of transformations as well 
as under arbitrary curvilinear coordinate transforma- 
tions. In what follows we shall use matrix notation 
without the use of the spinor indices a, & originally 
suggested by van der Waerden.’ These indices permit 
the visual identification of certain (though not all) 
types of transformation properties in spin space but 
otherwise are cumbersome. Needless to say, the choice 
between index notation and one like ours is a matter of 
convenience and not of principle. 

In addition to the transformation law (2.2), a vector 
in spin space may obey any of the following three 
relations : 


(2.4) 
(2.5) 


V=ay, p=", 
x= xo", 


x" =allyf, (2.6) 


where d, a', and a! are the complex conjugate, Her- 
mitian conjugate, and inverse of a, respectively. In 
van der Waerden’s notation the four types (2.3) through 
(2.6) are written ¥*, ¥*, xa, and xa, respectively. In 
spin space we do not introduce any symmetric or 
Hermitian matrix that would correspond to the metric 


* B. L. van der Waerden, Nachr. Akad. Wiss. Géttingen, Math.- 
physik. KI. 100 (1929), 
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tensor in a Riemannian space. However, there exists 
the Levi-Civita object e, 


(" ) 
ear 


which reproduces itself under spin transformations 
according to any one of the following schemes: 


(2.7) 


ex=aea™, e=a'eqr!, 


(2.8) 


e=dea', e=al ea", 


where a’ is the transpose of a. 

Up to this point we have not introduced into our scheme 
any geometric object that could serve as the carrier of 
the basic geometric structure, such as the metric tensor 
does in Riemannian geometry. For this purpose we shall 
now postulate the existence of a field of four Hermitian 
matrices a? which are to be linearly independent of each 
other, i.e., the equation 


a,a°=( (2.9) 
(a, ordinary numbers) implies a,=0; under coordinate 
and spin transformations the o? are assumed to trans- 
form according to the law: 


axe’ 
( atg#a"!, 
Ox" 


(2.10) 


go’ = 


The product of two o matrices will not possess any 
simple transformation law. However, we may construct 
a second set of matrices, 7’, by means of the operation 


7? = EG e, (2.11) 


The transformation law 


Ox’ 
7 = aréa' 

Ox" 
is a direct consequence of the defining Eq. (2.11). If 
we give the individual elements of the spin matrices 


(2.12) 


the designations 


u+a’, B'—ty* 


(2.13) 


a’= 


Br+i1y’, w—a? 


then the 7 matrices have the components 
—uw+a’, B’—ty’ 
” ; 
BP+t1y?, -u’—a? 
The variables w’, a’, 8’, and 7’ are real. They are coor 
dinate vectors but are not covariant under spin trans- 
formations. The product of a o matrix by a 7 matrix 
has a simple transformation law. The combination 


—4(r#0"+7’o*) in particular is proportional to the unit 
matrix and hence is invariant with respect to spin 


(2.14) 
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transformations. Under coordinate transformations it 
is a contravariant tensor: 

—}(r#a’+ 1’o*) = wa’ — (crc + BYR’ +y"y’") 


= gh, 


1S) 


This expression has all the formal properties of a 
c number contravariant symmetric tensor. We shall 
call it the contravariant metric tensor. By constructing 
such quantities as 


y= Ab, .aa'B’y’, 


a,=A-3, nowy, etc., (2.16) 


A=6b,.aWa'py*, 


we can easily obtain the components of the covariant 
metric tensor: 


Luv = Uyuy— (ayart+ByBr+ vp). (2.17) 


In terms of this metric, wm, a“, 64, and y“ are unit 
vectors, the first with positive norm and the remainder 
with negative norm, 

It is easy to verify the following results, which are 
both coordinate- and spin-covariant : 


o,T? 1, o,0° 2, o,Ar? 2tr(A), (2.18) 


and the following, which deal with quantities that are 
coordinate-covariant but not spin-covariant : 


w=htr(o’), uo’=1, r?=o'—2lu’, (2.19) 


For comparison with the algebraic properties of Pauli’s 
original three o matrices, it is convenient to introduce 
the projections of various quantities into the three 
space perpendicular to the unit vector wv’. ‘To this end 
we define: 

a = 0? —W= T°+U, 
b,’=65," 


hur = uv 


UU", 


Uyuy, etc 


tg 


bh ett By" 
a‘ (By — By") +-B' (ya 


ya") 

t+¥'(a*B*—a*B*). (2.21) 
Here 6 is a tensor with respect to coordinate trans 
formations, is completely skew-symmetric, and is 
orthogonal to u,. The product of two @ is given by the 


relatively simple expression 


oa” £’’ + 16"""a,, (2.22) 


which incorporates both the commutator and the anti 
commutator of the @ matrices. Finally, for some calcu 
lations, the following formula is useful : 

$145" = 54‘ (54'6,* — 545, ") 
+ 8,,"(69°5,'— 5y'5,*) 


+ 84 (By'b,«— by, ') 
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3. LOCAL LORENTZ TRANSFORMATIONS 


Equation (2.15), along with (2.11), demonstrates 
that to any chosen field of o* there belongs one, and 
only one, Riemannian metric, which has the signature 
ordinarily assumed in general relativity. We shall now 
examine the set of o matrices that may be associated, 
at any one world point, with a given Riemannian 
metric of the same signature. Because of Eq. (2.13), the 
members of this set are in a one-to-one relationship to 
the set of quadruplets of mutually perpendicular unit 
vectors that may be constructed at that world point. 
Thus each set of four o matrices at a world point may 
be associated uniquely with a local Lorentz frame. 
Relations between two possible sets of ¢ matrices com- 
patible with the same metric (always at one world 
point) must be representable by Lorentz transfor- 
mations. 

Given two such sets of possible spin matrices, desig- 
nated by o* and by o*’, respectively, we can always 
express one set linearly in terms of the other, 


ot = 4,0", (3.1) 
By assumption, both sets are Hermitian, and the coef- 
ficients y*, accordingly real. They satisfy the rela- 


tionship 


eV B= Be, (3.2) 
which is typical of the coefficients of a Lorentz trans- 
formation. The two sets o* and o* may (but need not) 
be related to each other by a spin transformation of the 
type (2.10) (without coordinate transformation). In 


that event we have 


t-1 


ya =a ota, y4,7’=arkal. (3.3) 
With the help of the relationship (2.15) we may solve 


for the ‘Lorentz coefficients”’ : 


y= —4(al oa '1,4+-0,07"a"). (3.4) 
If the transformations are infinitesimal, i.e., if a differs 
from the unit matrix only by an infinitesimal matrix 6a 
then this relationship simplifies. If we write da in the 
form 


da=6a,0", ba,u’=(, (3.5) 


(the trace of 6a vanishes, because a itself is uni- 
modular), then we obtain for the infinitesimal Lorentz 
coefficients the expressions 


5y",= 2 Re(da,) (gr, — 5,°u") — 2 Im(6a,)8,. (3.6) 
These expressions can be readily solved for the com- 
ponents of the two real vectors Re(éa,), Im(éa,). It is 
well known, from the special relativistic theory of two- 
component spinors, that Eqs. (3.4) possess solutions if, 
and only if, the Lorentz coefficients on the left repre- 
sent a “proper” Lorentz transformation, that is, if the 
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two conditions 
uyu’y*,>0, 
laser's, Bry ay" 
Det Ba’, BBY", Buy's 
1eey'y, Yu", 
are satisfied. These solutions are ambiguous, in that 
with any matrix a the matrix —a is also a solution of 
Eqs. (3.4) with given left-hand side. Among the proper 
Lorentz transformations we shall call those rotations 
for which u,u’y",=1. The corresponding spin trans- 
formation matrices are unitary. Under rotations the 
trace vector # is invariant. 

Two sets of spin matrices o* and o*’ that belong to 
the same metric may also be related by an improper 
Lorentz transformation. We shall in particular consider 
the possible relationships 


>0 


WV’Y"s\| 


(3.7) 


(3.8) 


(T), 


o* 
bigt ” 
time reversal,” and 


ot =— (P), (3.9) 


yf 


“space inversion” or “parity.” The transformation T 
reverses the sign of w, whereas P leaves w unchanged 
and instead reverses the signs of a“, 6“, and y*. The 
product of these two transformations, P7, 


ot = —g* (3.10) 


is also an improper Lorentz transformation. 7, P, and 
PT all commute with the rotations; that is to say, 
because under unitary spin transformations the trans- 
formation laws for o*, (2.10), and for r#, (2.12), are 
identical, the performance of a unitary spin trans- 
formation U is equivalent to the transformations TUT, 
PUP, and PTUPT. 

A relationship may be considered invariant under T 
or P if along with the o and 7 matrices the remaining 
variables occurring in the equations may be trans- 
formed so that the equations reproduce their form. For 
instance, if two spinors y and x* are related by the 
equation 


x"= ap, (3.11) 


then this relationship will reproduce itself under the 
transformation 7 if 
y’=e. (3.12) 


Under P the corresponding relationship is 


i ex’, y’ -_ ey 


xt’ = eR, 


xh = (3.13) 


and under PT 


y=y. (3.14) 


From the equivalence of spin transformations and 
local proper Lorentz transformations we derive the fol- 
lowing lemma on locally geodesic frames: given an 
arbitrary field of o* matrices, o*(x*); at any chosen 
world point x° we can bring it about that the four spin 


x" = —x", 
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matrices take the values of +1, +o (where @ denotes 
the three customary Pauli spin matrices) and that the 
partial derivatives of all their components with respect 
to the coordinates vanish. 

For proof we remark first that the corresponding 
lemma for the metric tensor is well known (i.e., that 
the components of the metric tensor assume the values 
of the Minkowski metric and that all Christoffel 
symbols vanish at a chosen world point). Accordingly 
we may carry out a coordinate transformation so that 
the metric tensor (2.15) takes the desired form. Then 
the spin matrices will differ from the standard form 
at most by a unimodular spin transformation, plus 
possibly the transformation P, 7, or PT. In all these 
cases we may achieve the standard form (modulo the 
two signs as indicated above) by a unimodular spin 
transformation. Any remaining derivatives may be 
removed by an infinitesimal spin transformation. 


4. SPIN-AFFINE CONNECTION 


We shall define the spin-affine connection as a set 
of four 22 matrices, I’,, which will help us to define 
a covariant derivative of a spinor, 


¥i2=¥,o+T wy, Vie = aw, . 


Under a coordinate transformation I’, is a vector. 
Under a spin transformation the I’, change as follows: 


(4.2) 


(4.1) 


I,’=(al',—a,)a. 


Depending on the transformation laws of various types 
of spinor fields, we may require also the Hermitian 
adjoint, as well as the transpose and the conjugate 
complex, of I’,. 

We shall make the covariant derivative of ¢ vanish. 
We have 


e=aea’, ¢,,=I',e+el',7=0, I',7=ecl',e. (4.3) 
Hence the trace of I’, must vanish. 

Next we shall require that the covariant derivatives 
of o* and r* vanish. That this is indeed possible follows 
from the lemma on locally geodesic spin frames proved 
at the end of the last section. In such a locally geodesic 
spin frame we set the components of the affine con- 
nection (locally) equal to zero. In any other spin frame 
I’, is then determined by the transformation law (4.2). 

These requirements are not only compatible with any 
set of a” and their derivatives, the spin-affine connection 
is thereby uniquely determined. For proof we examine 


the weaker condition 


m 
0=raty=n( ott | }om—1,%0"—orr,) ) 
ap 
(4.4) 
# | 
=Tyf o* + \7" +2 trI’,'+4I',. 
ap 


IN GENERAL RELATIVITY 


Accordingly we find for I’, the expression 


mM 
r= tn (oot | o*) 
ap 
4 | 
a(ret {ro 
ap 


As usual, we define the spin curvature by means of 
the commutator of mixed covariant derivatives: 


¥; “~~ Vine Pu, 
Pia = | ne rn. "aaa ry + Po 


(4.6) 


If the covariant derivatives of the spin matrices are 
to vanish, we obtain the following relationship between 
the Riemannian curvature and the spin curvature: 


Runa Ploy o,P 0 0, (4.7) 
and, likewise: 


Ruryt + Putpt TPs! =(), (4.8) 


With their help, we may express the two curvatures 
explicitly in terms of each other. We have 


1 
Rearu= 4 (ort Pa! — PrloytratorP aT Oph ata) 


} tri Pil (ay ty—oyTr) + (Ty0.— TO y) Pre |, (4.9) 


and 


Pu= tr o*Rurn,, tr(P.)=0. (4.10) 


The contracted forms of the Riemannian curvature, the 
Ricci tensor and the curvature scalar, hence take the 
forms 


Ra=} trLoy7?P ys! - ~Pyato?r y+ OP 7? — "Pa Tr), 


(4.11) 
R=} tr(r°P,,'a°+o°P,,17). 


This last expression, multiplied by (—g)!, may be 
adopted as the Lagrangian of the gravitational field. 

It remains to examine the transformation properties 
of the affine connection and of the spin curvature under 
improper Lorentz transformations. Substitution of 
Eqs. (3.8) and (3.9) into the expression for the spin 
affine connection (4.5) yields under both 7 and P 


(4,12) 
and 
Py. * 


P.’. (4.13) 


Under the transformation P7 the spin-affine connection 
remains unchanged. Inspection shows that such rela 
tions as Eqs. (4.7) with (4.8) and (4.11) are invariant 
under time reversal and space inversion. 


5. GAUGE TRANSFORMATIONS 


Weyl* has called attention to the possibility of 
enlarging the group of spin transformations (2.2) by 
permitting the determinant of a to be a quantity of 
magnitude 1, This enlargement of the transformation 


*H. Weyl, Z. Physik 56, 330 (1929) 
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group would have no effect on the transformation law 
of the spin matrices o” and 7’ as shown by the form of 
Eqs. (2.4) and (2.5). The matrix ¢, on the other hand, 
would remain invariant only if its transformation law 
were changed to 


, Tee 
€=i\2a 


ueu 


‘gea’ =, |\a\|=e", (5.1) 


i 


i.e., if its density character were explicitly recognized. 
In that case the requirement that its covariant deriva- 
tive vanish would reduce to 


.=Tetel'?—e tr(I,)=0, (5.2) 


and this requirement is empty. Hence one would no 
longer require that the trace of I’, vanish, but one may 
require that tr(I,) be imaginary, as 


tr(I’,’)=tr(I',) —276,,. (5.3) 

In this slightly generalized formalism it is possible 
to introduce wave-function spinors corresponding to 
differently charged particles. We may introduce the 
electromagnetic potentials by setting 


€ 


t 
o,=~ tr(I’,), (5.4) 
2 


UC 


where e signifies the elementary unit of charge (not 
necessarily the charge of the particle whose wave 
function is being considered). A spinning particle of 
arbitrary electric charge and zero rest mass would then 
be represented by a wave function whose transformation 
law under spin transformations would include as an 
extra factor an appropriate power of the determinant 
of a. A neutral particle, in particular, would correspond 
to the transformation law 


y’=|la||-toy. 


The expression (4.5) for the affine connection would be 
changed by the addition of the term — (te/hc), on the 
right. The value of the spin curvature (4.6) would 
be changed by the addition of the c-number term 

(ie/hc)d.. The equalities (4.7), (4.8), and (4.9) would 
remain unchanged, whereas Eq. (4.10) would add the 
electromagnetic field tensor, — (ie/hc),,, on the right. 

Under the improper Lorentz transformations the 
values of ep, as defined by Eq. (5.4) remain unchanged. 

The fusion of spin transformations and gauge trans- 
formations brought about by the generalization of the 
transformation group is, of course, quite superficial. 
Any nonsingular matrix may be represented as the 
product of a unimodular matrix and a (complex) 
number. The principal virtue of the approach sketched 
here, as compared with other possibilities, is that it 
leads naturally to Dirac’s momentum operator. 

Infeld and van der Waerden’ have also considered 
the further generalization of the spin transformation 
that consists of permitting a matrices to have any 
determinant whatsoever. In that case wave functions 


(5.5) 
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must possess two distinct densities, one with respect 
to the phase of the determinant (as sketched out in this 
section) and one with respect to the norm. Accordingly, 
particles represented by such wave functions would 
possess two scalar properties, one presumably the 
electric charge and the other some other quantum 
number, such as total isotopic spin, strangeness, or the 
like. Such a formal possibility would have similarity 
with the suggestions advanced by Yang and Mills,§ 
Bludman,® and Utiyama.’? The analog of the b field 
advanced by Yang and Mills would be the real part of 
tr(I’,), which could no longer be set equal to zero and 
which under T and P would change sign, in contrast to 
the imaginary part. Because the complex numbers 
(multiplied by unit matrices) form part of the center 
of any transformation group of matrices, this extension 
of the original unimodular group also has little formal 
rigidity and should not be interpreted or accepted as a 
step toward a unified field theory. 


6. WAVE EQUATIONS. FOUR-COMPONENT SPINORS 


The wave equation of a two-component spinning 
particle would take either one or the other of the two 
forms 
(6.1) 


oMip=0, W'= lal}! Yay 


or 


x’ =|lal| FH gtly, 


7°x;,=90, (6.2) 


These two wave equations go over into each other 
under either P or 7. The effect of an incident electro- 
magnetic potential on the wave function and the value 
of the electric charge of the particle (.Ve) are included 
in the form of the covariant derivative. 

Let us consider the first Eq. (6.1) and attempt to 
separate the individual components of this wave equa- 
tion by continued differentiation. We form the two 
equations 


T°OW, ba=0, (6.3) 


and obtain the second-order wave equation, 


Pa. «p= 0, 


ie 


Niort Steel Pag 


(N- Dus V =(. (6.4) 


c 


The second term contains references both to the electro- 
magnetic field and to the space-time curvature. 

If we wish to introduce particles with nonvanishing 
rest mass, we are led naturally to four-component 
spinors. The only manner in which we can construct 
first-order spin-covariant wave equations is by writing, 
for instance, 


oy.,+mx=0, 7’x.,+mpy=0. 


The fusion of the two two-component spinors y and x 
into one field with four components results in the 


(6.5) 


°C. N. Yang and R. L. Mills, Phys. Rev. 96, 191 (1954). 
*S. A. Bludman, Phys. Rev. 100, 372 (1955). 
7R. Utiyama, Phys. Rev. 101, 1597 (1956). 
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formation of a Dirac-type spinor. This procedure is 
exactly the same that is employed in special-relativistic 
treatments. The proper Lorentz transformations (ZL), 
and the transformations 7, P, and PT correspond to 


4X4 matrices having the form 


¢. 0 0 1 
HR) 
0, af 1 0 
ey 1 0 
(2h mG 
—1 0 0 -1 


where each symbol on the right stands itself for a 2 2 


(6.6) 


matrix. 

With these considerations in mind, we shall first 
construct a Lagrangian density that leads to two- 
component spinor wave equations. Such a Lagrangian 
takes the form 


La=—ty Wo, .+x' 1°x: 5), sf 


transformations 


(—g)}. (6.7) 


With respect to coordinate L, & 
certainly a scalar density. Each term is invariant, too, 
with respect to proper spin transformations as well as 
with respect to the transformation P7. With respect 
to the transformations P and 7, there is an ambiguity 
concerning the density character of the spinors with 
respect to (proper) spin transformations. If y and x 
have the weight 4, which corresponds to neutral 


particles, then each of the two terms of L, goes over 


into itself. Otherwise the density character of either 

function changes under P or under 7 so that the original 

and the transformed weight satisfy the equality 
W+W’'=1. 


Hence for charged particles ,, remains invariant under 
P and T only if each term is assumed to go over into 
the other and if the two wave functions y and y are 
given such weights that they correspond to opposite 
electric charges. 


(6.8) 


7. ACTION PRINCIPLES. CONCLUSION 
To be relativistically invariant a Lagrangian must 
be a scalar density of weight 1 with respect to coor- 
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dinate transformations. With respect to proper spin 
transformations the density weight should be zero (in 
the formalism with gauge transformations; with respect 
to strictly unimodular transformations the weight is 
meaningless). Finally with respect to the improper 
transformations all members of the Lagrangian density 
must have the same transformation properties if the 
theory is to be invariant with respect to these trans- 
formations. The coordinate weight of the Lagrangian 
is usually achieved by the multiplication of a scalar by 
the metric density (—g)!. In terms of the spin matrices 
this density is 


(—g)'= 16 n,o'To r=, (7.1) 


The expression on the right lacks the ambiguity of sign 
of the square root. Under a coordinate transformation 
it multiplies by the Jacobian of the transformation. 
Under the transformations 7 and P it changes sign. 
If we consider the gravitational and the electromag 
netic field Lagrangians to be integral parts of L, then 
the transformation properties of any additional terms 
are fully determined to the extent that we require 
invariance of 1 under these various transformations. 

This situation differs from the special-relativistic 
theory in that the present formalism contains the 
Lorentz group as a local transformation group quite 
apart from the group of (curvilinear) coordinate trans 
formations and that the forms which in the special 
theory are numerics (the metric tensor, the Pauli and 
Dirac spin matrices) are here field variables. Our for 
malism contains the additional elements required for 
the representation of the gravitational field; it thereby 
acquires a rigidity with respect to transformation 
properties which the usual theory apparently does not 
Possess. 

As our next step we shall attempt to develop an 
algorithm for the routine derivation of transformation 
properties of various physical variables under time 
reversal, space inversion, and particle conjugation, par 
ticularly if the particle fields are hyperquantized. 

The writer wishes to acknowledge stimulating dis 
cussions with R. Arnowitt. 
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Corrections to Dispersion Relations 


A. Acopt, M. Cint, ANd B. ViTALe 
Istituto di Fisica dell’ Universita, Centro Siciliano di Fisica 
Nucleare, Catania, Italy 
(Received May 27, 1957) 


HE dispersion relations discovered by Goldberger! 

for meson-nucleon scattering have been shown 
to be well satisfied by experiment? and are now also well 
established theoretically. Recently, however, a more 
refined analysis of the experimental data has been 
made* and some indications have been found that the 
scattering amplitudes for negative mesons fail to 
satisfy the dispersion relations with the value of the 
coupling constant /f? determined from the positive 
meson scattering amplitudes. It seems therefore 
necessary, in order to establish if a clear-cut discrepancy 
exists between theory and experiment, to examine the 
possible corrections, which can be expected to arise from 
known effects, to the conventional dispersion relations. 
The corrections due to the charged-neutral-meson mass 
difference have been evaluated and found to be negli- 
gible. We outline here the results of further investi- 
gation aimed at deducing the possible corrections 
arising from interactions of pions and nucleons with 
the electromagnetic field and with hyperons and heavy 
mesons. 

(a) It can be seen easily that the explicit introduction 
of electromagnetic interactions does not alter the 
dispersion relations for positive and negative mesons 
scattering amplitudes written in the form: 


1 w 1 w 
Ref, (w) — (14 ) Ref, (u)— (1- ) Re f(y) 
2 m 2 m 
gr” dw’ Im /f_(w’) 
= f + | (1) 
rv, gq” w’ +w 


It turns out, however, that now it is no longer true that 


Im/,(w’) 


Staal 
w Fw 


Im/f_(w) =90, 


f? vw 
Imf,(w) = — 29 r(o- ), O<w<y, (2) 
ww 2M 


because in the expression for Im/, intermediate states 


107, 
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are now possible with one nucleon and photons. The 
calculation of the corrections is done to order é by 
neglecting nucleon recoil, which is certainly permissible. 


In this approximation in the unphysical region Im/, 
remains unchanged, while Im/f_ can be taken to be 


Imf_(w)= Imf_ (w) = Ko, (3) 
where the proportionality constant is obtained by 


noticing that immediately above threshold (w,)*® 


4n Imf_ (w) = 0 (9 a(m —r")q 


. 1 
~y)q=- 
1.52 


1 &r 
= A*(2e)4w, (4) 
1.52 9 


where e= 1— (j1o/u,)=0.04 and A= (a3—a,)/90.27/. 

That one does not introduce a large error by assuming 
in the whole range 0<w<y the value of K obtained 
from (4) is confirmed by the fact that the value of K 
obtained by the Kroll-Ruderman theorem (w=0) does 
not differ significantly from the former one. 

Above threshold the optical theorem Im/f,(w) 
= (q/4r)o,(w) is used both in our case and in the 
conventional theory, but, while in the latter the total 
cross section is assumed to remain constant from, say, 
w=wo (wo—p30 Mev) down to w=uy, actually the 
radiative capture part increases approaching threshold 
according to (4). 

The arguments outlined above lead easily to a 
correction of the form 


U 


gc” dw’ w 
OW@=-1 — (= | ) 
wy wp w/w 


wo U 
et f =A- —). 6) 
qo Wy q’ w’ +w 

The corrections given by (5) account for a difference, 
in the conventional dispersion relations, of about 5% 
in the coupling constants for positive and negative 
mesons at energies between 50 and 150 Mev. The effect 
is therefore by far too small to explain the results of 
Puppi and Stanghellini. 

(b) The role played by heavy-meson and hyperon 
virtual states in pion-nucleon scattering has been 
investigated by using the fixed-source version of the 
Salam interaction Hamiltonian.? The results are in- 
dependent of the assumptions made concerning the 
relative parity of K mesons and hyperons. 

The derivation of the dispersion relations for the 
pion-nucleon scattering amplitudes can be easily done, 
by a straightforward generalization of the usual case,® 
since the analytic behavior of f,(w) in the upper 
half-plane and their w dependence are not altered by 
contributions from the r—2 and r—Z—A interactions. 
It is found that the residue at w=0 contains only the 
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renormalized coupling constant and it is still equal and 
opposite for positive and negative scattering amplitudes. 

Furthermore, poles at w= E, and w= Ey (where Ey 
represents the mass difference of hyperons and nucleons) 
do not contribute because the interaction Hamiltonian 
conserves strangeness, and therefore matrix elements of 
the current between nucleon and hyperon physical 
states vanish identically. 

We conclude that the A and ® fields, interacting 
directly with pions, and through the K field with 
nucleons, do not alter the structure of the dispersion 
relations. The validity of this result is not limited to 
the very simple Hamiltonian assumed above; in fact 
it turns out that the same conclusions are reached by 
following the procedure of Goldberger which leads to 
the conventional dispersion relations. 

It seems therefore that, in the light of our present 
knowledge about strong interactions, the results of the 
Bologna group cannot be explained. Should they be 
confirmed, very drastic changes to the present theory 
would be necessary, in our opinion, such as dropping the 
charge symmetry of some strong interactions or the 
principle of microscopic causality. 

Details of the calculations reported above will be 
published elsewhere. 

1M. L. Goldberger, Phys. Rev. 97, 508 (1955); see also for the 
latest developments A. Salam, Proceedings of the CERN Con 
ference, Geneva, 1956 (European Organzation of Nuclear Research, 
Geneva, 1956), Vol. II, p. 176. 

2 Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955). 

3K. Symanzik, Phys, Rev. 105, 743 (1957); N. N. Bogoliubov, 
communication at the International Conference on Theoretical 
Physics in Seattle. 

4G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957). 

§ A. Agodiand M. Cini, Nuovo cimento 5, 1256 (1957). 

*Schweber, Bethe, and de Hoffmann, Mesons and Fields 
(Row, Peterson and Company, Evanston, 1955), Vol. II, pp. 
97-100; J. M. Cassels, Proceedings of the Sixth Annual Rochester 
Conference on High Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956), Chapter 1, p. 15. 

7D—D. Amati and B. Vitale, Nuovo cimento (to be published). 

8A. Klein, Phys. Rev. 104, 1131, 1136 (1956). 


Spin-Orbit Coupling and Tensor Forces* 
B. JANCOVICI 
Laboratoire de Physique del’ Ecole Normale Supérieure, 
Paris, France 
(Received May 20, 1957) 


E have investiyated, in the framework of 
Bruckner’s theory,’ if the spin-orbit coupling 
which is responsible for the shell model can be accounted 
for by second-order effects of the tensor forces. The 
spin-orbit coupling which is computed in this way is 
found, with some restrictions, to be an order of magni- 
tude too small. This result is in disagreement with the 
conclusions of Kisslinger.? 
The nucleus is treated in the Thomas-Fermi approxi- 
mation. First, we define a modified reaction amplitude 
for the collisions of 2 particles i and j inside nuclear 
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matter of uniform density, pictured as a Fermi gas. 
This amplitude has a part 6;; which is linear in the 
spins of these particles 


6;= [a+f(*;°2,) ](oi+-0,;) Ajj. 


6;; depends on the density of the nuclear matter. Then 
we go to nuclear matter of varying density. A matrix 
element of the spin-dependent part @,-V of the optical 
potential for the ith nucleon is, between states of 
momenta k,; and k,’, 


(1) 


(ki |V\k)=4 S(2e)-* hy f ehy ck’) 
¥) 


* [ar(k,’k,’ | A| kk) 
* (ky) A} kik,) y(k,), 


b (a-+38) 
(2) 


where the y,(k,;) are the Fourier transforms of the 
one-particle orbital states y,(rj). Equation (2) can 
be expanded in a power series involving successive 
derivatives of the density 


p(r;) =4 oe ¥)* (ty, (8). 


Keeping only the term containing the first derivative of, 
(3), one obtains a spin-orbit potential’ 


(3) 


@;-V=a(1/r,)(0p/dr,) (ly-@,), (4) 


where a is a function of momentum &; and, through A, 
of the local Fermi momentum / at the point r,. For the 
last bound nucleon, we set ky= f(r;). The quantity a 
depends only on the values of (1) for small-angle 
scattering and scattering through angles near 

a= ao+ a= iLalo(ki,f)— i (a+38)F\(ki,f) |, (5) 


where / and £; are defined by 


1 3 
lim ( )( \f dk; (ky ky’ | A\ k\k,) 
ki’ i \ Rar4 4 f?® kj<f 


=5 (ki +k,’ —ky— ky) (ky — ky) Xk o(k,, f), 


1 3 
lim ( \(~ yf d*he,(kjky’ | A) kk,) 
ki’-oks \BatF N44 ft] Ja cy 


=5(k,’+k/ —k,—k,) (ky —k,) Xk, (k,,f). 


(6) 


(7) 


The relevant matrix elements of (1) were computed 
from a tensor force, using the second Born approxi- 
mation and taking into account the exclusion principle 
for intermediate states which are already occupied by 
other nucleons, in the model of a uniform Fermi gas. 
The computation involves complicated integrals which 
can, however, be transformed to simple numerical 
one-variable integrals. 

The experimental value of aisabout +70 MevX (10° 
cm)*.** The values computed for the direct part do of 
(5) are very sensitive to the range (1/yu) of the tensor 
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force; do increases with this range. For f= 1.27 10~" 
cm (this is the value far from the nuclear surface), 
ao 4 for an exponential tensor force® and ao <1 for a 
Yukawa tensor force.’ Actually, f ought to be smaller 
in the nuclear surface, in the Thomas-Fermi approxi- 
mation, and this would lead to even algebraically 
smaller values of do. In the case of a potential 
r’ exp(—yp’r’), adjusted to look like the Gartenhaus 
potential,’ a,= —6. 

The calculations have also been done, neglecting now 
the exclusion principle in intermediate states, in order 
to estimate the importance of this effect. It is found 
that the Pauli principle had diminished a by a factor 
~5 (although this factor is also very sensitive to the 
details of the tensor force). Anyhow, with all reasonable 
values for the parameters, a remains negative or, if 
positive, too small.’ 

There is a possibility that spin-orbit forces in shell 
structure would involve more than two particles at a 
time.” Such effects would appear in a Brueckner 
formulation in the momentum-nonconserving terms! 
which have not been considered here. If our approxi- 
mations are justified, and if more than two-body terms 
were inoperative, we should admit the existence of 
two-body elementary spin-orbit forces. 

A more detailed account will be published later. 

* Supported in part by the U, S, Air Force through the European 
Office, Air Research and Development Command. 

1H. A. Bethe, Phys. Rev. 103, 1353 (1956). 

#1. S. Kisslinger, Phys. Rev. 104, 1077 (1956) ; thesis, Indiana, 
1955 (unpublished). 

* Fernbach, Heckrotte, and Lepore, Phys. Rev. 97, 1059 (1955). 

‘J.S. Belland T. H. R. Skyrme, Phil. Mag. 1, 1055 (1956). 

®R. J. Blin-Stoyle, Phil. Mag. 46,973 (1955). 

*R. Jastrow, Phys. Rev. 81, 165 (1951). 

7H. H. Halland J. L. Powell, Phys. Rev. 90, 912 (1953) 

*S. Gartenhaus, Phys. Rev. 100, 900 (1955). 

* Kisslinger computed only the direct term ao, neglecting the 
exclusion effect. His results are of the right order of magnitude. 
We believe that this is due to his unjustified approximation of 


neglecting the logarithm in Eq. (16) of his paper. 
” A.M. Feingold, Phys. Rev. 105, 944 (1957). 


Magnetohydrodynamic Waves in the 
Atomic Nucleus 


HANNES ALFVEN 


The Royal Institute of Technology, Stockholm, Sweden 


(Received May 6, 1957) 


YDRODYNAMIC models are important for the 

understanding of some properties of the atomic 
nucleus. Since the nucleus has a magnetic moment, 
hydrodynamic phenomena should be affected by a 
magnetic field. Hence, the classical analogy should not 
be ordinary hydrodynamics but instead magneto- 
hydrodynamics. It is of interest to calculate the order 
of magnitude of possible magnetohydrodynamic reso- 
nance frequencies, The electric conductivity is assumed 
to be infinite. 
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The magnetohydrodynamic velocity Vuxu is 
Vun=H(4ap)-}, 


where H is the magnetic field and p the density. Suppose 

that a nucleus with radius r has a uniform magneti- 

zation giving a magnetic moment of B nuclear magne- 

tons. The magnetic field inside the nucleus is 
H=2Byor™, 


where po=eh(4eM ,c)'=5XK10-* gauss cm’, and 
r=1A!, with ro= 1.5 10~-" cm, A =atomic weight, and 
M ,= mass of a nucleon. Since the density is 


3 


p=AM,(4nr*) | =4aM yr? =10"g cm, 


B eh B 
( )- «8107 cm sec”. 
Av3\2mrceM ,'ro! A 


we get 


Vn 


One of the lowest modes of oscillation is a torsional 
standing wave along the magnetic axis. The wave- 
length is somewhat smaller than 47, which means a 
frequency 


v= Vuul(4r)—. 


This corresponds to an energy 


W =hvy=CWmnu, 
where 
eh’ 
Wuu= =10~° erg=0.5 Mev 
1M py ro! 


x f{B 
2v3\A! 


For reasonable values of A and B, the value of W is 
of the order of a few kev. If this classical phenomenon 
has a quantum-mechanical correspondence, we may 
expect that a final theory of the nucleus should contain 
fine-structure terms of this type. 


Charges and Parities of Elementary 
Particles 


D. W. SciaAMa 
Trinity College, Cambridge, England 
(Received May 31, 1957) 


N this letter we outline a theory of elementary 

particles which has the following consequences: 

1. Every particle (elementary or compound) has 
charge +-néo, where n is an integer or zero and é is a 
constant. 

2. The direct interaction between a particle and the 
electromagnetic field is invariant under either a space 
or time reflection (bosons) or a space-time reflection 
(fermions). 

3. All singly charged bosons are pseudoscalars (or 
vectors, etc.). 
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The starting point of the theory is the idea that 
particles with spin produce a gravitational field whose 
potential is a real nonsymmetric second-rank tensor. 
The reasons for introducing this idea have been 
described elsewhere'; here we shall examine its impli- 
cations for the mathematical representation of ele- 
mentary particles or fields. In particular, we wish to 
introduce spinors into a space determined by a non- 
symmetric metric. The resulting formalism then leads 
to the consequences mentioned above. 

A considerable amount of work has been done on the 
problem of introducing spinors into Riemannian space. 
The most convenient method to generalize consists of 
introducing a local Lorentz frame of reference (vierbein 
or tetrad) at each point of space.’ Spinors can then be 
defined in terms of Lorentz transformations of these 
tetrads. 

In order to generalize the tetrad, it is convenient 
to represent the nonsymmetric metric gi; by a complex 
Hermitian tensor,* whose real and imaginary parts 
correspond to the symmetric and skew parts of gi;. We 
can now introduce a complex tetrad e,(a) at each 
point of space, such that 


gij= es (a)e;*(a), 


where the star means complex conjugate. This is the 
analog of the corresponding equation in Riemannian 
space. 

These complex tetrads are subject to a unitary 
transformation which can vary arbitrarily (but con- 
tinuously) from point to point. Elementary particles 
or fields can then be described by quantities which 
transform irreducibly under unitary transformations. 
In addition the space will be endowed with a skew- 
Hermitian affine connection p,(af), which generalizes 
the skew-symmetric connection O,(af) of Weyl.” 

For simplicity let us first consider the analog of the 
scalar field. This will be* a scalar density y of weight a, 
where a is any complex constant: 

gA*¢, 
where A is the determinant of the transformation. The 
factor A* gives a contribution to the covariant derivative 
of ¢: 
¥:p= ¥, pt au, (Ap) ¢. 
This suggests that we interpret »,(§f) as the electro- 
magnetic potential. This suggestion is supported by 


the fact that 
5 0e,(B) 
py(BB)=1 Im( - (9), 


Ox? 


so that the transformation 
€y(B)—e%e,(8), 


gre oy, 
leads to 
up(BB)—u, (8B) +-1(00/ dx”), 


which is just a gauge transformation. 


THE EDITOR 633 

On this interpretation of 4,(88), a is the coupling 
constant for the ¢ and electromagnetic fields. Now 
since ¢ is a boson field, it is measurable, and so it must 
correspond to a single-valued representation of the 
unitary group. This requirement restricts a to being a 
positive or negative integer or zero.‘ Hence, when the 
field is quantized, the charge of the resulting particles 
will be an integer (a) times a basic unit ép. 

Similar considerations apply to vector, tensor, etc., 
representations, so that we arrive at result 1 for 
bosons. Fermions need special consideration as there 
is no spinor representation of the whole unitary group. 
However, gauge transformations of spinors can be made 
to correspond to gauge transformations of the tetrads, 
and then result 1 applies also to fermions. 

In order to derive result 2, we note that the unitary 
group differs from the Lorentz group in that reflections 
are continuous with the identity. Hence we should 
expect that the interaction between bosons and the 
electromagnetic field is invariant under a space or time 
inversion. Again fermions need special consideration, 
and it turns out that (as far as this theory goes) their 
electromagnetic interaction must be invariant under a 
combined space-time inversion (and lience charge- 
conjugation). By contrast, particles which do not 
interact (directly or indirectly) with, the electro- 
magnetic field are described by real field variables which 
are transformed only by the (real) Lorentz subgroup 
of the unitary group. For 
reflections are discontinuous with the identity, so that 
reflection symmetry may be lost. 

Result 3 follows from the fact that all singly charged 
bosons are densities of weight +1. 

A detailed account of this work is being prepared. 
I am grateful to Professor P. A. M. Dirac, Dr. D. 
Finkelstein, Dr. O. Penrose, Dr. R. Penrose, Professor 
A. Salam, and Dr, J. C. Taylor for helpful discussions. 
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Spin of 27-Hour Arsenic 76* 


ae F BENNEWITZ,{ D. KR. HAmILtTon, 


AND H. H 


CurIsSTENSEN,t H. G 
J B. ReEYNOLD 


Palmer Physical Laboratory, Princeton University 


; STROKE 
Princeton, New Jersey 
(Received May 15, 1957 


HE Princeton focusing atomic beam apparatus! 
has been used to measure the angular momentum 
of the odd-odd nucleus As’. We find / = 2, 
the result obtained by Pipkin and Culvahouse’® by a 
double-resonance method in an arsenic-doped. silicon 


contirming 


crystal. This represents the start of a series of atomic 
beam measurements of ground state hyperfine structure 
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in elements which normally vaporize as molecules and 
which are hence inaccessible to the high-intensity 
atomic beam methods needed for measurements on 
radioactive nuclei. In this case, approximately 20%, 
dissociation of the As, vapor is effected by means of a 
microwave discharge at the end of a coaxial line, 
similar to the technique described by King and 
Zacharias.* The 27-hour isotope is produced by neutron 
irradiation in the Brookhaven reactor. 

Owing to instability in the discharge, the beam 
apparatus has been converted to operate in a “flop-out”’ 
manner. Because the unflopped beam is focused into 
an area of }-inch radius around the axis of the apparatus, 
the deposition detector disk has been divided into eight 
sectors and is rotated about an axis eccentric to that of 
the machine. Each sector has associated with it a 
particular rf transition frequency. ‘The disk is rotated, 
exposing successively each sector to the beam for a 
short period while applying the appropriate frequency 
to the transition-inducing loop. Many revolutions are 
made, thereby averaging the beam fluctuations over 
all the sectors and providing a total exposure of about 
five minutes for each sector. It is necessary to cool the 
copper disks to about —120°C or lower in order to 
insure a high, reproducible sticking probability for the 
arsenic atoms. The beam intensity is measured by 
removing the disk from the vacuum system, separating 
the sectors, and counting the activity on each one ina 
2m scintillation counter. 

By means of these techniques, resonances have been 
observed at the three transition frequencies 0,75, 1.48, 
and 5.60 Mc/sec, at values of the dc magnetic field 
measured by using as calibration the resonances ob- 
served with an atomic beam of K®. A typical As’ 
resonance is shown in Fig. 1. The observed As’® reso- 
nances are consistent only with (A/=0) transitions 
within the state J/=% (the known J for the atomic 
ground state), /=2, f= 4. A resonance at 0.65 Mc/sec 


104 


As’® 
H* 0.623 GAUSS 





eS a er 
740 760 760 600 


FREQUENCY IN KC/SEC 


ennilt L 


700 =: 7720 





Fic. 1. A typical As” resonance in the Zeeman region. Beam 
intensity without rf applied is about 2000 counts/min for a 5 
minute exposure. 
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within the state /=$, /=2, F=§ has also been ob- 
served. The spin of the 27-hour As” is thus uniquely 
determined as two. 

The spin of two is in agreement with the beta decay 
systematics‘ and the reasonable shell-model expectation 
of an f6/2— £92 odd-proton, odd-neutron configuration. 

A splitting of the observed resonances which results 
from the various multiplicities of multiple quantum 
transitions’ has also been observed. This splitting and 
the field dependence of the resolved components are now 
being measured to obtain values for the hyperfine 
intervals of the ground state of the As’® atom. 


* This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. 

1 Vining Electric Coffin and Swope Fellow, 1955-1957. 

Visiting Deutsche Forschungsgemeinschaft Fellow 
University of Bonn. 

1 Lemonick, Pipkin, and Hamilton, Rev. Sci. Instr. 26, 1112 
(1955). 

?F. M. Pipkin and J. W. Culvahouse, Phys. Rev. 106, 1102(L) 
(1957). We wish to thank Dr. Pipkin and Mr. Culvahouse for 
making their results available to us prior to publication. 

4J. G. King and J. Zacharias, Advances in Electronics and 
Electron Physics (Academic Press, Inc., New York, 1956), Vol. 8, 
p. 1. 
‘ Kurbatov, Murray, and Sakai, Phys. Rev. 98, 674 (1955). 
5M. N. Hack, Phys. Rev. 104, 84 (1956). 
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Some Experimental Tests of the 
Liiders Theorem* 


Henry P. Stapp 
Radiation Laboratory, University of California, Berkeley, California 
(Received May 20, 1957) 


HE recently observed violations of the principle of 

symmetry under space and space-time inversions 
inay easily be accommodated in the existing theoretical 
framework by the readmission of various interaction 
terms or by the suppression of certain states. The 
violations of these symmetry principles may, however, 
signify a more fundamental defect in the current form 
of physical theory. In view of the conclusions of Landau 
and Pomeranchuk'! and of the prevailing sentiment that 
the renormalization procedures are fundamentally 
unsatisfactory, the failure of the spatial symmetries 
casts an additional suspicion upon the current treat- 
ment of the space-time point.? 

A recent theorem of Liiders shows that for the usual 
types of field theory the product of time reversal (7), 
charge conjugation (C), and space inversion (P?) must 
be a valid symmetry operation. As the validity of the 
usual treatment of the space-time point is assumed in 
the proof of this theorem, an inadequacy of the treat- 
ment may be reflected in a failure of the theorem. 
Regardless of the validity of the present treatment of 
space and time, a demonstrated violation of the Liiders 
theorem would be of considerable theoretical im- 
portance, as it would imply the nonvalidity of at least 
one of the fundamental precepts of current physical 
theory. 
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Direct experimental tests of the Liiders theorem are 
difficult because the two processes directly related by 
the theorem are time inverses of each other, and the 
time inverse of a weak (decay) process is not easily 
performed. If, however, the weak interaction is effective 
only in first order, the need for observing the time- 
inverse process may be circumvented by an appeal to 
the principle of detailed balance.’ The Liiders theorem 
in conjunction with the principle of detailed balance 
allows one to equate the transition rate for the process 
a— to the transition rate for a8, where a and # 
represent eigenstates of the strong-interaction Hamil- 
tonian and aand # represent the corresponding CPT-in- 
verse states. If the final states may be chosen as plane- 
wave states (i.e., if these are eigenstates of the strong re- 
actions) then the CPT-inverse of a state is a state with 
the same momentum but with opposite spin and charge 
(more precisely a particle is changed to its antiparticle 
and its spin is reversed). A number of consequences of 
the Liiders theorem may be deduced immediately. 
One of these is the equality of the reaction rates of the 
processes mt—yt+v and my +%. Similarly the 
reaction rates of the two processes u+—re++- y+) must 
be equal. These results have been obtained somewhat 
less directly by Lee, Oehme, and Yang.‘ Additional 
consequences are easily obtained. In particular the 
polarizations (spin expectation values) of the wt and yu 
produced in the decay at rest of wt and w~ must be 
equal but opposite if the Liiders theorem is valid. This 
result may be distinguished from the consequences of 
invariance under charge conjugation. If this latter 
invariance is maintained, one again finds the equality 
of the reaction rates for the two charge states, but the 
polarizations of the u*+ and w~ must now be equal both 
in magnitude and in direction. A measurement of the 
relative polarizations of the »* and w~ produced from 
the decay of w+ and mw would therefore permit a 
decision as to whether it is invariance under C or under 
CPT that is preserved in the weak interactions® or 
whether both are violated. 

Similar conclusions may be obtained from the 
measurement of the angular distributions and polari- 
zations of the e* produced from the decay of polarized 
u*. If the spins of the u* and yw are oppositely aligned 
and CPT invariance is maintained, then the angular 
distributions of the e+ and e~ will be the same but their 
polarizations will be opposite. On the other hand, if 
charge-conjugation invariance is maintained and if the 
spins of the w* and wo are aligned (as they would be if 
charge-conjugation invariance were maintained in the 
production of the w* and mw in w* decay), then the 
angular distribution of the e* and e~ would again be 
identical, but their polarizations would now be the 
same in both direction and magnitude. 

The decay of long-lived neutral K particles (assumed 
unpolarized or of spin zero) can be analyzed in a 
similar way. If charge-conjugation invariance were 
maintained, the long-lived K° would be an eigenstate of 
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charge conjugation and would be its own charge- 
conjugate state. This would imply the equality of the 
reaction rates into any two final states that are charge 
conjugates of each other. (It is assumed that the short- 
lived component has decayed and therefore gives no 
interference effects.) The polarization of the u* and yu 
obtained from the decay of the long-lived neutral K 
will therefore be the same in both sign and magnitude 
if charge conjugation is maintained, If, on the other 
hand, the reaction is invariant under the product of 
charge conjugation and space inversion (i.e., under CP), 
as has been frequently suggested, then the components 
of polarizations of the w+ and w~ that lie in the plane of 
production must be equal but opposite ; the components 
of polarization perpendicular to the production plane 
must be equal both in sign and in magnitude. If in addi- 
tion to CP invariance there is also invariance under 
CPT, then time-reversal invariance is required and, to 
the extent that final-state interactions are negligible, 
the components of polarization perpendicular to the 
plane of decay must vanish. 

Invariance under CPT, together with the assumption 
that the short lifetime of the neutral K° is very small 
in comparison with the long lifetime, allows one to 
consider the long-lived K® particle to be its own CPT 
inverse.* The transition rates into any two final states 
that are CPT inverses of each other will then be equal 
and the polarizations of final wt and w~ must 
quently be equal but opposite. 


conse- 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission 

'L. D. Landau, in Niels Bohr and the Development of Physics, 
edited by W. Pauli (McGraw-Hill Book Company, Inc., New 
York, 1955), p. 52 

* The role of the space-time point in current theories is that of 
an elementary unanalyzable parameter which provides the 
framework in which the theory is set. This may be distinguished 
from alternative treatments in which, for instance, space-time 
separations emerge as well-defined quantities only in a limiting 
case, much as the notions of simultaneity in time and simultaneous 
position and momentum become valid only in the classical limit 
of the relativistic quantum theory. 

4 J. Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York, 1952) 

* Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957) 

'It is frequently stated that the parity-nonconserving experi 
ments have also demonstrated that charge-conjugation invariance 
is violated. Actually it is P and the product P7 that are not 
conserved, Therefore either C or CPT is not conserved. It seems 
premature to decide in favor of CPT conservation, particularly 
since CPT is more intimately associated with the somewhat 
suspect properties of space time than is C. 


Quadrupole Moment of O'’+ 


M. J. SteveNson® AND C. H. Townes 


Columbia University, New York, New York 
(Received May 31, 1957) 


HE quadrupole hyperfine structure due to the O'7 
nucleus has been measured in the 29-22, 
rotational transition of HDO by conventional tech- 
niques of microwave spectroscopy, and the value 
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hic. 1. Structure of the HDO molecule: a, b, ¢ are the principal 
axes of inertia; y axis bisects the bond angle so that the electric 
fields are symmetrical about the y, z plane. 


(—0.0264-0,009) X10~"% cm? calculated for the quad- 
rupole moment of O', 

The molecule HDO"® has been studied extensively 
by Posener and Strandberg! and its structural param- 
eters are well known. Figure 1 shows the structure of 
the molecule and the principal axes of inertia, a, 6, c. 
Structural parameters for HDO" obtained from the 
rigid-rotor model are sufficiently accurate for the 
present quadrupole energy calculations. These were 
made from the expressions of Bragg and Golden.” 

In addition to the quadrupole interactions, magnetic 
hyperfine interactions had to be included to fit the 
experimental data well. In general, the magnetic 
interaction term in the Hamiltonian of an asymmetric 
rotor is 


| , Agq'l oJ y’, 


where dy, are components of a symmetric tensor. Since 
the entire magnetic interaction is small, and is not 
expected to be very different for the two rotational 
states involved, the simpler expression 


Buumel-} 


was taken as an adequate approximation. 
Values of the three parameters needed to fit the five 
resolved lines are 


eqa) = e(V /da*)O = —8.1,4-0.1 Mc/sec, 
PV &V eV 

E)/ 
ar ad Aa’ 


a= —15+10 ke/sec. 


=0.7+0.1, 
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Fic. 2. Comparison of the observed line shapes (solid line) 
with the theoretical pattern (dashed line). The unsplit line position 
is 10 374.56 Mc/sec; the frequency of the strongest line is 10 374.31 
Mc/sec. 


The fit obtained between the experimental line shapes 
and the theoretical pattern is shown in Fig. 2. The 
unsplit line position is 10 374.56 Mc/sec. 

Calculation of the quadrupole moment of O" requires 
an evaluation of the second derivatives of the electric 
potential along all three principal axes. This evaluation 
can be made most easily in the x, y, 2 coordinate 
system in which the electric field is symmetrical about 
the y, z plane. If we let s be the percentage hybridization 
of the 2p oxygen orbitals and 7 the ionic character of 
the O—H bonds, the gradients of the electric field in 
the x, y, z coordinate system may be obtained by the 
usual method.* The resulting quantities must be 
transformed into the a, b, c coordinate system, which is 
rotated about the z axis by 21° 23.5’ relative to the 
x, y, 2 frame. The asymmetry parameter 7 is then a 
simple function of s and thus it determines one of the 
unknown parameters needed in evaluating eqa. The 
ionic character of the O—H bonds is expected to be 
approximately i=0.40 with extreme limits of 0.25 and 
0.50. Quantities which result from these considerations 
are tabulated in the first column of Table I. 

The hydrogen nuclei will also contribute to the 
gradients of the electric field along all three axes 
because of the ionic character of the O—H bonds. This 
contribution is approximately 10% of the electronic 
field gradients. Any shielding or antishielding effects 
are presumably incorporated into the structure and 
hybridization of the O'’ bonds, which are already 
allowed for. The second column of Table I gives the 
hybridization, eg,, and the quadrupole moment values 
after this correction is made. Thus the best value for the 
quadrupole moment of O"” is Q=(—0.026+0,009) 
xX 10-“ cm*. The error assigned to this value is almost 
entirely due to the uncertainty in determining the field 
gradients. 


TaBLe [. Calculated values of hybridization s, ega, and gen 


1110" esu for one 


pole of O'7 assuming i=0.40, 40°V/d2*= 
valence p electron with m=0. 


With correction for 
proton gradient 


0.37 
2.10 10® esu/cm? 
0.0264-0.009) K 10-* cm? 


Without correction for 
proton gradient 


s 0.38 
€4a 1.92 10° esu/cm? 
Q (—0.028+0.009) K10-% cm? ( 
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The present value of Q for O" is about a factor of 
five greater in absolute value than that of Geschwind 
et al. Their value was too small because the amount of 
s-hybridization of oxygen orbitals, to which the hyper- 
fine structure of OCS is quite sensitive, seems to be 
actually much greater than was expected from present 
molecular theory. This difficulty is also illustrated by 
the quadrupole coupling of O' in CO.® Evaluation of 
Q from the HDO spectrum is far more reliable because 
hybridization of the orbitals is determined rather 
directly from 7. 

The experimental value, 0= —0.026X10™ cm’, is 
now in fair agreement with recent theoretical calcu- 
lations,~* which range from about —0.035_ to 
—().043K 10 cm?. 

Substantially the above results have been reported 
earlier,’ except that the correction for the field gradient 
due to the proton charge had not been included. 
Recently the quadrupole moment of 07 has also been 
measured at Oxford in atomic O'’ by Kamper and 
Lustig,'® who obtain a value for the quadrupole moment 
in good agreement with the one reported here. 

The amount of hybridization given by quadrupole 
coupling of O'’ indicates that the structure of bonds 
involving oxygen needs re-examination. Further experi- 
mental data and discussion of this situation will be 
reported later. 

The authors are indebted to A. H. Nethercot, Jr., 
and B. Rosenblum for making available prior to 
yublication their results* on CO" which motivated the 
I 
present work. 

t Work supported jointly by the Signal Corps, the Office of 
Naval Research, and the Air Force Office of Scientific Research 
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Forward-Backward Asymmetry in 
K-y-e Decay 


W. G. HOLLAbAy 


Physics Department, Vanderbilt University, Nashville, Tennessee 
(Received May 21, 1957) 


N recent years there have appeared a number of 
classifications of the fundamental particles. For pion, 
K-meson, nucleon, hyperon phenomena the schemes 
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of Nakano and Nishijima,' Gell-Mann,’ and Sachs,* 
which are essentially identical for these particles, have 
received considerable experimental support.‘ However, 
Sachs’ scheme differs from the first two in that he has 
also included the light fermions in his classification, 
We wish to point out that, as a result of the recent 
experiments®’ relating to parity nonconservation,"° 
some important consequences of Sachs’ classification 
of the light fermions can be experimentally tested. 

To see these consequences, recall that the central 
idea of his scheme is the assignment of an attribute 
quantum number designated by a to each particle, 
It is assumed that this number is additive when two or 
more particles are considered, is conserved in all 
“fast” reactions (~10~" sec) as well as reactions 
involving neutrinos (v) or antineutrinos (#), but is not 
conserved in “slow” reactions (~10~" sec) not involving 
v or ». Sachs showed that a may be chosen integral for 
photons, pions, K-mesons, nucleons, and hyperons. In 
particular, Sachs had a=0 for pions and photons, 
a=—1 for (K*+,K°), and a= +1 for (K~,K®). For the 
light fermions, however, |a| =}. 

For the determination of a for the individual light 
fermions, recent experimental information allows the 
use of a slightly more cogent chain of reasoning than 
that used by Sachs, for experiments®:** seem to indicate 
that 

n—p+e- +d 
and 
pt—et+v+i, 


where the neutrino v is completely polarized parallel to 
its momentum and the # antiparallel to its momentum." 
Reactions (1) and (2), the process y—+e'+-e~, and the 
fact that K particles undergo K,2 decay point to at- 
tribute assignments as follows: 


4, = 4,= 4,;= —}, 
d= 0,= d,= 4. 


Here ut and et are gf and @. The attribute rules then 
dictate that pions and K mesons decay by 


(3) 
(4) 
(5) 
(6) 


rh—ut+y, 
rp +d, 
Kt—yt+3, 
K-—yu + v. 


From the above-mentioned polarized properties of v 
and # and from conservation of angular momentum, 
a pt originating from a wt at rest in (3) would be 
polarized along its momentum and a yw~ from (4) 
opposite to its momentum. For a spin-zero K particle 
decaying at rest, the u* in (5) on the other hand would 
be polarized antiparallel to its momentum and the yu 
in (6) parallel to its momentum. Consequently, the 
forward-backward asymmetry of the positrons origi 
nating from the wt decays in (5) should be just the 
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opposite to that shown by the positrons from the yu* in 
(3). The confirmation of these predictions would have 
paramount importance with respect to a_ unified 
classification of the known fundamental particles. 

'T, Nakano and K. Nishijima, Progr. Theoret. Phys. Japan 10, 
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Nuclear Quadrupole Moment Ratio of 
Re™ and Re’*’t 


S. L. Secer anp R. G. Barnes 
Institute for Atomic Research and Department of Physics, 
Towa State College, Ames, Iowa 
(Received May 29, 1957) 


HE pure nuclear quadrupole resonance spectrum 

of the natural rhenium isotopes Re'™® and Re!* 
has been detected in rhenium pentacarbonyl, Rez(CO) jo. 
Two resonances have been observed for each isotope, 
corresponding to the + §«++ 3 and + $«++ $ transitions 
for spin [= §. The observed frequencies are listed in 
Table I. 

Since both isotopes have the same spin, the ratio of 
the nuclear quadrupole moments is given directly by 
the ratio of the frequencies belonging to the same 
transition. The mean value of the two ratios is O(Re!*®) / 
QO(Re'*’) = 1.05640.005, This is almost exactly the 
average of the values 1.085 and 1.020 obtained by 
Schiller and Korsching' from measurements on the hfs 
of the atomic *Py/2 and *P5,/2 levels, respectively. All of 
the resonances are broad and weak (total sample was 
only 500 mg), and this factor limits the accuracy 
attainable in the frequency measurements. The 
t }«>+ 4} transitions were at the limit of observability 
with oscilloscopic presentation using a super-regenera- 
tive spectrometer; the + $«»++ 3 transitions were only 
found with the aid of a lock-in detector and integrating 
circuit, 


Tas.e I, Nuclear quadrupole resonance frequencies in Mc/sec 
of rhenium isotopes in Re,(CO),9 at room temperature. 


»(Re'*) v(Re!#") 


27.191+-0.030 
37.7304-0.080 


» (Re!) /y(Re#") 


1,060-+.0,003 
1.051-+-0.006 


Transition 


+ foot 28.8364-0.030 
+ §e>+ 


39.650-4-0.080 
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In most compounds formed by transition metals the 
metal atom occupies a position of such high symmetry 
that a quadrupole coupling is precluded. In the di- 
nuclear and polynuclear metal carbonyls,’* however, one 
of the six bonds may differ at least in ionic character from 
the other five. For example, in Re,(CO),.each metal atom 
is octahedrally coordinated by five carbonyl! groups and 
the other metal atom.4 Even a small electric field 
gradient can lead to a significant coupling energy since 
most of the transition metals appear to have fairly 
large quadrupole moments, Thus, one might hope to 
find pure quadrupole resonances in appropriate com- 
pounds of iridium, ruthenium, and molybdenum, for 
example. Although the details of the chemical bonding 
in such compounds are probably not sufficiently well 
known to permit an accurate determination of the 
quadrupole moments themselves, the moment ratios of 
the isotopes can be unambiguously evaluated. 

We wish to acknowledge the loan of the sample of 
rhenium pentacarbonyl from Dr. L. F. Dahl of this 
Laboratory. A discussion of the significance of these 
observations for understanding the bond properties of 
rhenium pentacarbony] will appear elsewhere. 

t This work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 

1H. Schiiler and H. Korsching, Z. Physik 105, 168 (1937). 

2 J. C. Bailar, Chemistry of the Coordination Compounds (Rein- 
hold Publishers, New York, 1956). 

+ J. W. Cable and R. K. Sheline, Chem. Revs. 56, 1 (1956). 

4 Dahl, Ishishi, and Rundle, J. Chem. Phys. (to be published). 


Radiative Corrections to the Asymmetry 
Parameter of Low-Energy Positrons 
in Muon Decay* 


Torcarro KINosuiITA AND ALBERTO SIRLIN 


Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received May 22, 1957) 


HE distribution of decay positrons from a polar- 

ized positive muon, integrated over the entire 
energy spectrum, is peaked backward with respect to the 
muon momentum.’ On the basis of this, the two- 
component neutrino theory’ predicts that the positron 
distribution should be peaked forward in the low-energy 
region. Simple calculation shows that the asymmetry 
parameter can be as large as 0.26 when the spectrum is 
integrated from 0 to 10 Mev. However, preliminary 
experimental results’ indicate that the angular distri- 
bution of positrons is almost isotropic in this energy 
range. 

The purpose of this note is to report on the radiative 
correction to the asymmetry of low-energy positrons 
of w* decay in the two-component neutrino theory. As 
was discussed before,‘ the radiative correction is quite 
large at the lower end of the decay spectrum. Further- 
more, it tends to reduce the asymmetry there because 
some of the low-energy positrons correspond to higher 
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energy ones of the uncorrected spectrum where the 
backward emission is favored. Thus the radiative 
correction will be an important factor in reducing the 
discrepancy of theory and experiment. 

The decay spectrum of a positive muon in the two- 
component neutrino theory is given by 


T 


m {1—x 
+65— ( ) frasa, (1) 
Mm x 


if one retains a term of order m/u=1/206.9 from the 
uncorrected spectrum and includes radiative corrections 
to order a. The muon is assumed to be at rest with its 
spin completely polarized. The parameter x is the posi- 
tron momentum measured in units of 4/2; 6 is the angle 
between the positron momentum and the direction of 
muon spin; and ¢ and ¢ are defined by 


a a 
iv~|3 —22x+—f(x)—£é cos — 2x+—h(x) ) 
4 2r 2 


~ 2x9 + 34+ (a/2r)L (0) — H (x) | 
a,(x,t,0) = ( : 
3\ 2x4 — a+ (a/24) LF (0) — F(x) J+ ¢(m/y) (622 - 


derived by integrating Eq. (1) over x from 0 to x. 
F(x) and H(x) are obtained from f(x) and h(x) by 
integration and are given in reference 4. 

As is easily seen, ¢ satisfies the inequality 


Iris (1—#)!. (4) 


| 
| 


Thus ¢ must vanish if |¢|=1. The available data! 
indicate that 

|| >0.76. (5) 
Equation (4) therefore implies 


i¢| $0.65. (6) 

Asymmetry parameters with and without radiative 
corrections are given in Table I. The second column, 
a(x, —1, 0), gives the maximum asymmetry that can 
be reached in the two-component theory when no 
radiative correction is included. The third column, 
ao(x, —0.76, ¢), may be regarded as the lower limit of 
the asymmetry compatible with (5). The indicated 
uncertainty in do(x, —0.76,¢) is obtained from (6). 
The fourth column, a,(x, —1, 0), is the upper limit of 
the asymmetry when the radiative correction is in- 
cluded. Finally, a,(x, —0.76, ¢) in column 5 gives the 
lower limit consistent with the two-component theory 
and the observed data at higher energies. The un- 
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TABLE I, Asymmetry parameters for low-energy positrons in muon 
decay with and without radiative corrections 


ao(x, —0.76, ¢) ar(x, ~1, 0) ay(x, —0,.76, [) 


0.23 +0.02, 
0.19;+0.019 
0.16,+0.00, 
0.12;+0.00, 
0.084+0.005 
0.0344-0.005 
0.015+0.005 


x ao(x, —1, 0) 


0.18 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 


0.13 +-0.00, 
0.154 -+-0.005¢ 
0.134-+0.00, 
0.105-+0.00. 
0.07 90.00; 
().025-+-0,00o 
0.025-+-0.005 


O17 

0.205 
0.18% 
0.095 
0.03, 
0.035 


0.30 
0.25, 
0 216 
0.16, 
0.11, 
0.045 
0.02. 


* The values of the asymmetry parameter for x «0.1 are calculated using 
the radiative correction in which the electron massa is not neglected, For 
x 20.2, one can safely neglect the electron mass compared with its 
momentum 


2 Re(gv*ga) \ga|?—|gv|? 


(2) 


’ 


gv\?+ | gal? gv\?+/gal? 


The functions f(x) and h(x) represent radiative correc- 
tions to the isotropic and cos@ terms. Their explicit 
forms and numerical values are given in reference 4. 

The observed angular distribution of the decay posi 
tron is usually expressed as 1+-a(x) cos@. The theoreti 
cal asymmetry parameter may be written as 


~, 


certainty in this quantity is again due to that of the 


(3) 


¢-term. 

The radiative correction reduces the asymmetry 
parameter by considerable amount in the low-energy 
part of the decay spectrum. However, it is not so large 
as to reverse its sign. If accurate measurement of the 
asymmetry reveals any discrepancy between experi- 
ment and our calculation, it might mean that either our 
radiative correction is not adequate or the two-com- 
ponent neutrino theory is not correct, at least in its 
simplest form. In view of the rather large radiative 
correction of the lowest order in the muon decay, it may 
not be entirely unthinkable that higher order correc- 
tions are appreciable. The effect of higher order radia- 
tive corrections is being studied. 

Our considerations of course apply immediately to 
the ~~ decay if one simply changes the sign of the 
& term. 

* Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission 

1 Garwin, Lederman, and Weinrich, Phys. Rev. 105 1415 
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Measurements of Proton Strength 
Functions* 


J. P. Scuivrer ann L. L. Leg, Jr 


Argonne National Laboratory, Lemont, Illinois 
(Received April 26, 1957) 


HE complex-potential model of the nucleus! has 
been successful in explaining the variation with 
atomic weight of the neutron strength function’ 
(the average reduced partial width of nuclear energy 
levels divided by their spacing). A maximum in the 
S-wave neutron strength function is well established at 
A=55. A previous search from A=44 to A=64 
revealed no corresponding maximum in the S-wave 
proton strength function.?We have extended these 
measurements using a different technique and find a 
maximum at A=75. Independently from our work 
Weisskopf and Margolis‘ have found that adding a 
Coulomb correction to an intrinsic proton potential 
well, which differs in depth only very slightly from that 
used for neutrons, shifts this maximum from A=55 
to about 70. 
The yield from (p,n) reactions has been used to 
obtain proton strength functions for 37 < A<133. The 
quantity calculated is defined by 


E 1 


(y") ay; Ds, Y thick SAP dE | | 


tw? | 2141) 
i 


Eo 


Here V nick is the yield from a target thick compared to 
the range of the incident protons, / is the angular 
momentum of the incident protons, 2» is the threshold 
energy, S is the reciprocal of the stopping power in 
atoms cm~* Mev |, 27 is the wavelength of the protons, 
and P;=1/A/ is their Coulomb penetrability. Measure- 
ments on thick targets of twenty-eight elements were 
made using proton energies up to 4 Mev from the 
Argonne Van de Graaff accelerator. The “long counter” 
employed was calibrated against a standard RaBe 
source. Figure 1 shows the results of these measure- 
ments. ‘The peak at A=70 (or =75 if a correction is 
added for the incident proton energies) is in agree- 
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Fic. 2. Graph of ((y*)w/D)xy, vs X as defined in the figure. 
B=Zé/R is the barrier height. The same type of symbols repre- 
sent determinations at different bombarding energies but for the 
same target nuclide. The symbols are repeated for every fourth 
target element used. 


ment with the calculated prediction for an S-wave 
maximum. 

Figure 2 shows the data with the Coulomb correction 
included in the abscissa. A nuclear radius of 1.45 10-" 
A‘ cm was used here as well as in the penetrability 
calculations. A charge distributions of constant density 
and a radius of 1.20X10- At cm was assumed in 
computing the Coulomb correction to a 44-Mev 
intrinsic potential by using the WKB approximation. 
‘These assumptions are more or less equivalent to those 
of reference 4. The curve was calculated by assuming a 
resonant S-wave strength function' and a “black 
nucleus” strength function for P- and D-wave protons, 
but neglecting higher /-values. It is not quite clear 
whether the slight indications of peaks at A=55 and 
= 110 and an increase at A~130 could be interpreted 
as maxima in the strength functions for protons with 
higher angular momenta. 

It is estimated that the strength functions are 
accurate to better than 50% and that the relative 
accuracy for most of them is better than 25%. After 
allowing for these uncertainties, the evidence for a 
maximum at A=75 is good. The agreement with the 
independent predictions based on the complex-potential 
model seems excellent. It would appear that, within the 
accuracy of the assumptions on which the calculations 
are based, the proton and the neutron potentials are 
equal in depth provided the same radii are taken for 
both. 

We would like to thank Professor V. F. Weisskopf 
and Dr. B. Margolis for communicating their results 
before publication and Dr. J. E. Monahan for helpful 
discussions. 

* Work performed under the auspices of the U. S, Atomic 
Energy Commission. 


! Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
2 R. Coté and L. M. Bollinger, Phys. Rev. 98, 1162(A) (1955); 
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Carter, Harvey, and Hughes, Phys. Rev. 96, 113 (1954); Karriker, 
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* Schiffer, Davis, and Prosser, Bull. Am. Phys. Soc. Ser. IT, 2, 
60 (1957) ; Schiffer, Lee, Davis, and Prosser, Phys. Rev. 107, 547 
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* B. Margolis and V. F. Weisskopf, Phys. Rev. 107, 641 (1957), 
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Proton-Width Strength Function* 


B. Marcouis, Department of Physics, Columbia University 
New York, New York 
AND 
V. F. Weisskopr, Department of Physics and Laboratory for Nuclear 
Science, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


(Received May 13, 1957) 


HE ratio [,°/D of the reduced neutron width 

divided by the level distances, when averaged 
over low-lying resonance levels (usually referred to as 
neutron-strength function), shows a_ characteristic 
behavior as a function of A with maxima near A,~™~55 
and A,c~170. These maxima come from the establish- 
ment of standing waves within the nucleus when 


K,R= (n+ })mr, | (2mV » hy), (1 ) 


where K,, is the wave number of the incoming particle 
within nuclear matter for particles with zero incident 
energy; V, is the depth of the nuclear potential well 
for neutrons which, in first order, is considered constant 
over the nucleus. 

Similar maxima should occur for the proton strength 
function I’,°/D, as was pointed out by Schiffer and 
Lee. In this case I’,° is the reduced proton width, which 
is the actual width corrected for Coulomb penetration 
and reduced to a fixed energy. However, the potential 
well V, for protons is different from V,, on two accounts. 
It is less deep than the well for neutrons, and the part 
which comes from the electrostatic force has a charac- 
teristic variation with the radial coordinate r. We 
have, in fact, V,=V,°—[$—}(9°/R?) ](Ze/R), where 
V,° is the depth without Coulomb force. The average 
value of V, over the nucleus is V,= V,°— (6/5) (Ze’/R). 
Maxima in [',°/D should occur whenever 


R 
h f (2mV ,) 4dr 
; 2m\ 3 4 Ze \3 1 
( ) (v,- ) R (: + )r 
h? 3 R 2 


We therefore get for protons an equation similar to 


(1) with 
2m 2 Zé\ 7} 
h? iS Rk 


We obtain a simple estimate of V, and V, from the 
separation energies S, and S, of neutrons or protons. 
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The following relation must hold: 7 ~+S8 V, where 
Ty is the kinetic energy on top of the Fermi distri- 
bution: Tp=[ (9/2)m }'(h?/2mri*)(n/2A)§=C(n/2A)!. 
Here m is the mass of a nucleon, ro is given by R=1A}, 
and n is the number of protons or neutrons, respectively. 
Hence, we get 


V, IV. (Tr) t Sp | | Tp In tSn |, 


and from this formula 
(2/15)(Ze®/R) \' 


Ky, [C(n,/2A)§+S, 


Ky 


(2) 


C(n,/2A)'+S, 


The ratio of the values of A at which maxima occur is 
then given by (4,/4,)=(K,/K,)*. 

Expression (2) can be roughly evaluated for nuclei 
55<A<70 by putting ro=1.2 (C=83.3 Mev), 
S,p=S,n=8 Mev, (n,/2A)=0.225 and (n,/2A)=0.275. 
We then get (A,/A,)= 1.24, and, with the well-known 
value of A,=55, we expect A,=68. According to these 
rough estimates the next maximum can be expected 
near A,= 230. Recent measurements by Schiffer and 
Lee' seem to bear out the prediction of a maximum 
near A= 68. 

* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy 
Commission. 


1y. P. Schiffer and L. L 
preceding letter 
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Electron-Neutrino Angular Correlation in 
the Positron Decay of Argon 35* 


W. 8B R. Maxson,t 


ALLEN 


HERRMANNSFELDT, D 
P. StAnELIN,$ AND J. S 
Department of Physics, University of Illinois, 
Urbana, Illinois 


(Received May 28, 1957) 


HE positron-neutrino angular correlation coeffi- 

cient has been measured for the decay of A®. 
Since this decay occurs mainly through the Fermi 
matrix element,' the correlation should be sensitive 
to the ratio of the two Fermi coupling constants 
gv’\/\gs"?|. Two different 
carried out, and in each case, the results have shown 
that the vector interaction is dominant. 

A*® has a half-life of 1.8 sec and decays by the 
emission of positrons with a maximum kinetic energy 
of 4.9 Mev into its mirror nucleus Cl*®, Although most 
of the beta transitions go to the ground state of Cl, 
about 7% of the decays go through beta transitions to 
the first two excited levels of Cl** which then decay 
by emission of gamma rays.! 

The A*® was produced by the reaction S”(a,n)A*” 
in a target of gaseous SFy. A steady stream of SI's 
carried the radioactive A* through a pipe line to the 
apparatus outside the shielding walls of the cyclotron. 


experiments have been 
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The carrier gas was frozen out in a liquid nitrogen 
trap. After purification in a calcium furnace, a small 
fraction of the original A** reached the source volume 
of the recoil spectrometer, where the total gas pressure 
was kept below 3X10~° mm Hg during most of the 
runs. 

In the first experiment, we used, with minor improve- 
ments, the apparatus in which the positron-neutrino 
angular correlation coefficient on Ne had_ been 
measured.’ For A*® we have obtained, with the same 
method, an angular correlation coefficient \=+-0.9 
+0.3. 

In the second experiment, the energy spectrum of 
negative recoil ions was measured without any selection 
of the direction of positron emission. The recoil energy 
was measured with two electrostatic spectrometers in 
series. A weak magnetic field was superimposed on the 
electric field of the first spectrometer, in order to prevent 
electrons from traversing the two spectrometers in 
succession. The performance of the spectrometers was 
tested with an electron gun and with an ion gun. A 
differential pumping system, based on small apertures 
in the three focal planes of the spectrometers, reduced 
the amount of radioactive gas reaching the ion detector, 
and thus diminished the background. For the measure- 
ment of the remaining background, a repulsive potential 
was applied to a grid between the source volume and the 
first spectrometer, 

The recoil spectrum from the second experiment and 
the theoretically predicted spectrum shapes for different 
values of A are shown in Fig. 1. The theoretical curves 
have been corrected for the finite resolution of the 
spectrometers and for the presence of the low-intensity 
branches in the decay of A®. In order to compute the 
second correction it was necessary to make an assump- 
tion about the interaction type in the beta transitions 
to the excited levels. The shapes of the recoil energy 
spectra are not very sensitive to the type of interaction 


4 RN(R) 











Fic. 1. The distribution of recoil ions as observed in the second 
experiment with A® is plotted as a function of the recoil energy R. 
The curves are computed distributions for different values of the 
angular coefficient. For any combination of vector (V) with 
axial vector (A) and tensor (7) interaction, one expects a distri 
bution in the upper shaded band, while for scalar (S) with axial 
vector (A) and tensor (7) interaction the spectrum should fall 
on the lower band. 
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because each recoil spectrum is smeared out by the 
recoil momentum of the following 7 ray. The curves in 
Fig. 1 have been computed for axial vector interaction 
in the low-intensity branches. The use of the tensor 
instead of the axial vector interaction would raise the 
middle region of the curves by about 1%. Since the 
shell model suggests spins 4 and § for the first two 
excited states of Cl**, a scalar or vector interaction 
would be ruled out by the spin change. The best least- 
squares fit of the corrected theoretical curves to the 
experimental data yields for the ground state transition 
an angular correlation coefficient \=+0.70 with a 
standard error +0.17. 

The result that A> 4 in both experiments implies the 
existence of a vector interaction independently of any 
assumption about nuclear matrix elements. For any of 
the interaction pairs SA, ST, AV, or TV one expects A 
to depend only on the ratio of the Fermi to Gamow- 
Teller transition probabilities. This ratio may be 
deduced from the known ft values of the 0*—Ot 
transitions in O'*, Al**, and Cl* and from the ft value 
of A**, since one can assume that the Fermi matrix 
element for the 0+—0* transitions is, within about 10%, 
twice the Fermi matrix element of the mirror transition 
A**—C|**, Conservative limits for the errors of the 
involved ft values lead to an upper limit of 25% for 
the Gamow-Teller contribution to the total decay 
probability. The corresponding limits of \ and also the 
experimental values of \ are plotted in the upper half 
of Fig. 2. A comparison between the experimental 
results and the computed values shows that, in the 
decay of A®, at least two-thirds of the Fermi interaction 
is of the vector type. 

In view of this rather unexpected result, a review 
of the existing data on the angular correlation coefficient 
of the positron emitter Ne may be interesting. For 
comparison with the A*® results, the experimental 
values’ and the theoretical limits of A for Ne” are 
plotted in the lower half of Fig. 2. It is evident, that 
in the case of Ne'®, the experimental values of A are in 
agreement with either the S, T or A, V combination of 
interactions. However, the accurate measurements of 
Rustad and Ruby® show that A= +-0.34+0.13 for the 
He® decay which indicates that the tensor interaction is 
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Fic. 2, Comparison of experimental values for the angular 
correlation coefficient in A*®* and Ne" with predicted limits for 
different combinations of two of the interaction invariants 
S, V, A, or T. The experimental values are taken from (a) first 
experiment, (b) ciated experiment, (c) reference 2, (d) reference 
3, and (e) reference 4. 
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dominant in this transition. Thus, there is an apparent 
inconsistency between the experiments on the negatron 
decay of He® and the positron decays of Ne and A*®. 

We wish to express our gratitude to Dr. J. Weneser 
for many stimulating discussions concerning the in- 
terpretations of our results. 

* Supported in part by the Office of Naval Research. 

t Now at the Department of Physics, Princeton University, 
Princeton, New Jersey. 

t Assisted by the Swiss National Science Foundation. 
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Parity and Electron Polarization : 
Mgller Scattering* 

H. FRAVENFELDER, A. O. Hanson, N. LEVINE, 
A. Rossi, AND G. DEPASQUALI 


University of Illinois, Urbana, Illinois 


(Received May 27, 1957) 


EE and Yang’s proposal that parity may not be 
4 conserved in weak interactions,’ and the subse- 
quent experimental confirmation?‘ require a careful 


and complete reinvestigation of beta decay. The 
measurement of the electron polarization for various 
electron and positron decays seems to be a valuable 
tool in this respect. 

In a recent letter,’ we reported on an experiment in 
which we first transformed the longitudinal polarization 
of electrons from Co into a transverse one by means 
of an electrostatic field and then used Mott scattering to 
determine the transverse polarization. Similar experi- 
ments have since been communicated by other 
groups.*-* 

The methods based on Mott scattering possess two 
weak points: (1) these are not effective for positrons, 
and (2) the scattering in the analyzer foil introduces 
errors which are difficult to evaluate accurately. Hence 
we searched for another way of observing the electron 
polarization and we report here on a measurement using 
Maller scattering.’ The cross section for Mller 
scattering depends strongly on the relative orientation 
of the spins of the incident and target electron." The 
dependence is most pronounced for collisions where the 
electrons possess equal energies after the scattering. For 
electrons, the cross section for such scattering with the 
spins parallel, o,, is much smaller than that for the 
spins antiparallel, o_, at all energies. For positrons, 
the spin dependence is small at low energies and 
approaches that for electrons at high energies 
(04/04). 

Detection of one of the electrons only is not practical 
since Rutherford scattering is much stronger and 
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Fic. 1. Schematic drawing of the arrangement used to determine 
the longitudinal polarization of electrons by means of Moller 
scattering. 


masks the desired effect. Simultaneous observation of 
both electrons, however, allows one to pick out the 
desired Mller scattering events. The idea of the 
present experiment is thus to use two counters and to 
record coincidences, accepting only electrons in a 
defined energy range. Assuming that one selects 
electrons with about equal energies and that a fraction 
f of the electrons in the scatterer is polarized, one may 
write 
6=2(C,—Ca)/(Cpt+Ca) = 2f cosa P(1—e)/(1+e6), 

where C, and C, represent the number of coincidences 
when the electron momentum and the_ polarizing 
magnetic field in the scattering foil are antiparallel and 
parallel, respectively; @ is the angle between the 
polarization in the foil and the direction of the incident 
beam; ¢ is the ratio o,/o_; and P is the polarization 
of the electrons from the source. 

This method of observing the polarization is to a 
large extent free of the two restrictions mentioned 
above on Mott scattering. Positrons and electrons can 
be investigated. Plural scattering in the analyzer foil 
is less disturbing since two of the properties of both of 
the scattered electrons are selected, namely their 
energies and their angles. If one of the electrons suffers 
an excessive scattering, the event will not be recorded, 

The experimental arrangement is shown schematically 
in Fig. 1. The scatterer consists of a magnetized 
Deltamax foil" having a thickness of 2.7 mg/cm? and 
an induction of 15 000 gauss (f=0.0554-0.004) which 
is placed at an angle a of +30 degrees with the electron 
beam. The electron collimator and the scatterer were 
placed in a helium atmosphere in order to reduce the 
undesired scattering in the air. As a check on the reality 
of the results with the Deltamax foil, an aluminum foil 
(5 mg/cm?) was placed in the same field of seven 
oersteds and the coincidences were found to show no 
dependence on the direction of the magnetic field. 

Some experimental] results are summarized in Table I. 
From these data, the following conclusions can be 
drawn. 


1. Méller scattering is well suited to measure the 
longitudinal polarization of electrons emitted in beta 
decay. In contrast to the conventional method,** the 
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Tape I. Longitudinal electron polarization, 
determined by Mller scattering. 


Electron 
ae 
Nuclide energy 
and Fo, in 
decay Mev 


Aluminum 
scatterer 


Deltamax 
scatterer 


Polarization 
P 


(0/6 )hy 
pu 0.3 
1*-0* O8 
e 0.3 


0.85 
0.94 
0.85 


0,064 40,007 
0.069 40.010 


0.454011 
0.94 +016 
0,002 40,009 eee 


Pre OA 
0-0" 1.2 
e OA 


0.86 
0.97 
0.46 


~—0.049 40.013 
0.076 40,017 


~0,66 +018 
1,05 4-0,25 
+0.013 40.008 Pr 


longitudinal polarization does not have to be trans- 
formed, the experimental arrangement is extremely 
simple, and plural scattering in the analyzer foil is not 
critical, 


THE 


EDITOR 


2. The negative sign of the polarization of the elec- 
trons from P* and Pr shows that they are emitted 
with their spin opposite to their momentum. This 
fact agrees with the earlier observations on electron 
emitters.”,°~8 

3. The magnitude of the polarization is equal to 
v/c, within the limits of error of the present measure- 
ment. These limits can be reduced considerably by 
straightforward improvements in the method. 
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4 These cross sections have been calculated by A. Bincer and were kindly communicated to us by F. J. Dyson. If one denotes the 
scattering angle in the center-of-mass system by 6*, and uses x=cos6*, 8=v/c, the cross section ratio for electrons can be written as 


4 2x? +- (3.x? +- x4) +-84(1+- x?) 
a, 14-2°+67(2+32x*— x4) +A1(5—422 +24) 
For the scattering of positrons by electrons, the corresponding equation is 


o, 1 +6842? + B%x4+- (1 — 6%) [1 — 46+ 84+ 2 (46 — B') x+- fx? + 2844] 


o. 8+(1—#)[—6—78+8'+ 681 


(P)x 


6 (1 — 76?-+-f) x9 — 264(1 —B?) x3 — x4] 


"% Kindly supplied by Arnold Engineering Corporation, Marengo, Illinois. 




















ts 
i 
‘Sune oe 
ue 
i * 
i 
: \ 








